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PREFACE 


Part II of Preuniversity Mathematics covers the subjects of 
Geometry and Trigonometry. It is written primarily to meet the 
requirements of the new syllabus adopted by the Mysore, Karnatak and 
Bangalore Universities. 


Chapter I introduces a new modern approach to the basic concepts 
of Geometry. A clear distinction is made between undefined terms and 
definitions. A minimum number of postulates are introduced to serve 
as a base for the logical development of the subject, The important 
notion of betweenness is explained in a simple manner. 


Chapters IV, V and VI provide an elementary introduction to 
Analytic Geometry including the straight line and circle. 


The last four chapters deal with Trigonometry in a simple and 
compact manner. 


Like Part I this book also presents the subject matter simul- 
taneously in English and Kannada. This special feature facilitates a 
more ready grasp of new mathematical concepts by students with a 
knowledge of both languages. 


I take this opportunity to thank my colleagues on the Committee 
for their good work and generous cooperation in the preparation of the 
manuscript. 


We are grateful to the Director of the Government Press and his 
staff for the high standard of printing and the neat appearance of the 
book. The diagrams were skillfully prepared by Sri K, N. Gopala Rao 
of the Department of Civil Engineering, University College of 
Engineering. 


F. J. Noronha, 


Central College, Chairman, 
Bangalore, Mathematics Text Book Committee, 
Ist August 1968 Bangalore University 
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CHAPTER 1 


Basic Concepts in Geometry 


1.1 Point, line, plane and space —- 


All branches of Mathematics including geometry have 
been built up on certain basic concepts some of which are 
definable in terms of other concepts, but some of which 
cannot be defined at all. For example, there have been 
attempts to define a point as that which has no dimen- 
sion and a line as that which has only one dimension. It 
is easily seen that the above statements are not precise. 
Similar is the case for the plane. The word “dimension” 
requires definition. So we take pownt, line and plane as 
undefined terms. Every line is a set of points and every 
plane is a set of points. 


Space may be explained as the set of ali points or 
elements. 


However a line may be denoted as follows : 
A B 


<—$—$$— o_o > 


Fig. 1.1 (a) 
It extends bothways infinitely. It has no end points. 


Notation A B. 


—> 
A Ray has only one end point. AB 
A segment has both the end points. AB 


Fig. 1.1(b) 
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1.2 Axioms and postulates— : 


These are accepted or self-evident truths. No attempt | 
is made to give a proof to these axioms or postulates. The 
difference between them is not clearly marked. Axioms | 
are those accepted truths which have an appeal to our 
intuition looking as obvious. Postulates are accepted — 
truths which are not so evident to our intuition. , 

The number of postulates to be accepted is kept at a_ 
minimum necessary for the development of the subject. | 
The subject is developed logically basing the logic on these , 
postulates. We arrive at conclusions by making use of 
these postulates and the conclusions that have been derived — 
already. 
Postulate 1: Given any two different points, there is, 
exactly one line which contains both of them. 

If A and B are different points, the line contained by, 


themis AB. A setof points is said to be collinear if there 
exists a line which contains all the points of the set. If the | 


points A, B,C are collinear we say that AB passes 
through C orC lies on AB. 4 


1.3 Measurement of Distance— | 
Measurement of distance requires a unit. The length | 
of any line segment is measured in terms of this unit. Let 


AB bea line. Choose a point O on it and represent it | 
by the number 0. Represent another suitable point P on | 
ae P B 
<--: o> 


| — |---| 1 

3 —2 =a 0 1 2 3 
the line by the number 1. Then we say that the § 
segment OP has unit length and OP=1. We mark the 
numbers 2, 3,..............to the right of OP and to the | 
left of 0 we mark the numbers —1, —2,—3,............ 
doing 0, we are indeed assuming one of the basic post- _ 
ulates. i 
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Postulate 2: There exists a one-to-one  correspon- 
dence between points of a line and the set of all real numbers. 


In other words, with every point on a given line we 
associate a real number and conversely, every real number 
corresponds to a point on the line. We call this number 
as the coordinate of the point. If A and B are any — 
two points on the line with coordinates a and b such that — 
a<b then the length of the segment AB is given by — 
AB=(b—a). For example, in the above figure, the | 
length of segment PQY=1—(—3)=4 units. 


We note that the distance between two points on the 
line (or the length of the segment) is a positive number. — 
PQ is the same as QP. The unit that we choose may be * 
centimeters, meters, feet, inches, or any other that we may ; 
like to choose. | 


1.4 Betweenness— 


A B e 
<< oO iy 
Fig. 1.3 


Definition :— ; 
If A, B, C are three points on a line, then B is bet- 
ween A and Cif AB+ BC=AC. . 


Postulate 3: If three distinct points lie on a line, i 
one of them lies between the other two. 
Theorem : 


If A, B,C are points on a line with a, b, c as co-ordinates © 
such that a<b<c then B lies between A and C 


Proof :— Since a<b, AB=b-a 
Since b<e, BC=c--b 
Since a<c AC'=c-a 


A B+ BC =(b-a) +(c-b) = c-a= AC 
“. by definition B lies between A and ( 
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i 
Definition : 
A point B is said to be the mid-point of a segment AC 
if Bis between A and C and AB= BC. 


Theorem : 
Every segment has exactly one mid-point. 
Suppose that Bis the mid-point of AC, 


4 B Cc 


Fig. 1.4 


then 4AB+BC=AC 
also AB= BC 
Hence we have 24B=AC or AB=1/2 AC 


By postulate 2 we see that there is exactly one such 
point. JB is said to bisect the segment AC. 


1.5 Planes— 
A plane is specified by the following postulates : 


i i et 


Postulate 4: Given any three non-collinear points, 
there is exactly one plane containing them. 


a 


Postulate 5: Given two distinct points P and Q ona __ 


plane, then the line PQ containing these points lies in the | 
same plane. 


Postulate 6: If two different planes intersect, they 
intersect in a line. 


Theorem : 
If two lines intersect, they intersect in only one point. 


Proof :—If two lines | and m intersect in two points © 
P and Q, then each of P and Q belong to both J and m. — 
But by postulate 1, there is only one line containing the © 


two points. This contradicts our assumption. Hence the — 
theorem. 
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Theorem : 


intersection is a single point. 
For, if the intersection consists of two points of the 
line then by postulates, the line must entirely le in the plane. 


Theorem : 


A line and a point not on the line, determine one and 


only one plane. 


aR 
l 
<1 
P @ 
Fig. 1°5 


Take two points P and @ on the given line l. These 
two points determine the line 1. Now the three non- 
collinear points P, Y, R determine a plane. 


Theorem : 
Given two intersecting lines, there is exactly one plane 
containing them. Let the two lines have A as their 


intersection. Let B and C be points lying on / and m. 
Now the three non-collinear points determine a plane. 


Fig. 1.6 

i.6 The Measurement of an angle 
Definition : : 
An angle is defined as the union of two rays having ~ 


’ ; as —> | 
the same end point. The union of AB and AC having the © 
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same end point A is the angle denoted by Z BAC or 
ZCAB. Sometimes it is also written as Z A 


Oo 


B 


C 
Fig. 1:7 


Postulate 7: To every angle there corresponds a number 
between 0 and 180. It1is called the measure of the angle. 


The measure of an angle is represented in degrees. 
Since the measure of an angle is a positive real number, 
angles may be added and subtracted in the same way as 
real numbers. 


D 
C 
Fig. 1.8 


For example, if 2 BAC= 40° 
and £CAD=60° 
then #/ BAC+ 7 CAD=100° 


The ray AC is said to be between AB and AD if C 


lies to the same side of AB as D i 
AP Ge as B. as D and C lies to the same side 
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We have : 

(i) Z BAD+ ZCAD= Z BAC 

(ii) 2 BAC= 2 BAD— ZCAD 

(iii) 2CAD=Z BAD— 7 BAC 
> —> 

Two rays AB and AC are said to form an opposite 
pair if 2 BAC=180°. 

Definition : Two angles are said to be supplementary 
if the sum of their measures is 180° and complementary 
if the sum of their measure is 90°. 

Example: The supplement of an angle of measure 50° 
is an angle of measure 130°. The complement is an angle 
of measure 40°. 


Cc A B 


Fig. 1.9 


—> > > 
Definition: If AB and AC are opposite pairs and AD 
another ray, then the angles 2 BAD and / DAC are said 
to: form a linear pair. 
The sum of the measures of a linear pair of angles is 
180°. The angles of a linear pair are supplementary. 


Definition: If the two angles of a linear pair havethe — 


same measure, then each is said to be right angle. 


Note :—We have proved that there is only one mid- © 


point for a line segment. Similarly, there is only one ray 
bisecting a given angle. The measure of a right angle 


is 90°. Two lines are said to be perpendicular if they 
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contain a right angle. We also say that ABi is Ser pencee 
to AC or the segment A B is perpendicular bo segment AC 


Fig 1.10 


1.7. Definition of a triangle— 


If A, B,C are any three non-collinear points, then the 
union of the segments AB, BC and AC is called a d a triangle. 


It is denoted by A ABC. The segments AB, BO, and AC 
are called its sides ; and A, B, C are called its vertices. 
The triangle determines three angles : 
ZL BAC, £Z BCA and Z ABC. 
—> Fe —> 
Z BAC is the angle formed by the rays AB and AC. 
The sides of an angle are rays and the sides of a triangle 
are segments. So the triangle determines three angles 
while it does not actually contain them. 
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i SeHIDOBNER 2 ows womnrsoBo A, B, C Ren 3 yowo 30r 
NGOS BAD. Syoxy Med sonia, agrom*Aad: 


ZL BCA, 2 BAC &®8, 7 ABC. 


_ 
~J 


-_> a 

LZ BAC & AB Xd, AC sdHoNPoms seed. seeds 

WomoNG SOLINGo, 3 Bowe exons desasdoarivo. BB 00D wow 

S YW) DOT BMCANGA, QQrOAS,S. GBS eaneny, DOA, 
Dal BMOATIWAY. 


PART II 


1.8 Polygon— 


Ean =, 
R 


% 


Fig. 1.12 


ABCDEF is a polygon while the other two figures are | 
not polygons. 


A polygon is the union of a number of line segments - 
in a plane such that the beginning and the end points | 
coincide, and no two segments intersect except at their — 
end points. The segments are called sides. A triangle is — 
a special case of a polygon. A polygon with m sides has ny 
vertices, and determines 7 angles. 
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1-8 Weo gowns 


—- 


g 


3, 1.12 


BS OQ ABCDEF Lowe WExow, GBS wedow@ ws nwo 
We BVNVY, 


BABOSW BoB, Bodsod Norton woe GAMDHosS wses 
SeWaDoBVnes Hocsewsosoo wom wares. aso onade aawo 
SeMIDOVNYS CYNY CoS MNomnvg Ano WedGo PBeQAoWOow. 
Bs GESoODOBNENR woBoNFo BAD. Byway AW Dw wow 
NID WOT WeIw. mn WoT wowsows, n BONNE 3 
aos, Gao n Baeanvao, AGrOAS,B. 
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: 
1.9 Parallel lines— : 
A B 


Pa aa oe copra et eet 


‘by D 


<———[LE_—————_———————— any 


Fig. 1.13 
Definition: Two different lines lying in the same plane are 
said to be parallel if they have no point in common. | 


‘AB and CD are parallel if ‘ABN CD = 
We also say that the segment AB is parallel to segment — 


CD. We denote them by writing ABI CD and AB!!! CD { 


is assured by the following postulate. 

Postulate 8: Given a line and a point not on the line, ; 
there is one and only one line through the given point 
parallel to the given line. 

This postulate is often referred to as ‘Euclid’s fifth: 
postulate’ or the parallel postulate. . 


Lh 


- 


1-9 ABNA.W078 sesso 
Senet) «2 tlhe 


woe AHZOBQoS asad desire MARS, NomA0vOad o_ 
Coss Tessner ASwasd sesrdons szdo_ 


A B 
———— 
ss, bee 
Cc D 
i a ie ts 
ABW OD 2 6 ees <“ARivemn: Obie 


ABRMMSsAS. AB sesmodoes CD Sesdasows, AdIATL0gT 
DONS aovvemnaine Bed3s.e8, ah, 4B) OD exe 
AB || CD 20@d Anr87d8,033. 

AB SeBoHxr, sow NN SHS, ABWAooTdD ANTS desosohdo 
Gm, 3 SENS 2,08,3 ~VaSoo GB gear aad. 

ALES Wows 8: wom sesiodrae,, desdor BLOOD rwW0D0 
WON, BOI N, evi AdwmosdaoN wowmas ag eoplen) 


BACMBSS worse roms desd cadoyor, MDA, Wows Bd Sado 
AES YONA Noma Besonjyroo83, 


3) 1.14 


1] 


Let 1 and m be two parallel lines. The line ¢ in the 
figure is called a transversal. The angles 2, 6 and 3, 7 
are called alternate angles, and the angles 1,3 ; 2,4 ; 5, 7 ; 
6,8 are called corresponding angles. 

Theorem : 

Given two lines and a transversal, the two lines are 
parallel if the alternate angles are equal. 

Suppose, the lines are not parallel, let them intersect — 
inC. Then ABC is a triangle and the exterior angle (1) is | 
greater than the interior opposite angle (2). But this © 
contradicts the hypothesis. Hence the theorem. 


Fig, 1.15 j 


We merely, state the converse of this theorem viz., ‘If — 
the alternate angles are equal then the two lines are parallel’. | 
John Playfair a British Mathematician in 1858 stated — 
the parallel postulate in a different form :—‘‘Two inter- | 
secting lines cannot both be parallel to the same straight 
line’. We easily see that this is equivalent to Postulate 8. 


Exercises 1.1 
1 IfJand m are two intersecting lines, what is 10m? | 
2 Let A be the set of numbers (2, 3, 4, 6, 7, 8! and B | 


be {1, 2, 4, 6, 6, 9}. (a) State whether the following state- 
ments are true or false : 


(i) 8G A (ii) 4€A (iii) 9EB (iv) 5 €q 
AUB, (v) 4 belongs to both A and B 
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1 DB, m NY Ava AavM0ss sesinwondO. ws BY sess 
t Dowotdae, seas sess amy, 3c. 2, 6 so, 3, 7 socdnent 
WOSTOF OS Bacdndone 3: 9, 4; 5,7; 6,8; soeanon Awad 
BOEANSODA BAC. 


— Bedeod: adew@ CeBnvare, BoB, worm Sens desooae, 


B.0832,N, DOs WOE OIF SN SobaONG 6, 9 Ses6nvo AWIDI03T 
SNA. 


SS, 1-15 
AD@e:  dsesneo danemoddengod 8 egress C md 
Beaso. snr 3x%oe ABC Od, sodenes (1), eosin, tpak00s) 
BALD (2) §,0% Hodosdandoaao. W  BS,0SHA, DBWEeHA 
WOT 3 sdoeots MOSMMBG, dBeHnv AdRASTaAG S 
WORF OD SOLAN Anodow cheosa Djesoeohs NGoermowar, 3 
DOS BOBS cd, wove BPO NOW W¥A,0 NedSIoA, 28. 3 
185859 ZaiwaDosd dessins ALES spades, sed Oe 3000 
AdwHABAd, “ BOA DS SeQa smose ‘203 Se sSrteus DISD ,ODW 339 
Gesr Aswaosdaonder FDQ,AQ. 7? ATI BHO ACES Wovsa;r 
ABRWVAUND ALA B,. 
SAMANGI | 
1 | DB, m XowWY DIM GeOAH ceSnwonds 1] Mm=?: 
2 A={2, 8, 4,6, 7,8} we, B={1, 2, 4,5, 6, 9} 
DOW FHOIENY Neoiv7ows, 
(a) 33 Ws, NY AOE SH e SA, 
(i) 8€A (ii) 4 €A (iii) 9©B (iv) SC AUB (v) 4 
HOW A Ds, B ivoRtn, Ae OT. 
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(b) What is:the union of A and B? 
(c) What is the intersection of A and B ? 


8 Tf a circle be one set and a line be another set 
find the intersection of the two in each of the following 
cases : 


i 11 


(iii) I 


Fig. 1°16 


4 A co-ordinate system is set up on a line. What is 
the distance between the following pairs of points : 


(i) 0,5 (ui) 6,8 (ii) —5,8 (iv) —3,—T7 
(v) 4,—38. 


5 A co-ordinate system is set up on a line. A new 


coordinate system is set up on the line by the following | 


13 


18 eS el 


—— 


(b) A WAH, BAY FoWwews aad ? 
(c) A MB, BIS Bens oxo? 
3 1.16 BSB H3,—) wom NeosoAod., Sessoso Do3.0,0039 


NBN AWS DSS wom AonywraQoswe si Neon’ Gessvar, 
— BOR, 


(1) (11) 


(iii) 


SS) 1.16 


4 desdoScotid oes woo Aderss gpwamh, owas 
CIN. BW DBS noms BS Noone SW Add DBwodsendo ? 


(i) 0.5 (ii) 6, 3 (iii) —5; 8 (ii) —3, —7 
(v) 4,—3. 


5 SessOS od aoeS wor AMFeTE BY DBAQ, NAF AAO. 
Bs BSA B.223 DIS DOIN TesdOd HeS HS.0,000 DOA Aer TE 
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. 3 

| 
rule ‘The new coordinate of a point is its old co-ordinate 
plus 2”. The distance between any two points in the new 
system is the same as in the old system—Is this statement 
true 2? Why ?. 


6 3 towns A,B,C are in a line. The distance from, A to 
B is 20 miles, from B to C is 30 miles and from A to C is | 
10 miles. Which of them is between the other two ? 
j 
7 <A, B,C are 38 collinear points. AB=12" and 
BC=16". Is there only one way of arranging these points ? * 


8 a, b, c, are the co-ordinates of 3 points with b<a@ 
and c>a. Which point les between the other two ? ; 


9 There are 10 pointsinaline. How many of them i 
are such that “‘the point lies between the other two points ’? © 


10 If four points on a plane are given, no three of 
them being collinear, how many lines can be drwan passing 
through them taken two at a time ? 


_ 11 How many planes contain a given point? two | 
given points ? three given points ? 

12 The points A,B,C,D liein a plane. The points | 
A coe also lieina plane. Are A,B,D and Hin the same 
plane : 


13 Prove that two parallel lines determine a plane. | 
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WN, BAAD, DHF AAI—"“ wos. WomAS Boy ABerssa) wos 
acer B88, QX, SLMBHOoR wooo.’ anwide ad@ worsnerk 

GON aderse | QW, BGO AHS Goda) Bodo dverss WP, BOQHAA¢ 
QOD, 33 es, 0359 AOoddoe 333 5¢ 2 NS 2 


6 A,B,C, 208 Mew We} LINO OBOEDA, wohe. A 20% 
BA 2d Bad 20 332, ©; B O00 CO 7 30 a3 © MB, A M20B 
Cn10 32, ©. Wyo 3383 3 £9) WEAdBS Sade a3 2 


7 A,B,C 1H Wed DEL DA, WoWoINYo. AB=12", 
BC= 16" eas NGS, OFBAAD aos WOT sos ede asodoe 2 


8 wom SeSBO BeOTD AwawmnNs aderssreo 
a, b, c, SAB. b<a WH, c>a GAS Bnd Nora wvddasd 
WMD ADBVAo 2 


9 OD Seo wed 10 Lomned. VCANYO aM Now 
NO Wed HOB WoMonNes SB a5 2 


10 AmsEoMomd AeS 4 Womens, EHV. dns 
DWT WONG HMA DAY. BAGS, asdda> Sodone PARI) 
WHBMCMHBS NAW, Te snes, asodwayeao RB, 2 


11 BS, NoToWpoWA, BH vA, ADISONGOIS,,D 2 
DIB NoTNAYaL, BOTW AHZoONVA, 2 Bxwd Nowa, 
BLOONS AMSONSAY, 2 


12 A,B,C,D omnes  20e AMZOBYS, A,BGE 
Nomonve Aw worse AWSODOS. A,B,D Ws, H NomMNso Ax 
WOME ADISO DOQsosoe 2 


43 D0 AdRa0sd SeBNY. WOW. Awosowm, ads 
RAPAIS WOT AD. 


CHAPTER 2 
Ratio and Proportion 


2.1 Comparison of two quantities of the same kind 
is done by means of ratios. The ratio of two quantities of 
the same kind is defined as the quotient of their measures 
in the same unit. For example, the ratio of Rs. 2.30 p. 
and Rs. 8-05 p. 1s i or 2. It is also written as 2: 7. 

805 | 
Similarly the ratio of 1 hr. 3m. 36 secs.; 2 hrs. 7m. 12 secs. 
and 2 hrs. 49m. 36 secs. 1s 3816: 7632 : 10176 or 3:6: 8. 


When two ratios are equal we say that the terms 
of the ratios are in Proportion. For example, if 

a c eo) 

Fe (or a:b=c:d) | 
then a, b,c, d are said to be in proportion and dis called the 
fourth proportional. Similarly if a@: b: c=d: e: f then 
the six terms are said to be in proportion. In geometry 
we compare lengths of line segments, areas of figures, 
measures of angles, etc. 


2.2 Division of a line segme 

In the previous chapter we have stated a postulate 
that there exists a one-to-one correspondence between 
points of a line and the set of all real numbers. Also 
given three points on a line, we stated that one of them 
lies between the other two. Suppose the point C’ lies 
between the other two points 4 and B. Let the length of 
the line segment AC=m units and CB=n units. Then the 
ratio of the two lengths is m : n (m and n are positive rea] 
numbers). We say that the line segment ABis divided 
internal y in the ratio m : » at the point C. 


A o——__9__—____——..6 Fig. 2.1 
C 8 


For Example: If AC=2.6 cms and CB=3.9 cms 


AC :CB=2.6:3.9=2: 3 Or we write AC = = 
CB 3 


15 


OBO Wd 2 
x S yssooee S89 eonodos 


2-1 AWIseHowws NOW AA,NY DOdLMsaA, BeeOxo 
‘Wysoro’ sao, SoM veNaseds. Awoseods NIwW xo, Ne Hoss 
ne B B Bro, woBe DNOBHSAg WOT) AAOWS DAY, Wooo a3 
NOwBA SwedAs Aosd Sea maoeosn dn 2-30 3 


ao3o, do. 8-05 3 jo CBee . 
HOT ene: sertodoe 1 0. 3:9. 36 4., 20,79. 12 A. 
sodo, 2 Mo. 49D. 36.4. ans BAwy 3816-7632 :10176 
CGx 3:6:8. 


NOB D BHM) Woe SHON WHRVOGQHS BAN vsowos 
BOQ aw,3,c33. Come & = 5 (SRI a:b=c:d) BAZ, 


a, b, c, ANY) CMMBBQS, qd Wd a, b, cNY BWAHPormHods 
aa,Ses. &erohe a:b:c=die: f SBa2n, AHS eRBBan¢> 
emDSGOs,3 8. SeMonessBQ wy) Sesmodoan¢ WA, vs sng 
ges 3 BO, spear? eae ssnvo Srommaynear, BocOzs, e323, 


2-2 TeDo Dowd? NQyoARIyAo 


WOT Geos. Women Bod, DUD D2A,NS Ad, N¢Y Nese, 
WOTII-WwOTD ABN, S 2 DoW A, ed, 3 yowsosso, %OND “eer2, 0009 
TPA CH. Ir O08, BS, Se s8sdostoee woOT2 ocorigas, SoesD 
wane WOT mesdae BBD AdIDDo nowsemnes.s see 
Bes. C noms, A 2, Bre BBD I DOM WDonAvoelo. 
AG Ge ID DOBS GOD. DQ >) m BOO BWANGONGO. BF, CB =n Dow 
WINTON. a DOW WH, Ne BAR’ m:n GABDBB. 
(m MB, nN Gax0d,neve). AB SesmNDoBnar, CoQ m:n 
4) 3B yadvO EOC) osdeosasa/\ Dwonzeone DOD) BEVIS €35. 


ADA, 2: rs 


eit mp Taam « 2 


se) 2.1 
enmencmn: AC=2.6 Cms, o, CB=3.9 Cms Hd 
AC meg 
: —2.6: —2:3 S8@d Hl = _ NowowDoionro 
AC:CB=2.6: 3.9 3 CB ; a 


WOOSIIS 2s. 
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Now let D be a point on the extended line segment 
AB. 
Ao————_»—__* 
B 
Fig. 2-2 
We make a convention here that the length of the line 
segment measured in the direction AB is positive and 
measured in the opposite direction is negative. 
Hence we write 4D: DB=m: —n 
ts an m 
OF ange ae 
We say that D divides AB externally in the ratio 
m: 


Note that either the negative sign, or the word exter- 
nally is used. 


For example if dD=12 cms and BD=8 cms then 


AD _ Af a ee 
DB 2g Te 2° 
Theorem 2.1: 


_ _ Given a line segment there is exactly one point which 
divides it in a given ratio. 


We have assumed that there exists a one-one corres- 


pondence between the points of a line and the set of all 
real numbers. 


Let AB be the given segment. Let the co-ordinates — 


of A and B be a and 6 respectively. 


Let C be a point which divides it in the ratio m: n. Let | 


the co-ordinate of C be x. 
A aoe B 
Fig. 2.3 
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Bn D adowoes AB semoD0Bwn BQ AB Won wWoeOs woo 


A o—__»_____ ep 
B 


us, 2.2 


 RWomsmwAsO. 2 AB 03,89 ods Snws MG Ba, Baad. 
Wd, CHE, DoT, O83, 20 “essanwe WG, aay, “orseaNesoe 
3a dads ) €£9, 


e003 AD: DB=mi—n eg he M Sots woosd,es3, 
—n 

D &. AB Sox, min DWNLVGBQO MHD Awa\As,G Hows 

BCVIS,c25. Wow, HYMorWag, AwsAOO Wed WH, od, NOe C@Paso 

MWS, Nyon Now WHda,NOe McoweNAnS,c25 nowowa, Ndr, 


Mande: AD—12 4x0.a0. 3, DB=8 X0.a-2. 
Staley AD = bate = atk 3 esndosad. 
> DB —8 B- 


Bsoe0d. 2.1: Bs, SeHoDoWAmy, BS, DwWeIO DON AS 
WOWE WOT Wow ad«wad. 


BS Sessoss Nomoneno Bs, How DS AOD, NY Neds, Mel awe 
WOT xara, BS AT Dow Bs motsosve Siicot.2083 es. 


AB &» B3, SemoNo@sendO. A WH, BAYS adder servo 
3 BoaDN q wow, bh WO. C wore AB 22, m:n BBVloBQ 
Sess. C 08 VEC Sse) gy AO, 


L—a _ ™ : 
| 
: 


“m+n 
Obviously only one such real number exists and the | 
point corresponding to this real number divides AB in the 
ratlo m: Nn. 


Definition : | 

Three numbers a, b, c, are said to be in continued 
proportion if a/b — be. Then 62=ac and b is said to be the 
mean proportional of a and c. C is called the third pro-' 
portional of a and 0b. 


Since the length of a line segments is a real number, | 
similar statement holds good for line segments also. | 


I oe ge 
CD ~ GH 


(i) AB.GH=CD.EF 


(1V) see 1 aa + 1 or 
AB+CD _ EF+GH 


CD. aaa 

(vy) 4B—CD _ EF—GH 
CD... > aya 
EF+GH 
AB_OD ~. pon 
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03H WOT? wom ACB, cwoAWowos AOA, BS Ad 
ADMD WRB) A oes 28939, M:in® ZB sree) a. 


2,55, : a,b,c Bod AOS NEY a8 S38, a,b, cn 


ADINIEWSBOS Dow aevs.es. sn b2=ac vAdsmd. HA 
a Md, CNY BHo,sm8 aod BAD. cA g ws, AY 
B SMA DDs Docs 8dos03,e33. 


SesIHOBS WA) DANE AON mmWOos, ss H20d 
DeSod wd neo Besa Downers 0d, ox 3, 2. 


CD GH 
(i) AB. GH = CD. EF 
.- OB GH 
) ap EF 
Gay er SP 
EF GH 
ae EF 
rey ; iy ee 9 te CMSDwdeo 
we .. was 
EF+GH | AB+CD 
"aff a 2S ae 
~~) AB-CD _ EF—GH 
“GD GH 


AB+CD EF+GH 


WO) APCD |. BRaOE 


PART II LT 3 


Theorem 2.2: 


The areas of two triangles having equal altitudes are 
proportional to their bases. 


We know that the area of a triangle=} base x altitude 


A 


Fig. 2°4 


Area of AABC _ 3} BCA BC. 
Area of ADEF 34EFA EF* 


Similarly the areas of two triangles having equal 
bases are proportional to their altitudes and the areas of | 
triangles having equal bases and equal altitudes are equal. 
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WAS 2.2: xzove AZONHS 8g 2 OWN ges s PONG 


CANE MAT SAMDSGOo3 w. 


SWBws Fes PO = 1 x MB x 2B,3 dowd BOO 5. 


A 
B Cc 
(1) 
D 
E F 
(22) 
33) 2.4 
_ A ABC o& g3,30 4 BC-h _ BC 
DEFS R330 EFA EF 


ae OeS2Q, AMG MANS Seyownie ses Bondo, 
VBIN AZ ONG CAMBWOw.D DB, 0B,0 WB, Mand 
ABIAONTGID J HOUwNE Fes Porivo AsdodoNosoe AWo3,25. 
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Thorem 2.3 : | 
A straight line drawn parallel to one side of a triangle 
divides the other two sides proportionally. 


Given : ABC isatriangle. Let XY be drawn parallel to 
BC, to meet AB and AC (produced if necessary) in X and Y. 


A 


Fig 2.5 
Rae’. ?. Bethe tk. 
To Prove: XB” Ye 


Construction : Join C, X and B, Y 
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Tesoro. 9.3: Beyows wom womant AdnmosdaoN 
QLD AY Sesoho MIGsR wmode, somos Noyonnsg,w. 


BS,: ABC Sd nom Seow. XY aowm BOR xs 
DOOSTDON RDVOWS des. NY Ses AB Mor, X sOonxe 


AC Or, Y SOSx. AoHAAnd (CHS, WBO AB, AC A¥ar, 
BO ADS) 


: meuAX Ax 
ADDO. ¢ YR - YC 


ous: CO, X 3, B, Y NYS2, AeO* 


— 


19 


Proof : By theorem 2.2, 


AAYX _ AX a hae = ye 
AALBi? XB 


ACYX YC 
But AXYB=ACYX 


a 
Sy ceall 


(Since they stand on the same base between the 
same parallels) | 


co aaae 5 
Ks he 
Cor :—By the properties of ratios we have 
AAD EY. ae |S Gime 6: 6 
AB AC AaB. - AG 


Theorem 2.4 (Converse of theorem 2.3): 


A line which divides two sides of a triangle propor- 
tionally is parallel to the third side. 


Let alinel meet A Band AC at X and Y and let 
AX ee 
6 Lae 6] 


Fig. 2.6 


MOBS: Wdoeod 2.2 Oov, 


AOR = AR AXY OMY 
A XYB X Bee AL OY Xt 0. 
ead, AXYB=ACYX 


(HOO GY HsMGS Ax notle ws adnmoosd Added 
Sos 253.) 


eso AX _ AY 
= XB YC 
CMW: DWwncons MoOQdoDo/A, 
ee A age nf ON, 
AB AC APB AC 
Bel 2-4: (3 ,S0e059 2-35 DGD). 


S YPORWD AGW WoBoNGa, GHoWMIHQ Noss FO Sesdoho 
DWOBAHO WWBIAT AdWAoZIAIAIHDo. 
1 Sebo AB x32, ACS, X BoB, Y NomNYQ AoHAo 
e= 
XB 


— 
DISD, 


83) 2.6 
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To Prove : 
XY || BC 
Proof: If XY is not parallel to BC, draw the line = 
parallel to BC through X. Let it meet AC in Z . 
Now, by the above theorem, 
AX AZ 
XB eae 
¥ AZ 
*. We have —_ = 7 


But by theorem 2.1, there is only one point which 
divides a line segment in a given ratio. 


Hence this is absurd. 
XY |i BC 
Theorem 2.5: 


The internal (external) bisector of the vertical angle of a 
triangle divides the base internally (externally) in the 
ratio of the sides containing the angle. 


E 


Fig. 2.7 
Given : In the A ABC, AP is the internal (external) 
bisector of 7 A 4 
BP AB 
To P ita SNe 
o Prove Ai =a 


Construction : Draw CE || AP to meet AB (produced 
if necessary) at E. 
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ADDACOd : 


XY |l Bc. 
ADD : 


XY sexsoos BOR ABNAWISGMONGQAG ©, A® 
MeOt BOR sBNao.03BdIoB Se shod, Gov. azo AC8289, ZSQ) 
ROOAO. 

SN, BeOS BD) 


—2 
wy) 


scohaon 4X _ AZ 
Zc 

pas ae 

= 


— 2% SADDBd. 
C ZC 
GOS DSoeod 2.1503, sesmDodaa, GE, Danrad Aganzs 
WOE WOT) NOTMATDDAd. 
SD Oo WH SANs. 


ee XY ll BC 
WWI 2-5: 


SRYHOWH SAF Bods Losec (29%,) 
SOMGFIY WAAAY, WEY BANMGQ eosdeodd (wow, 
DMNA DWO. 


i 
(2) BS) 2.7 
Bz,: ABC &ywusg AP Sd. 7 A BASH LosOe03 (*9R,) 
Ano pons 
PC AC 
OA : 
(223,05 


APA FaRD2.ZIDN CH KYO, wd. A Boos, 
J 3D AB BO 20 wenwAr,) NNQ AoHAS 
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Proof : Let D be a point in the segment BA in fig. f 

and in the segment BA produced in fig. (11). 

We have Z DAP = £ PAC : 

Since AP|| CE, ZDAP=z AEC (Corresp. angles) 

and £ PAC= Z ACE (alt. angles) : 

But / DAP= Zz PAC gives 
LAEC= 4 ACE 


AE=AC 
Now since A P || CEL, 
BA. Bea 
Tk - PC in either figure 
ee aie 
a Aes BY / 


The converse of the above theorem is also true. 
BP AB 


C6 it == 


ae a then AP bisects 7 A 


Proof: Taking the same figures and using the sameé 
construction as before, 

ZL DAP=ZAEC (Corresp. angles) 

and £PAC= 2 ACE (alt. angles) 


Also since AP || CE, we have 
BP _ AB 
PG: AE 
But BP AB 


7G a by hypothesis 


AB _ AB 
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AGxs:— Pos» ss) (i) 0Q BA SeModoBnQos. BoB, 
WS, (ii) (ii) 39, 3,Q20 BA DowaOQone ABD WO YWoDoaoAde, 
ZL DAP= 2PAC SABB2d. 


AP || CE 8i&Xa008, ~DAP= AEC (Axim, 
BOLING) 


22, PAC = 4 ACE (SBnr ob saearivs) 
SOS 7 DAP= 2 PAC SAHHSBOoB, 
LAEC= 2 ACE SAHYAd. 


Qi AP |i CH SADHHOOG, How ws yNnva, 


BA _ BP sno, 
AE PC 
VBdo BA = BP i 
,AC PC 


BH DWed DSoemoHyp AD AS, WoNDAod. 
woud, ae Z = me 
APS / AM, LOFAWR. 
ADGA :— Bcd ws Nad», swsooa, MOBS CAAT, 
23 7 DAP= Z AEC (RBM, Sede) 
a3, LPAC= ACE (B8xF 0d Sear) 


AP|| CE sAdsBB00n, 


Bp, % AB 
PC AE 
wee, tee AP (@S2,05) 
PC AC 
Apis AL AB= AC 
AC Ak 
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Sea KAhe =e ACE 
Hence we have Z PALr = PAC 
Or AP bsiects Z A 


Theorem 2.6 : 
(iven base. the ratio of the sides of a triangle, the 


locus of the vertex is a circle. 
; AB 

G 4 b ‘ BO d a FS 
iven: base aan AG = 7 


To Prove: Locus of the vertex A is a circle. 


A 


Fig. 2.8 
Proof: Let P and Q divide BC internally and externall | 


in the ratio m: ” 
Now let A be a point on the required locus 
AB m BP BQ 
Then 47 eB Ce 
Then AP and AQ bisect Z A internally and externally, 
/ PAQ=90° 
‘A’ lies on the circle with PQ as diameter. 
Conversely 5 
Any point A on the circle with PQ as diameter satis 
fies the given condition. Let O be the centre of the circle. 
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LAEC = ACE 


S000 LDAP = PAC 
SAdo APS. 7 A dd, CHFADDd. 
3 Sasoeoso 2-6: Byxows Dos Ds, wrdds wonone 
DWWNHdda, Gots DT SeNE NowW.aS BPA) WOW BS, soNdowWoo. 
BS: mo po—osn, 4?. . ™ 


AC nr 
Ao@aeos: A SeN& Notas BBA) won 2,3, WoNDwWBo. 


A 


3S) 2.8 
MBS: P B32, QNX® BC osdao, MIN BWNLIDY e903 D089 
DOA WoBW, WS, DI NyowAO. 4 
BemNnws BFA Aco won Wow, 
AR ee BE BO 


—_—_—— a 


AC i Pix +. CO. 


6G dom AP BH, AQ NM ZA BredAaL, Vode 
Dodd, WH, DN SOFAS. 


: * AE Ag—90°. 

6G dom Ax PQ Bo, AON RC T DoecOTo.yVa», 

DG ncso.N, PQ ay, AON BSB SorOs Care Wom) 
BS, VOHWdAQ, mOmAa. (O DOWD 22,0 e003 waNdO, ) 
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BP BQ 
Since pi > Cor 
BQ CQ 
we have BP = Re 
BQ+BP. CQ+PC 
and BO— BP ~ CQ— PC 


Now BQ+BP=BP+PQ+BP=2BP+2P0=2B0 
and BQ— BP=PQ=2P0 re 
PC= PQ=2P0 an 
og toc" (60-400) (PO_00}=2 CO (since PO=OQ) © 
Hence we have; 
20 B 20 P 
SOP T5200 
Or 0C0.OB=OP?=OA’ 
-. OA is a tangent to the circle passing through j 
ie 3, L. { 


Z OAC= Z OBA . 
Or ,OAP— 4 PAC= 4 OPA- 4 BAPS} 
LOAP— / BAR 

Z BAP= ¢ PAC. i.e., AP bisects Z A internally 


i — 


Therefore the locus of A is a circle with PQ as diameter. 
This circle is called the “‘Apollonius’ Circle.”’ 


Exercises 2.1 ; 
1 A segment AB is 3.5 inches long. A point a 


divides A Bin the ratio 3: 2. Find the lengths of segments. 
t 


AX and XB. Verify the calculation by construction. 
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BP | BR esnmacoon, BO _ Ce 


Pa OO mee PO: 
930, BQ + BP _ CQ + PC 
BQ — BP CQ — PC 
an BQ + BP = BP. + PQ + BP =.2BP +2P0 
= 2 BO 


BOs RP SF 5 po. 
a3, CQ + PC = PQ = 2 PO 
CQ — PC = (CO + 0Q) — (PO—CO) = 2.CO 


tiger 2 OH OR 
2 OP. 92:00 


6G OC.OB = OP? = OA? 


$5000 A,B, DB, CNY Moot Bos. Bees 33,8 OA 
BD DE SeBAWAAAd. 


8,003 /OAC = ZOBA 
CGx0 SOAP — 4 PAC = / OPA — 7/BAP = 
ZOAP= / BAP 


- LZBAP = Z PAC 8G APS / AbNEdSB LYosdeodo. 
SMOCHOGDES. 


AB BP m 


EA. 33 Ae Pe n> 
GG_00 A MMAS BGQ, PY BD, ADONIS SS, WONTID)Dd. 


= 5, oo ‘OMG Menoozr 23,” QOD) BAD. 
Seo, ANY 2.1 


E 1 AB Ss DoB® 3.5 GorhO WBNS, X xnomy 
| AB ohs2, 3:2 Benacd ammnnae. “AX a, XB 
BLD DOWNY WG DAY, GoM&BvVIO, SCH, woHay, Two) Toe 
wee, 
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4 


9 ABC and DBC are two traingles having altitudes 
AX and DY in the ratio 5: 3. Find the ratio of their, 


areas. 
~*~ 


3 ABCD is a parallelogram and P is a point on the: 
diagonal BD such that BP: PD=1:3. Prove thap 
A APD=3 parallelogram ABCD. 


4 ABCD isa trapezium in which AB||CD. Prove tha , 
the line joining the middle points of BC and 4D 1s paralle}’ 
to AB. { 


5 ABCD is a trapezium in which AB|ICD. The 
diagonals AC and BD meet in #. 
Prove that AE: EC=BE: ED. 


6 The side AB ofa A ABC iscut at D inthe ratio 5 : 34 
If DF drawn parallel to AC, cuts BC at F, find the ratio 
of the segments of BC. 


7 If AP bisects Z A of triangle ABC show that 
BP x @ and OP = &.. 
b+e b+ce 
If the bisector of 7 B meets AP in I, calculate Al: JP. 


is drawn parrallel to BC to cut AC at HE and DF is draw ns 


parallel to AC to cut AB at F. Show that | 
BF :CE=AB: AC’. 
9 Ifthe bisectors of angles A and C of a quadrilateral 


ABCD meet on the diagonal AB, Show that the bisectors 
of angles B and D meet on AC. 


10 ABCD is a quadrilateral having AB=AD. The 
angles 4 BAC and 4 CAD are bisected by lines which meet 
BC and CD in E and F respectively. Prove that EF is 
parallel to BD. 
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2 ABC 3, DBC RX BOC MBS AeOoo.s vada & row 
ns. AX WH, DY NM BOR avaws woonns 5:3 IVC 


BOS. Y Bears ged wore wv wmroaah, somwoko!@ov0. 


3 ABCD&d2 wom AdRWA03d wS2oru, BP: PD—1:3 
Smxos BD sorG Bx P Nomowas, MIrad. 


A APD =2 ABRNA03d wWSoyoFe ABCD 20d Ar, 


4 ABCD BIHB GY AB\|CD. BC 233, ADH? Wh, 
Moons, AeOxos  Advdessosoo A BR ABRND3oOADABOSd0B9 
MOOR, 


5 ABCD SYLB OQ AB\\CD. AC X38, BD saris 
E 89 s00=03,85. AE: EC=BE: ED 2009 AHA. 


6 ABC 3xyV2BQ AB womwosA., DO 5:3 DW WILD 
QwALD. ABR AdsnsoosdA aH DF sesso. HCodx, 
F 89 A0QAa. BCH GeHaHosne BWyHweIWsA2, sors 
0098. 


7 ABC S%o2esQ APSO LAM SOFARBSD. 


ee ws, CP= _ab ADOT BoedrA. BOSD OBES 
b+e b+e aoe 


Sessosoo A Poosr, [8Q AoHaws, AT: IP BOBIWA WO. 


8 ABC 3x oes JA BOS LGFs eB Boor, 
D839 OAS. AB R RAIWDdOSoD AN DVD DE HOsvdesSov 
AC cian, ESQ A0QA™Hd. ACR AHNADSBAOA DVD DF 
Rosdessosoo A Boban, F SQ AoHALYO. 


BF: CE=AB?: AC? Home Sacdxs 


9 ABCD Bsryrus 7A DB, LC soemogrenvs BD 
gr sors TOQAAS, /B WH, 2D soenopreny AC sora 
BoeGosoe TOMA, Aosoo AoA. 


10 ABCD weorxd2 AB=AD. ZBAC %, 
LCAD 8 treme@renss BC HH, CD Nes, Baoan HF 23d, 
F nv AoGa0S 8. EHF || BD dod AHA. 
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11 AD isthe median of a AABC meeting BCin D. 
The angles ADB and Z ADC are bisected by lines which 
meet AB and AC in EF and F respectively. Prove that 
EF is parallel to BC. 


12 P is a point on the side BC of AABC. The 
angle APB is bisected by the line DPE meeting the other 
sides AB, AC, (produced if necessary) in D and £ 
respectively. 


Prove that BP. CE. AD = PC. EA. DB. 
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11 ABC 3%2wS AD BWZ,Sessoo BC oom, D og 
HONS. 7 ADB DR, /» ADCNE tacmG@renvs AB 3&9, 
AC nvso, gaan B oso. WF vO #200703, 3. EF \| BC nots 
AOA. 


12 ABC 3 x%xB BO mBBO P RNomoxpoway, sds 
$2083. DPH dexsoko / APB &, SOFAS, DWTd, AB, AC 
Nao, (SRI,AGB_S 33,0805) 8 woman D 2%, HAGQ AoHAS,<). 
BP. CE. AD=PC.EA.DB 20m AHA, 


CHAPTER 3 
Similar Triangles 


are said to be similar if (i) corresponding 


Two polygons ( 
tional and (ii) corresponding angles are 


sides are propor 


equal. . 
A 
a ; 
* ; <2 
5 R 
D C 


Fig. 3°1 


If the two figures here are similar then, 
) A= PS BESS nea etc. 


A 3 P 
D C 


Fig. 3.2 


A square and a rhombus have their sides proportional 
but they are not similar. 
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SBOWd 3 
RBs 8 eBownyo 


DOB NHooUnisvo 
(1) Acre, MoMoIdo VxomBBO. dd, 
(ii) ABM, Seeds Addon 
D5, GOSS NEoUNeN Aaddows wRogownrvoms BAD. 


A 
P 
E T ] 
B 
a ‘ 
D c 
233. 3.1 
AQ BOY TOD WHRMBWNG Adodod DAG OQ 
pie.) pen Mags ter ©) eee ee PRa) 
WoSd, ay = = oD _ 32s. 30.0 
On ORS . 
8s, 3.2 


%wOTI0 2825? 80 WIT, WOM BW F S0N9 wmonevs Cows 
BIG de CAN AsdaMZosy, Beohy,  LKeriodoe wom wood 
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A rectangle and a square have their corresponding 
angles equal, but they are not similar. 


a | 


| 


eee 
i 


| 


Fig. 3.3 


low 
ver,in the case of triangles, we prove _beloy 
iihesvorns 3.1 and 3.2) that one of the conditions (1) or (11) 
implies the other: So, two triangles .will be similar 
either (i) if they are equiangular or (ii) if the sides are 
proportional. 
Theorem 3.1 : } 
If two triangles are equiangular then the corresponding 
sides are proportional. 
D 


& 


3) Pod 
E F 


Fig. 3.4 
Given: In triangles ABO and!DEF 
LA=2D, 2 B=ZE and 20=ZF 
To prove : 
ve 6 ae BO. ae 
DE EF “DF 


Construction: Along DE, take DX=AB and along DJ 
take DY=AC. Join XY. 
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SB, wom wee 8S ABM, seeds AMWDNG Go, Avo 
Haoo0w Soon, BBO”, 


ws, 3. 

SBS, SwoxeNvO zoes Bie HIB dOHwMoNY GHI,6S 
ADWAQ. odvacte wor, SAMBooBdO AB Ds0,00a0, mOz 
wEerdods 3 vdeo x 3, syeodnee (>. 3.1, 3.2) A MOXA. eral feletar) 
DOD SF ownive 208d doeaneo WSO, od BOCANEN AOS. foNr) 
CBd Sais, woeorgs CMMIGQG, Bee & D PWN ZDOHBS 
odo, Saodd ae. 


3 esoe O39 aoe: 


ABNS FMCANVHIS AIS 8 AOUBNY Rodos momo Yaonos 
— BQTS,z. 


8S, 3.4 
Z.: ABC 2X, DEF &22Knvg 
LZA= 2D, LB= LEON, LO= LP 
Ad@NEOS : ae = BC — AC 
dud: DE bY DX — AB ermsos X womsda, m3, 
DF 32] DY=AC eros Y xorhada, sricrteom XY 


HeOX, 
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Proof : ; 
In triangles ABC and DXY, AB= DX, AC= DY and 


Z BAC=Z XDY (given). 
AABC=A DXY. 
Z DXY=ZABC=Z DEF 


beer @ Ae oe OF 
UX = By 
DEO. DE 
1.€. AB = AC 
ir, . De 
AB BC 


_ 48 2 ae 

’ DE Ef 2. 
Theorem : 3°2 

If two triangles have the three sides of one’ 

proportional to the three sides of the other, the triangles are | 

equiangular. | 

Given : In triangles A BC and DEF (Fig. 3°4) 


a oes 
PE” LF. ae 
To prove: ZA=Z2D, 2 B=Z Eand 2C=ZF 
Construction : Along DE take DX=AB and aonlg DF. 
take DY —AC. Jom. XY: 


Proof: By data 4 = as 
DIX oT a vi 
Dr De ( AB= DX and AC= DY) 


“. XY is parallel to EF. 
’. triangles DXY and DEF are equiangular. 


AY DX DY B 
: ae ae a ee 


mes: ABC %, DXY 3 xourivg 
AB=DX, AC=DY *%, /BAC= ZXDY 
. AABC= ADXY 


ZLDXY= 4 ABC= 2 DEF 
85 008, XY || HF 


ot ee 
— ae 
econ AB AC 
DE DF 

seTosoe AB.= es NOD AOHAWAB 


3B edoeodo 3-2: | 
VMMSHQTHS WBNS HOW 8 Bownv Adnws soednivao 
WV0NTIS 35 a. 


33: ABC so, DEF 2 gourivg, a ee 
(3S, 3.4) 
Akon.  / A-— /D. £ B= 7E OS. 7 C= ZF: 
3vS: DEAS DX=AB SMHS X WMBdE, DoF, DF 
aoe DY —AC Srowos Y womas.., Simosoom XY Heda, 


aC” ->. 
MPAs: ey ae 
iain (72s) 


fe a (. -AB=DX *%, AC=DY) 


XY dest <a BDODOSOWONT. 

DXY >i, DEF 3 3 OWN ABR socanvag, 
DON. 

0) amass». Toea im DY ei: ABC (33,) 


— a | 


Pt Dee DF EF 
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| 

2 

Now in triangles ABC and DXY, AB= DX, AC= D> 
and BC=XY. | | 
-. the triangles are congruent. But triangles oT 

and DEF are equiangular. : 
‘. triangles ABC and DEF are equiangular. f 
1.¢. LA=1D, 2 Ber wad LOL. 


: 
a 


Theorem 3.3 : 


If two triangles have one angle of one equal to one angl 
of the other and the sides about them proportional, th 
triangles are similar. 


Given : In triangles ABC and DEF, 


AB AC 
iY bee DF and ZA=/ D 


To prove : triangles ABC and DEF are similar. ) 
Construction: Along DE take DX=AB and along DF 
take DY=AC. Join XY. 


A 


“ 


Fig. 35 
Proof: Again traingles ABC and DXY are congruent. | 
- LB= (ORY and (C= 7 vx 
: AB AC 
Also by data DE = DF 
o.© JON, DY 
° DH DF 
. XY is parallel to EF 
4DXY = g4Eand ¢ DYX — LF 
4B= yf and 70 = LF : 
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Bn ABC 2, DXY 2 young 
AB=DxX. AC=DY 23, BC=XY 

J. SWPowNG HOD NGPAQorxe ADowoNss. 
885 DXY 832, DEF LYHwNvY ABVS Bocdsnva, Bens. 
. ABC SS DEF 2 oKNY SBR saedNVd2, Bods. 
SE, /A = 4D. B= LEX, C= 2H 

wS eOeOdD 3:3: 
He DOT SF YHUNVO 200d Lomo oes BoSo,008d wow Sens, 
PWN, BW Beane woHoniv VHS BOGS, & Byow*ie. 
i pleNobstpralesic tne 
Be: ABC sd, DEF &xpwngsg 


ae OU es fA‘ 2D 


DEX DF 
MBacod.: ABC 3, DEF S ownv Add oWeoNdI3,35. 
oud: DE Sed DX = AB SMBs X wnomddn, Hos, 


— 


I? Sx DY = AC erodes Y woman, shartnow XY 


co 

Q 
& 
A 


uy, 3. 


AOGS: aAoeOs Dy adoeotorivosoioe ABC mo, DXY SR 


/ B= £DXY we, 70.=— 7, DYX: WS2, BIo,0O3H 
AC 


AB 3. 

DE. DE 
DR DY 
hay: DE 


XY Ser. HFA ABNASOAD NTH. 
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% 


Therefore the two triangles are equiangular and he 
similar. 


Theorem 3.4: 

3.4 If two triangles have two sides of one proportic 
to two sides of the other, and the angles opposite to one} 
of corresponding sides are equal, then the angles oppo 
to the other pair are either equal or supplimentary. 
the former case the triangles are similar. : 

(This is called the ambiguous case for the similarlity 
of two triangles.) 
4% oO. 


{ 
f 


E FY) ams G 
1222 


Given: In triangles ABC and DEF 
AB C 


A 
Cyye oe DF and LB SNL BR: 
Lo prove: either ZC=ZF or + Z F=180° J 
Proof: The angles Z BAC and Z EDF are either e 
or unequal. 
Case (i) Suppose 2 BAC=Z EDF asin figures (i) and 


Also since 4B=24EH,wehave 2C = 7 F and thet 
triangles are similar, 
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HOS VSYHwNGS Adwd soedniva,, BrohkHyGood ey 
[o WANTS, oD. 


4) wD woeoss 3:4: 

NOB SMWHWNVYO wows Adw womons. Dos0,008d oows 
PRNGLAS CmMEHQR., CANYQ wom. Bos enoriny, 
DONE DBDOoNdd ‘Bacanss ABITONG, 3, MBV0,000 kos 
ROMs, BOCANY) AMADA, VOve ZOSRneaRAENGoNDAD. 
otek BIBQ & S eoanvo Zo deBsMd2s, 


(adae, Sepoerie Savdessods xo wy ase,add) 
. A D 


E | er Cc 


222 
AB AC 
32,: ABC 2, DFE {Bownvg DE DF 


we, ZB= LE 
FOGACOD | /C= LF eG 7C+ ZF =180° 
mos :— / BAC 8, / EDF tx Ad AQ CABS 
BE) MS, (i) Bd, (il) od) SncdAdowods 
| ae BAC= LEDF ence 


on /B= ZE CSNDIwRB008, C= / F GASoQoad. CB, Oc 
IDA 2 2HOBNKD HDG MBAIONS, zs. 
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i 


i 
' 


CG If 2 BAC#Z EDF as in figures (i) and . 
oe EDG=Z BAC and let DG meet HF prodi 


at G. 
Now Ales BAC and EDG are equiangular. | 


AB AC | 
Z ACB = LZ DGF and pF = DE 4 
AB AC | 
But pF = DF (by data) 
DG = DF 


/ DFG = 24 DGF =ZACB 
But Z DFE + Z DFG = 180° 


p PPE ne 180° 
or ZC + ZF 180°. 


Theorem 3.5: 


i 
Areas of two similar triangles are proportional to. 
squares on the corresponding sides. . 


Given : ABC and DEF are two similar triangles. 
r _ —- Area A ABC A B? 
0 Prov. ‘Area QR DEF. DF 


Construction: Draw AX and and DY perpendicu: 
to'BC and EF respectively. 


~ 


DH (ii): WS) (i) BoB, (iii) 8 Scdadowos 
ZBAC+ Z EDF Shoo 

an / EDG= / oA SAds0s DG Se sSosoy, $20 

30.20 EF a, G &Q O80 


Sten) 
s =n BAC 3, EDG 3 es ADND Bolanvar 


. DIDOOT 
AB AC 
A0B—/ DER si]! «(COS 
a + Di. De 
Salon AB a AC 
DE DF 
ACS AC 
DG ODF 
*. DG=DF 


003 _¢ DFG= / DEF = 1 ACB 
ead, / DFE+ 2 DFG=180° 


Z DFE+ 2 ACB=180° &@x 7 C+ / F=180° 
3 doeoso 3:5: 


AAGMBAONDS NIG 3 ehane ses Pons Awnad, wore 
NENG YAWIZOTS,3. 
33,: A BC wo), DEF DUB AMDIOB 3 ,2owNSd 
m@necd: ABC &yoxud ges) FO AB? 
sae DEF 37H%3 §3), FO =D E 
32s :—AX aa, DY Avax, BrxomoN BC 3, HF nen 
‘Pbowngan agovd. 


eh 


83, 3.7 


Proof : In triangles ABX and DEY, ZB=ZE and, | 
LAXB = L DYE = 90°. al 
Hence the remaining angles are also equal and the two 
triangles are similar. 
AX AB 
py ae 
_ Area AABC _ 4 BC.AX 
Now trea A DEF 4 2F.DY 
_ BO ae. a a ee 
EF” DRY ae as 
Also Since ree ea AC y | 
DE EF DF 
Area AABC _ ABP _ BC AC* 
Aves ADEF =. DE. 2 ODF 
Theorem 3.6: 
Areas of two similar polygons are proportiona! 
to the squares on the corresponding sides. 


( 


D 


Fig. 3.8 
Data: ABCDE and PQRST are two similar polygons 
To Prove: Area ABCDE | AB 
Area PQRST ~~ P@ 
Construction : 


Take any point X inside th l ) ool 
it’ to its vertices. e polygon A BCDE and joi 
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MOS: ABX ws, DEY Sypunvg ~ B= 7 EF dH, 
LAXB= 4 DYE=90°. 8B 008 B Qv@W Sxowriv Added 


— HoNds,s. 
AX: 75 ehB 


DY 3 DE 

x ABC Swws FS FO 4 BCAX 
DEF 383 RS ZoO =. 

Se eae Ae A 

EF DE DE DE DE 


wrod 3-6: 
DOB AHoCVD waohany Fes Honvd Awd, wowony 
DNENY CMDSHOTHS, 3. 


58) 


B zt 


83, 3.8 
32: ABCDE %, PQRST adds xswdax warrowrvo 


MoG@acoss: se3xO ABCDE AB 
$320 PQRS = PQ?T 
1 383: ABODE weyrnnd X womrdspons, sicrtoe,. vcay, 
| BD, Zor nocorierin eds. 
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Con truct Z YPQ=Z XAB and Z YOP=XBA. Let PY 
and QY meet at Y. Join YR; VS: ands YZ. ; 


Proof : : 
Triangles XA Band Y PQ are equiangular and hence similar, 
Area AXAB _ AP y 
Area AYPQ Fi = 
Now £ ABC=Z PQR (Since the polygons are similar) | 
and Z ABX=Z PQY (by construction) 2 
Z &BO= LYE. oe 
ho ee ee 
YQ: "> FO 
(since As ABX and PQY are similar) 
Bat. AB... 80 


PQ ~ QR 
AB Be (ii) 
vO = OR 


Hence by (i) and (11) using theorem 3.3, we have 
triangles X BC and YQR are similar. 
* Aten WA BC. aa) - ae 
Area AYQR CF a = & | 
Similarly we can prove that triangles XCD and YRS © 
are similar and so on. 


AXAB - AXE <a 
SURO KYOR AS ae 
*. By the theorem on equal ratios, 
AXAB+AXBC+ .. — AB 
AY PO-AYOR A]. ae 


Area ABCDE _ ABP 

Area PQRST OR 
Theorem 3.7: { 
If from the vertex of a right angled triangle a per-_ 
pendicular is drawn to the hypotenuse, it divides the | 


triangle into two similar triangles, similar to the original | 
triangle. F 


LYPQ= LXAB %%, /YQP = /XBA virwvs 


PY X32, QYNSS, YN, aD Y Womasg, AHO. YR, YS, 
YT NVR2, AcdA, 


ABS : Owso0003, XAB 3, YPQ SyMHowns ABodewaods. 
XAB SyYHRG Fes Bo AB 
YPQ Spud FesZoO ~ PH? 
an / ABC=/ PQR (+7 WHOBWLWNG ABW Dados) 
m2, LABX= 7 PQY (8%) 
LARCH /¢ YOR -—1() 
ABX 2B, PQY 8 D PDOWNY ADT MAAoOATBAOo, 


SD D0 


XB AB 
YQ PQ 
wag 4B _ BC 
PQ OR 
2. BC ‘ 
ee eee (11) 
YQ OR 


an (i), . (i) WS, B 3 ye30@ 099 3-3 ADQNG0B, 
XBC DBD, YOR SHwNG AsdonwsAs, 
XBC 82GB RBPeO BC? APB 
YOR &epusges go QR? PQ 
wenove XOD aS, YRS Byowreeo sos, VWs ABNad, 
2 HUNG ADIWARBAINSos20H9 AQAWBTAD. 


er morte AAD ey RAY cit 
e A YPQ A YOR PO? 
*, ADD BRIN NoeoQovs. 
AXAB+ AXBC +... AB 
AYPQ+ AYOR+... OF 


_ BSS ABCDE _ APB 
' ge3 0 PQORST QR? 
ese O59 A PY ey 
DOWHWED FB AowS Bon NoW2A0B sors, worm owas, gad, 
Ct &yownay, A, 2 DYNRE, AGODA DOB) 8 wowneoA 
DANA. 
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Given: AABC is right angled at A. AX is drawn 
perpendicular to BC. . 


To prove: The triangles ABX and ACX are similar to 
each other and each is similar to AABC. | 


A 


x 
Fig. 3.9 


Proof: in triangles ABX and CBA taken with3the, 
vertices inthis order, Z AX B= Z BAC and Z B iscommon. | 


*. the triangles are equiangular and hence similar. 


Similarly the triangles CAX and CBA are equiangular | 
and similar. | 
Hence the triangles ABX and CAX are also equi- 


angular and similar. | 


oe 1: Since triangles ABX and CBA are similar we. 
ave . 
AB BX 


on 
RO = ape A B= BC. BX. 


or AB is the mean proportional between BC and BX. 
milarly, AC?=CB.CX. ‘ 


O2,: ABC 8 xHusQ 7 A wo vowdeed. AX a BOR 
OcWaoh FOB, 


MOA: ABX oh, ACKX S8ypurivo Adwdeaaoned 
DWH, VYNVO B 3S Ln A ABC R eeeik eens. 


A 


x. S 
83) 3.9 


ES: ABX WB, CBA ZxyownsO (Sorina, BS 3x0 
BQ SADs2083) 


LZAXB = 4 BAC 
Z Be NY FISHRN,. 


SB OoD SHwNG) AHS FoednGar, BHT Bos, ABW 
Ow BaEDNoog, 2. 


weriosoe CAX BB, CBA S2HBNG ABT OWAIoATS, <5, 


6G 003 ABX WB, CAX SrwwNGe AB ADWA soesnvao, 
BnO0OdS, BD WIS, Aaod.aalaAdss, 2. 


Smog 1: ABX WH, CBA Byun 
ANB ADBDWNTIWABO, 


AB _ BX easy 4B’ = BC. BX 
BC AB . 
ema ABxo BO 3, BX NP DIP, HID S03 ODD, 


eenoooe AC? — CB.CX. 
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Cor 2: Since triangles ABX and CAX are similar, we have 
BX AX ps 7 =| 
TX ax oF AX? = BX.CX. 
Cor 3: Using results of Cor 1, 
AB? +AC?= BC (BX +CX)= BC’. 
This is Bhaskara’s proof of Pythagoras’ theorem. 
Construction 3.1 
To divide a given line segment in a given ratio internally — 
and externally. 
Let AB be the given line segment and m:n be the 
given ratio. 


Fig. 3.10 


N 
Through A and B draw AL and BM parallel to each 
other. Cut off AL=m units and BM=BN=n units. 
Join L N. Let it meet AB at P. Join LM and produce it to 
meet AB produced at Y. P and @ divide AB internally 
and externally in the ratio m : n. 
Note.—lIf n>m, we get Q on the other side of AB. 
Construction 3.2 


To find the fourth proportional to three given lengths a 
band c. 


| CRMs 2: ABX DB, CAX Bwyownvo 
AMON BaONDYAOoT 
BX i. 2 af vv 
e) ox. 
AX ~ GY Gao AX? = BX.CX 


SBS 3: ANBOSO YAndosHod 


AB* + AC? = BC (BX + CX) = BC’. 
Qo } GOTGAS wo BBC CIs, eos 1,08 ADQs. 
Ors 3. *].: 
BS, SesMo.DoBRad, BAU DS DUMB Losdeossanorw 
Wow, snows dwNswoo, 
* 4 B&> GBS, SesoaDoB DB, m:n $08 DH H 5 e3IDE9 


83, 3.10 


A Dd, BN Dos AL WB, BM AWnA03d sewn? 
} 3, FOO. AL = m™ BWKLOHNANY. DB, BM = BN =n 
D0 nwAnvdosos [.M.N vn, SABI... ~LN Aecdrx. 2D AB 
Ooaa, P ob m0H80. IM 2eO% Tae) 35, A AB Bod. YQ dQ 
s0OzO. oan P wd, Q NY AB Go, “Daven wosdeosoaan 
DIS, WB, DIN m:n D, WII Dwan3,3 a. 

n>m BBN | nora ABS? 8s, 9B DS FBYBAd. 

ws 3-2: 


083 DH WD Wa ny WPF DAIS ONT, SOTWSoBOS NYO. 


283) 3.11 


Draw a line J and on it take AB=a units and BU= 
units, on a convenient scale. Now draw another line » 
through A and cut off AD=c Units. Jom BD an 
through C draw CE parallel to BD to meet m in E. Noy 
the length of the segment DZ is the fourth proportior 
to a, b and c. 


Construction 3.3 
To find the mean proportional between two lengths. 


Given : a and b are two lengths. 


A 


ae 


Fig. 3.12 

Construction : Draw a line / and onit take points B ane 

X such that BX=aand on BX produced take C_ suceli 
that XC=b. Construct a semicircle on BC as diameter 
Draw XA1 BC to meet the semicircle at A. Then AX1, 
the required mean proportional, for AX*=BX.XC by 
theorem 3.7, Cor 2. ; 


(Note that AB is the mean proportional betweer 
BC and BX). 


Construction 3.4 
Lo find the third proportional between two lengths. 


Given : a and b are two lengths. 


Construction —Draw a line | and take a segment BC on i! 
such that BC=b. Draw a semicircle with BC as diamete: 
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WRABMBrond ded ] asad ogo A B= DLOBRAINId.2, 


2, BC=b nvsndnvse, anamdde vstoomd 
| DAHNMB) SAmosoe > BN Awd Doves WISO,0D Se Boos, ¥D2 
S509 AD=c DIWOBRVINGAY, SAMBOY » BOB, DAVay, Acdz, 
CS Dees Cove, ABR xBwmosdaon D¥ood. acd 


BD, EdQ O80. Sn DE sesosdows ws a, b. o,h¢ 
wAGoFHmDsSGwAdyad. : 


Os 3-3: 
BAY Dd Qdzd wa ny Ao, SoD Soay, BOT WHOA), 
SS,:  @ WBA, HN Bos3 3 DID AB Wa NvNTS. 


A 


B x C 
283) 3.12 


: OS: nWDoDWd 0m | Se Bors, Yo CASO BX =a SAD 
wo8 BS, Xnvay mara. JO ad BX ses XC =H vwndswos 
C0389 M3SF2, BC ®2,ADNTS wD) CBF B,S,HR2, Oey), 
b DS Aa, ASQ AoMA.H03, XA SeBOsr2, BOT cows 2<oo9d. 
Sn AX wesAda WA,WHs. Tddld wsoeOs Boe 3, 70005 
AX*=BX.CX SADDBd. 


ABS» BC mH, BXNY WIG, HID SOSI0°wWBA, NOW. 


O25 3.4: . 
B.A Tod AVS WG Ten J scaimaomo.soAy, soMoroBoswaJad, 


BZ: a BBW, HNP $083 TH AOS WBN. 


Os: Oraymnde |] Sesoos, avd. 8H0Q BC=) 
SNGom0s B aos, Cnva., SAMBoe,. BC DIAwNOIW wo 
CAFS S, Bao oe wn BA—a SNwmnos 2B 2,09 A WDA, 
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and..cub.of BA=a, Draw AX, BC. Now BX is they 
required third proportional, for AX? = BX. BC. | 
A 


B x e 
Fig. 3.13 
Construction 3.5 


To cut off a given fraction of a triangle by a line drawn * 
parallel to a side. 


Fig. 3.14 
it is required to draw a line XY || BC such that 
A AXY=" A ABC 
Construction: Find a point P on AB such that 
AP=™ AB 
a 
Now let AX be the mean proportional between AP} 
and AB. Through X draw XY parallel to BC then | 
AAKY =yn™A PC. | 
n 


i 
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a AX®2, BOR Cowal avd. srk BX Besos 
s Seosaban’d, sade) AX?2=BYX.BC. 


Owx 3-5: 


DE, SKA wom woman sanmosdaon avd desiodood 
& wo Ko SCS FOG Ros,B WAL IDSHAL AYoNAADd. 


A 
3 Cc 
we, 2 Fe & 


tF3.: AAXY="A ABC Sows BOR XdNBv03dDoN 
eas n 
XY BeBossr, AYowAyOo. 
oes: AP =” AB eNdrsos AB oh SxS P Nordwsay, 
Nn 


BO %0008. 
on AP 2), AB n¢ DA wads AX CASO. Nd Dos 
AY m2, BC FH ABD me agenrd. 


Bn AAXY = — —"A-ABC CBADID)TDO. 
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B 


Proof : Triangles AXY and 4 BC are similar. 


RASS ." Bee AP.AB. AP 


eee 


Construction 3.6 


To cut off a given fraction of a triangle bya line draw 


perpendicu ar to a side. 


It is required to draw a line XY1 BC such that the 


area cut off is equa to “AABC. 
n 


t ii 
Fig. .15 


Construction —Draw AL, BC. On BC find P suck 


that BP = BC. Fi 4 
: BC. Find BX the mean proportional between 


BL and BP. Through X draw YX, BC. Then anal 


A BX Y = — AABC. 


AoG@e: AXY <a ABC BORN HOO OwAN, 


a eeay, ARB we AP-ABCeAP. | 


on) oe AT Ce re 
eee | ee = pe a = 8 


Des 3:6 


DS, SYOwWD Uwom woman Cows O98 SessoNoos 3 youn 
Jo=, B MA OSHA, NMwAVad. 


ssro: ABC aa Qwo.CSRHRD Fee Pods, BC A 


Hoesen QO XY Sesoros RES oy 


f 6 oes: BC Oh Ses BP = ™ BC iwncdosos P xomwr, 
— nN 


0%) &@0209. AL 22, BC A OowaA AYO. BL w%, BP 
IS aoqo,coamsotomy, somee&cdd. wh BX endo, XY wm, 


BCR oowernh aged. si ABXY = ” ~p ABC vncrwe. 
11) 


39 


Nole.—While taking BP = BC, if P lies on the other | 
" } 
side of L, then take OP =< BC. In this case, 


areaACXY = = A ABC 


Proof : ei a oa (since the triangles are 
similar) 
_ Bee BE 
BI? BL 
NABI ,. | 
a Ane eee (since they have the same | 


altitude AJL) 
A BXY (BP BL “Brey m 
AABC amt” BC “Bel ® . 
Construction 3.8 


To construct a triangle similar to a given triangle and | 
equal in area to another gwen traingle. : 


It¥is required to construct a triangle similar to triangle | 
A BC and equal in area to A DEF. : 


AWS: BP = ™ BC sicdéevo mon, P oko L vomdasd 
n 
B3n,0m) ms FBO wad,en CP = ™ BC sidioe. s 
: : 
RoBYeBQ ACXY = ™ pa ABC vAwser. 
n 


ors: ABA. BX’ "s Sows Asoc vwssoic5) 


ABD = BI? 
SRE BL BP 
“ane BE 
=~ AABL —— BL ee ° 
B8t Tag = BG (20m Sebuny ag.dap 
} AD en.) 
Agee BP BL’ BP 
Rae BL SS SBC: Soa 
OS 3.8: 


BS, BBowasPoWs, AmdoWMHoioo ws0,008, Fes POHO 
AadvapNnedoe owes 3 5 Rowdy, OrsADWOd. 


tera,: ABC S 2 OWS, AWBLNBADNOL BS, DHF Hows 
Ses BE, OE, Ravencsnn PAID BS WoBwWAAY, SwAoWO. 


Pr 


‘ 
i 
At E construct an angle equal to 4 B and at F . 


construct an angle equal to ZC. Let the two lines meet in 
G. Draw DH Earaltol to EF, to meet EG at P. : 


Find #X the mean proportional between HH and EG. 
Draw XY || GF to meet HF (or LF produced) at Y. Then 
X EY is the required traingle. 


AEXY _ EX’  EH.EG EH 


Roof ae We. Gua ea 
Also, a since the two traingles have’ 


the same altitude from F. 
A EXY _ AHEF 
AGEF AGEF 
AEXY = AEHF. 
But A DEF = A EFHF 
A DEF = A EXY 
Also A EXY is similar to AGEF. i.e., to A ABC. 
.EXY is the required traingle. 


Exercises 3.1 


1. Prove that two isosceles traingles having their 
vertical angles equal are similar. 


2. ABC and PQR are similar traingles having AB=4' 
BC=5, 2 B= 70° and CA=3. If QR = 7.5, write down 
the value of 7 P, PQ and PR. 


+S. In any triangle ABC show that the median A D 
bisects all lines parallel to the base BC. 


4] 


ous: #F WomasQ / BR Amn soess7r 3, MB, FH 3Q 
ZC R xe Baraat, Dwr. Bs Sesadinsd G motoawd AOR 
EF amaosdaadozos DH AdByY Seo0os, od. “eats EG 
Q00R0, P WQ AsO 


Sn EH 3, HG nen DID, DMISIWAG BS HX dB, 
BOI%WAOO. sin EF 2 Y3Q FoQz808 XY 22, GF z 
HONDOSGDO DBBOdoO. XBY Rowse WeToD 3B eow. 


mys: ABAY _ EX’ _ HH-EG _ EH 
 AGEF E@ ECG EG 
PRRICE) AEGF = EH 
~ AGEF EG (Red Ada Srywivgo.e FF 
NOD BWVMD WoawDonenA ass 
Cows) woe GNA) 


$2.8 Be A EHF 
AGEF AGEF 
AEXY = AEHF 
S356 ADEF=AEHF 
ADEF= AEXY. 
ade eed AEXY D2, AHGF Axsd2F Srpowis 


eG@r AEXY mex, A ABC ADIOOD & 3 BIW, 
67005 EXY Sed 3,Aoxw. 


SI, ANF 3.) 
1 dd2 seednd Faas ade ABA WBS Wooo 


BOI 3 yoUNvos » AON. 
9 ABC x2, POR Hoos 3 owNsvo AB=—4, BC=5, 
/ B=70° 222, Cpa ena. QOR=7.5 308 LP, PQ, 9, 
PR 7? BSNS, WOO. 
3 Mnade 3%2% ABC oO, BON ABNAOZOMWG BY 
esnvar, AD BH, Besos COFA sadons AOQA. 
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ie | : 
Wie a 
(J 
oy 4 


4. Prove that the chords of two circles which subter: 
equal angles either at the centre or at the circumferend 
are in the ratio of the diameters of the circles. | 

‘o triangles have the sides of one respectivet 
padi fo ihe idee of the other, prove that the triangl | 
are similar. 

6 If.two triangles have the sides of one respective! 
perpendicular to the sides of the other, prove that th 
triangles are similar. | 


7 If two triangles are similar prove that (i) corre; 
ponding medians (ii) corresponding altitudes (iii) bisectoy 
of corresponding angles (vi) the circumradu (v) the 1y 
radii are in the same ratio as the corresponding sides. 


8 If AB and CD are two chords of a circle intersectin 
at X prove that AX.XB = CX.XD. (work out both casey 
X an internal point and X outside the circle.) 


9 If a secant drawn through O cuts a circle in P and ( 
and if OT is a tangent prove that triangles OTQ, an 
OPT are similar and deduce that OT? = OP.OQ. 


10 If two lines AB and CD intesect in X and it — 
AX.XB = CX.XD, prove that A, B, C, D are concyli 


(Converse of ex. 8) 


11 ABC isa triangle. O is a point on BA produce 
such that OA.OB = OC. Prove that OC touches th 
eircle A BC. (Converse of ex. 9) 


12 ABC is a triangle. The tangent to the circum 
circle of the triangle drawn at A meets BC produced at C 
Show that 

OB _ AB 
es. ACY s 

13 The bisector of ZA of triangle ABC meets Bb 

at O and the circumcircle at E, prove that | 
AB:AC = AD* + AD-AE and hence 
AB AC = AD* +» BD: DC. 
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4 Seo BOaNnOe eAao DOHoHOonniee Asomod soe 
NRL ODHRWA QOS B,e,N¢ eo, ried, © BSN DAN 
3 S BHO, Wom. Syoeor. 


5 DOM Sxyounvg woud womong. Baw xd2,000 


WoNEN AWNAM0SIWAG 5 Seow Adodaasiog,dosows 
AOA. 


G HOM SMoRNGO wows wWoMoNs Smo Doso,0080 
WBN OOWSIIAG_G, E B Wound AMG OBHoNGos, iosoows AVA. 


T Aao@o SS yownve AWONBANG S, (1) ABN, Doo A, 
SCeHneo (ii) ASBMB, seed? earente (iii) arn, ows 


KYO (iv) BOHS, ne HwBNACD (v) COSHH SNY 3%, nen, bates 
Nes, oDoNY B 3 Sspeasqosoe DIS OD RON. 


8 elas 2, 3.3 AB D3, CD 2v@ we, nv X 8Q AoHAo 
3 3. AX. XR Ok SD nome ADA. [X. 25,0 “e0ZOe O39 
Now; CHA MH, NoMo— HOB HOWHYFNag, 52020 3] 


9 OC RNODANS D008 RRNA ASD Ces desSosoo 
3S, Bay, P B32, Y nowoneg 290m BB. OT oo 23, & Aor 
desdanne s, OTQ 2, OPT 3 owns CHB INBOIOGA, 
OT2 = OP. OQ Be BDO. 


10 AB 2%, CD dsemod0en% X 8 SeQrrg, ss. 
AX.XB = CX.XD 8ABS, A,B,C, Divo Bs eosraoAsoso0as 
FOOA. (GW,A 8 3 AGLeD), 


11 ABC wm2yw. BO.4d BA Ses OA.OB = OC? 
erracs OQ votraar, Sicdéeo@d, OCod» A BO 83,38, 
A dF ABNoD TOA (200,72 9 3 AGED). 


12 ABC roto 2ypw, Bebed wodss, A oO ada 


OB AB 

5 Br bebo BO 082, 0 89 AoQmAa, L7 = DOD 
| OF BC O 2) 0 ah 
AOopA). 

13 ABC Syexs A seess egress BO com, 
D SOc Bs, DOH S,Ha, H SQ. Aohmys AB.AC 
ae AD? a AD.AE Dots mOX ws, B50 AB.AC 
= AD? + BD.DC 20% AHA 
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144 Prove that the rectangle contained by any 
two sides of a triangle is equal to the rectangle containec 
by the altitude to the third side and the diameter of thy 
circle circumscribed to the triangle. | 

(Hint : In AABC, to prove AB. AC= altitude A 
circum diameter, draw the circum diameter AX ane 
join X B). 

15 Two circle intersect at P. The tangents at [} 
to the two circles form chords PQ, PR. Show that PY 
and PR are proportional to the diameters of the circles. | 

16 ABC is an isosceles triangle with AB = ACE 
The perpendicular bisector of AB meets BC in D. Shov§ 
that BC:BD= BA?. ne 

(Hint : Show that A ACB is similar to A BAD). 

17 Show that the area of a regular hexagon inscribe 
in a circle is 3 the area of a regular hexagon circumscribec} 
to the circle. 

18 ABCD isa parallelogram. CD is bisected at Ef 
AC and BE intersect at P. Show that AC is trisected at PE 

19 AB is a diameter of a circle and AM, BN ari 
drawn perpendicular to the tangent at any point C. Shovg 
that the area of triangle ABC is equal to the sum of thi 
areas of triangles ACM and CBN. 

(Hint : Show that AAMC is similar to A BNC). 

20 ‘Triangle ABC isright angled at A. If AD i 
drawn perpendicular to BC, prove that 

AB’ : AC*=Bw vai. 
21 P,Q, R are points on the sides BC, CA, A 
A ABC such that BP=2 PC, CQ=1 QA and AR=3 


Show that the area of A PQR= = area of A ABC. 


22 D and E are points in the base BC of A ABE 
such that 2 ADB=Z BCA and 2 CAE=ZCBA. | 


Prove that— (i) BD.CE=AD.AE and 
(11) AB?=BC.BD. 
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14 WOM Sows aow womonvomos esosy, & Bowes 


Oows Wosd, HOD, TO DO,A AQNVOD SO, ADDON TID) 
aod TOW. 


(AL8S > ABC 8%owsQ, AB.AC=23,3 AD. BOD S,0 Sw, 
OD AOA &, BOSS, 9,8 A XR, aS, XB #eO%.) 


15 adm BSN P WQ AOmMBy. P NoHw00n 2) 3, 


NEN 2D FA 1 OF Se sarvo PQ ee PR &, nvaiies. PQ soz>, 
PR T8333 Re =, ANY GAMHOsN0Bo moO. 


16 ABC nor ADD WwH Sys. 93d AB=AC. 
ABS CommArsy BCWSd2, DWQ A0Hm™YB BCO.BD=BA? 
WOM) AOA. 

(ARIS: BOA WH, BAD Sows AddowdoBs S.oedH.) 


17 B,S2,08MF SMOG WOH Ado AS WO Fes FOR SATO 
B00 Ad RAD WO 3 DA DoW AHA. 


18 ABCD &2» wom AdMmosd wayore. CY Wom, 


E389 &6Fa3. AC 30, BE Ne P og AohayAyA. AC oo» 
P og 2 Dona, 8S Bosoozo AOA. 


19 ABS wm HBS0 ma MH, AM, BN NPS, 


OO DORN pre Cc cag 8a x 3 1 OF Sesh OownvoA o8ad. 


Bony nz, f, ee aan 


(ALWS : - AMC 3232, CNB 3 RNS ADD HBDoABW0D AoA). 
20 ABC) 2%2wBQ 7 A Boioow seed. A DX» BOR 
DID COWWMDAS, A B2:-AC2=BD: DC: "DOM AOA. 


91 ABC 3x mang SrS P,Q, R WODoNSS 
SnoDaN* BP =i2 PC, CQ=34QA wIZd, AR 3 RB STIDOS 
SAdé20BB. POR 3 ou Be3, POD’ “ABC ZW - Fes BOB 
ms O4, TOMO AOHH. 


99 ABC 2xyVxRXe Bj BCP D Bose, LH noBonivao 
Z DAB= 4 BCA “Bozo, yA OARK / CBA smsos* BSRBdGDOAD, 


(i) BD.CE=AD.AE 2%, (ii) AB?=BC. BD NOD AIA. 
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93 J'wo circles touch at O externally. AOB and 
COD are txo straight lines cutting the circles again in © 
AS ib ane C.D. | 

Prove that— 

Oa £0; 
G8 == OD 

94 D is a point on the side AB of a: A ABC such } 
that AD=3 BD. If DQ and DP are drawn parallel to § 
BC and CA respectively, show that the area of the 
parallelogram DQCB is 2 that of triangle ABC. ( 


Practical Exercises :— 


1. Draw a line 2°7" long and divide it in the; 
atio 3 : 2 internally and externally. 


A 


2. Draw a line 4:8” long and divide it in the | 
ratio 5:3 internally and externally. 


3. Find the third proportional of lengths 4 and 6, 
units geometrically. | 


5. Find the sq. roots of 2 and 15 geometrically by | 
the method of mean proportional. Hence again find the! 
square root of 2v2. 


6. Construct A ABC having. 7 
(a) BO=45 cms AB‘:fAC=5:4 and median} 
AD=5 cms. 


__ (Hint : Draw the Appolonius’ circle. From D the | 
mid point of BC, cut off DA=5 cms). 


(6) BC=3.5" AB: AC=4:3 Median 4D=4". 
(c) BC=6.7 cms AB? AC=7:3 24 A=506°. 


(Construct a segment of circle on BC containing an, 
angle 50° to meet the Appolonius’ circle at A). 
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23 20H 3 3,n% WS, DA OC wRaa2xg a SFAS, D. 
{0B 322, COD ave 20% 8e33r¥ 3,3, 322, gas A, B xd, 
-D goon FQ BGeOaoBoS NIH. 

GA =..0C 


Se a, WOT AON. 

OB OD 
24 ABC S2H8d AB WMaS SxS AD=3BD Broxnos 
D WMA, SAMDO08S. DY Ww, DP NY, Bw BC 
WZ, COA NN Anddaoosdao/ Deas, DOCB HHS 
WSF RS ses POW ABO IxHwad ses Fon 8 O&y DowWBSor 
ADA, 


D2, uaeAs Ow, ane: — 
j ee iy by WB DBD Be sod DBAS, Scio VBA2, 3:2 By BWLD 
A SoSOecOHDA Bo3d, “wae, Da QBoAr. 


2. 4-8" MB 5 DBS Se Do Dowd, Soyeae) VBA, 533 'wwt0dO 
Sosde cds Bs, “wB, Do NQAoAX. 


3. Ss moDWd 4 DF, 6 DMOHWANY wag 3 Ve, SeDoyonny 
1S 32039 aoa 80059, SesaD28z 3 Q0D3 Bo %&&BOod. 


| 4. 2,15 B 7033, NY ANF DWONYag, Ge HWS NGO 
| Go, SmI 3,09 208340880000, 83000 24/9 N0S3,000 
Brrr aw08sr, BOT %HSIOOO. 


6. BSNS BSV,05NV0D ABC By PowAN Twa. 


(a) BCO=4.5 %. AW. AB: AC == 5:4 WR, VG, 
Se AD = 5 AO. AN. 


(AWW: SRBGNMLAWAP DS, Bi, 9G0, BC wo 07,2000 D 
008 DA =5 Ao. AN. 5S,O4) 
(6) BO = 3°5" AB : AC = 4:3 Sdaced 
m= 4". 


(c) BO=6°7 *. AW. AB: AC = 7:3 ZA=5O°. 
Boe 50° ADS B, BS DOBAA, rwA, CAT) MBG WENA 


44 


(d) AB: AC=4:3, £B= 50° and perimeter 15 cms 
(e) BC=2.9", AB : AC=3 : 5 and internal bisecto 
of angle A=2.3". | 
(f) BO=5.3 cms, AB: AC=5:2 and externa) 
bisector of Z A=3.5 cms. 


7. Construct AABC having AB=4.2 cms, AC=5.5 
cms and Z ABC=60°. Construct a triangle similar té 
this and perimeter 12 cms. 

8. Construct AABC given, BC=7 cms 2 B=65 
and AB=5 cms. Cut off 2 of its area (i) by a line draw# 
parallel to BC (11) by a line drawn perpendicular to BC. % 


9. Construct a triangle whose sides are in the rati¢ 
5: 7:9 and whose area is 10 square cms. | 


10. Construct an equilateral triangle of area 16 ne 
cms. 


11. Construct A ABC given, BC=6.4 cms 
AB : AC=5: 3 and median BE=6.6 cms. 


12. Construct a regular hexagon of area 60 sq. cms 


(Hint : Construct an equilateral A of area 10 se 
cms). 


13. Construct a parallelogram ABCD in whic; 
AB=2.5", AD=2", BD=3.4". Divide the paralleld 
— into three equal parts by two lines parallel to diagong 


(qd) AB: AC=4:3 /sB=50° ws, x3,98 


(ec) BC=2:9" AB: AC=3:5 Wd, A boeae 
Bosdeod Aworwows — 2-3". 


(f) BC=5-3 %. OW. AB: AO=5:2 Bz, A 
EdD Woe, ANoMows — 3-5 AO. A. 
7. AB=4.2 X0.o0.. AC —5.3 20.O. ws, / ABC= 
= ones ABC Syowsxr, oes. ADS, AMBOnBneN) ]2 
AO. AD. AS,GS Wd wom 3) sporsadty, S282. 


8. BC=7 %0.aS. 7s B=65° 3, AB=5 H0.aM. 
ectones ABC SYOowWAA, TWA. Ado ges) POD 2 BWoriedao, 
i) BC fh ABNH03T Sesdods § Sosoaj0003, (i) BOA owas 
De 80398, FOINWBOOG, Dew. 


9, mBny §:7:9 BxNMBOoHxd., SCS POW 10 
BW. AO.DD. Ae wowos roms 8 yowasa, 32H, 


10. 16 %. A.D. eS FoOHoS wow AwxwwwS Yow 
WA, O23). 


LI BC= 6.4 A0.OD., AB: AC=5: 3 Hd, WD, Ges 
BE=6.6 X0.AW. ITDH0S ABC 3 2 POBWHA, OSes. 


12. 60 %. Ao.dn. Ses Pontos wow Ado TAD aA, 
Ow. (ADM: 10 B, 20. D3. SCS FOND AWNDB 3 WIBAA, 


13. AB=2.5", AD=2", 28, BD=3.4" ‘aAdwdos 
ABCD ABRWA0SS WyorwAs2, 32x. AC seors, ADIDOOSO 
DNA GeSsnvos CHa2, Bovodo Seowennvan moots, 
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CHAPTER 4 


PRELIMINARY CONCEPTS OF ANALYTIC GEOMETRY 


Analytic geometry is the study of geometry using th 
methods of algebra. In this subject we study ho 
the positions of points may be determined by means o 
numbers and how equations can be used to study the 
properties of curves. The French Msthematician Rene: 
Decartes (1596—1650) was the first who started thif 
method of studying geometry and experience has showg 
that this method, in many cases, is more powerful anc 
shorter than other methods 
4.1. Rectangular Co-ordinates— : 

Let X’ X and Y’ Y be two perpendicular straight line 
in a plane intersecting each other at O and let P be: 
point in this plane. Let PM and PN be draw 
perpendicular to X’ X and Y’ Y respectively. The positiot 
of P, then, is known relatively to the given lines X’ X an 
Y’ Y when the magnitudes and directions of OM and ON 
are given. (See Fig. 4.1). | 
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HQC 
Dew dewonessd ao dope gndaryo 


| WEVNESH DPOAINGD Senoneisnar, wy Ama wewsesds? 
NESSHOAS,O, Bi Ness AYN soy x<os5.Ne Hoos wnomoni¢ 
marca | DCN VRWFOAWMOD Dorvo AaRwsseonys ADocMoHhoD 
Cesare | ORLONGAL, Ber SPowEom aowDar, sOond cd. 
ADMWna, Hos Heosodonmn sed Bese (1596-1650) vow 
Bows resets WO WojSopanads. BS ADAModay) GNes AonYBrnvg 
QSOS agmaneh NOS BQ DWwowa, Aosw Ho Gono eeseoosdann 
AOODQDA ¢ eaownaon - SYDOWONT, 


4.1 Sow dBFessnvo 


X’'X Ww, Y/Y nd wo AMTOHPOD Gore BOA S 
Gow O How GeAsm.s Ad ADYseBNvoAsO 232, P aowoz@o 
BSS HOSOBOTBAWw0D wormosoaicdo, PM xs, PN Ava, 
Byes X’X B23, VY’ Y Aen Cows avossoahco. en, OM 
Yeoso, ONAS BOHRA WS Ow Na, sesn X'X D3, 
TYV’'YNER AowoHADos Pos Ad dey Mos MF,0. (SZ, 4.) aoe) 


Y 


| reich 


% 
~ ‘= 4 
(| 
? 
% £ 
\ 


As a convention let us take the distances measured by 
the directions of OX and OY as positive and those measurecg 
in the directions of OX’ and OY’ as negative. We shalj 
call the distances with the proper signs attached to them 
using the above convention as ‘ directed distances ; 
distinguish between ‘ distance ° and ‘ directed distance | 


we write P, P,, todenote the distance between P, and P, 


ae 
and P,P,, to denote the directed distance from P, to P,! 


—> —> —> —> 7 
Accordingly P,P,=— P,P, and P,P,= | PP, | = | Pe 

It can be easily deduced from this that if P,, P,, P, arg 

a SE a , 

three points ona straight line, then P, P,+P,P,= P,P, and, 
See ae ree | 

Pyare pharaoh pte 


Now let OM=NP bez 


and ON=MP be y. 

Then z and y define (or determine) the position of th 
point P in the plane so that if we are given x and y, wi 
can find the point P (why ?). . 


For example, suppose we are required to mark th 
point P indicated by z=4 and y=— 3, measure along OX! 
OM=4 units and measure a length MP (=ON) in thi 
direction of OY’, i.e parallel to OY' equal to 3 units. W 
arrive at the point P required. | 


— rato i 

Here We call OM=zx and ON=y as the rectangula; 
cartesian coordinates of the point Pw.r.t. X’X and Y'Y 
We write this as P=(x, y). X’'X and Y’Y together are called 
the co-ordinate axes and O is called the origin. Ii 
particular « is called the abscissa or the x-co-ordinate, y 1: 


called the ordinate or the y-co-ordinate. X’X is called the 
w-axis and Y’Y is called the y-axis. : 
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ADsestaaN OX Wd, OY ne Qn C93 DeINYA2, 
HSNO mS, OX’ 23d, OY’n¢s QB, NYQ VIB DLTNIA, 
fds BOMesavoelo. 3; AOBeSs, Soros 28, a, Reo 
NOBD BLING, <AGFedS Boo’ 7 Reon. sdoeets. Bed” DIS, 
QBEehSSs Bywv’ TEAS DW AWA, Asso. Ds) P, 9, P, 
NVADD DOGHA, AwesAoo P, P, »Bq., P, 208 P, sit Dress 


> 
DOODHA, AorsAoo PP. P,, HHL WOWeld, Bs DW sod PP P=. — PP; 


> > 
20, P, P,=P, P, = P, P, enw3,2. Py BoP, rvs words 


> > 

ACY Te Boga - NoDonwoDeon PP. iPi+P,P, =P,P, 2%, 
—> —> 

P,P;—P,P, = _ Pp. NOT ABOoD AOWA I KABoowHABo. 


> > 
=n, OM = NP Siz 


> -> 
ws, ON = MP &» y Cove SATO, 


CN, x DB, y NYS, BoKIN P Wor, BoW RBocdooonos, zx 
S222, y nyo “Pox AD, data, Scr0x3,2 a. 


WIMBOSN, = 4 WW, y = — 3 Aorv’sAs Now P oda, 
4 THODSAUCTAS, OX 3Q OM = 4 BNanvse, D3, OY’ 3 H8 he) 
} aocid was, xanmosdaN MP (=ON) = =% Sana, eedobod, 
J er aa modoszedeeaNG, Poss AD SHAY Neds, e03. 


ea dee) OM =z D3, ON = y N¥Q, X'X WB, Y'Y eA 
HowoOAcos Pos. sossrercsoa® oowddresenivdo aowo SOIT ,¢35. 
Haas, P = (a, y) 208 wdoheerbsd. XX ws, YY ngao, 
wie QF CBBOGNGODD, OBA, DWNT sosHoamws.B. 
BE, Snes Sad y-ASreDeHoe yar, How GBD y—Ao RAGE esE 
sons, XX a2, g-Vgnone, Y'Y OSL y-V¥NoO Bs esa 
Boones. aes 


eo | 
7 j 

; 4 

* , 


S 
7 


nates of a point, we assign to each point Fr; 
(cz, y). Conversely, 
pair of numbers there corresponds one and only one pois 
in the plane. | 

It is customory to take a horizontal line as z-axis alt 
a vertical line as y-axis such that X lies to the right of ay 
Y lies above the origin (see Fig. 4.2). Hence hereafter 
shall consider x to be positive or negative according as M lis 
to the right or to the left of the origin on the L-axt 
Simlarly y is considered to be positive or negative accort 
ing as N lies above or below the origin on the y-axis. | 


Quadrant I i Quadrant Il 


ge tie ERS 
y — (5,4) 


(- 6-7) 


Quadrant 
nt HI y Quadrant IV 


WOT Womoas NSF eSENGR, BOMBS 33 WOOF APIBO 
Don) 3 SOS. WOD wom Pre oor wos A033, NPR, [ (a, y) ReS2,] 
aNcice “Snes, ess Qowad Naddarded.. Akocadoao z 2 ¥b08.n0th 


end A033, nore WOT AWSODH wode wom womoy BwoHhsosyro 
35 Rowse NDWODE 


X NOTDY MooOnom Os wWOYENse, Y Nowy Dowowowo 
Dd Woe  NBQW.w Slee pvielc} Sick Sessodooay, g- CB Doo 
aU ay on} FBe 83. c003R), y-SRDoN. SAMBO eo SDBEORNAG. 
(SS) 4-2 Seed) eon. aa, B08, M 200003) p-Y8S Does 
DO. NoTDAS wowndgs d ‘Baan, aBPNBOG, 6 Med 
DNA, go, Bonesanets.  wortode N woods y-28B BeOS 
owas DIO NBQAS GAwoiw., SLWONGQA GS woe 
DONO y Sox, DOnesseroayao, 


= J , mo II 
g 


6 Poe 3 45) 


F ET 
& 43) 4 , | 
; F 
I . : ; 


4 
> Ol if : 
x “6 -5-4-3-2-19] 1 @ 34 56 
2 4 
3 | 
4 (3- 4) 
| 5 
5 
(- 6-7) ie ee 
3 4 
moe III | woe LV 
v 233) 4,2 


e 


We observe that the two axes X’X and Y’Y divide i | 
whole plane in to four parts called quadrants as I 
Fig. 4.2 and they are numbered in the counterclock w cif 
order, the first quadrant being the one above the z-a if 
and to the right of the y-axis. In accordance to ouaf 
convention a table can be formed for ready reference off 
the signs of the coordinates of the points In various qua | 
rants, as given below, 


uadrant uadrant | quadrant | quadrant 
" I . Il Ill IV 
Sign of x aa | — — | a5 
Sign of y <i | a | = | ante 


It is also to be noted that the order of mentioning the 
co-ord nates is important. The definitions of z and 
show that the point (x, y) is different from the point (y, vf. 
unless z=y. For example, we see that the point (3,—49 
is different from the point (—4, 3). In fact, the firs} 
one is in the IV quadrant and the second one is in the I 
quadrant. [For other _ illustrations see Fig. 4.2] 
Hence in the pair (x, y), the order of writing also plays ¢ 
very important role. We call such pairs as ordered pairs }. 


: : ; . } 
Thus, in conclusion, we may state that a point in @ 
plane is represented by an ordered pair of numbers 
The signs of these numbers determine the quadrant inf} 


which a point lies. This forms the fundamental ideas 
behind analytic geometry. ' 
: 


a 


A, 


49 


- 
4 


' 


8S, (4-2)5Q Smedacr.sos XX Hos, VY’ V B Ada wEnvo 
2, RdsOne 2, MBINGom (Quadrants) “‘edoenros MOY, “omar 
=A DQONBAT 3. DOBONHO WoT) -O8S DROP | ner, neg 
D Yonbe, noood MONA CD Gsrwonn ebesrnenmeo 
WBEGRND. LBdos arse obese Soma DQA MANOS woo 
2 ABFesENs 3H, rigsio,” 3nd He Soma, “Eedonos 
FL DAAWBIO. 


Wore Doc Wace Doc 
I II III IV 
DOF eSB | 
.. + ate — + 
} a 
' 
DOF eBsD 
- + + a — 


Ho ad doa AMFeTsrivar, SmMWOAS Fwd DwoDDoWoWow 
*, NBOVNAWETONG. t= SQOD SG (x; Y) WOT) (y: L) Woe 
S WedanwAwsG Down x, yN H3z4,nvo Seecdmg,v. 
Comore, (3, —4) Nowra ae. 3) wordoaNos Sedosranes 
POWWAA, Doe) NAVAS ,cd. RH wooh DOBONOD Word) 
Ihe soi) aeaddoie adedoao “Doses manganese 333. 
eso Gm osnen as, 4-2 ‘A0e8). emoB00d (x, y) — 
: Sos)” 2doso0e3 Bmp DWwoNAS) DEORE, C8. TTohcFo3 
Enda, May) 3 s cimsonig Wasngono sdosoog,es3. 


en, MARoBIaN, AHIONOS wom Noto) a SWS) 
Ts Bes Ad, NeoW ALAZMMZ, 3 ots Beguarxo. AOSS.NG 
‘Bae Tes 2 Notnes ws aA)dw,S aos Serog,z. es ees 
Resmoncs3a tod, CoO SPO GRECIAN. 
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Exercises 4.1 | 


4. Read off the co-ordinates of the points A B, oA 
E shown in the figure be'ow : 


8 f 
u 
6 
7 mci i. 

6 ae ds I ee ! 

E 4 
: 3 } 
1 2 ; 
: 

eC ses oA? 1 2 ae S167 
' e i J 
me f egeaa ye cae: 
| j : 
! - 3 t i 
' 
' 4 
' 5 ; 
’ i 
B ------ 6 } 
1 
<teS he We avin LP ed 1 
_& 

- 9 i 
i 
; . 
Fig 4.3 ; 


2 If pis a negative number and g a positive numb 
inwhich quadrant wil' each of the following points lie ? 


(1) (p, q) Gy) a (vu) (@, = 
(ii) (p,—q) (v) (gq. Pp) (vl) (—g- 
ay” (ag) (vi) (—q, p) 
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Cw, ANP 4.1 


1 & S¥s0 ws, IQ Seedaxds 4, B, O, wonons 
Adresse, LO ego. ae ee 


‘ 
! 
’ 
! 

> 


-_ ~-*- ee - hc eS 


a - 1-6 ia 2-1-9 


-_- eee oe = 
‘ 
5 


283) 4.3 
2 px wom Wold Aow, ode, god wom. Gs xo0w, osx 
San S 8e808 Momondo Anas MABHHs,s ? 

(i) (p> 9) (iv) (—Pp,—4) (vii) (¢—p) 
(11) (p,—4) (v) (% p) (vill) (—q» —?p) 
(111) (—p 4) (vi) (—4 P)- 
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3 Where do the points lie for which 
(i) the e—co-ordinate is zero ; 
(ii) the y—co-ordinate 1s zero ; 
(iii) both the co-ordinates are zero. 


4 Is there any point which does not lie in any qua- 
drant ? Give examples if any. | 


i 


5 Using a sheet of graph paper, establish a co-ordi- 
nate system on the plane and plot the following points : 


(i) A (—3, 2) (iii) C (6,2) (v). E (—4, Of 
(ii) B(—1,—-2) (iv) D(0, 7) (vi). O (0, 0) 
Measure the distances, AC, DE and OB. 


4.2. Distance between Two Points— . 
If we know the co-ordinates of two points, we know how! 
to plot them, and so the distance between them can be 
measured. Let us now find out how the distance can be 
calculated. | 
Let P and Q be two points (a,, y,) and (a,, y,). PL: 
and QM be drawn perpendicular to the x—aazis and PN and’ 
QR be drawn perpendicular to the y—azis. [See Fig. 4.4(a), 
and Fig 4.4 (6)| 
Then from the definitions of z and y, we have 
> => > —> 
%=O0L=NAL ; won = LP 
—> > sie a 
t,=OM=RQ and y,=OR=MQ 


a 
so that (%,—2)=LM ie. LM= | 2,—2, | 
> 


and (y,—y,)=NR i.e. NR=| y.—y, | 
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3 (i) c—ADFessy Bos, Danoowoss ; 
(11) y—AGFedeD) Bods DoNcosows ; 
DW, (iii) ABB adresses sod, neaids voporivs 2Y03,s 2 


4 WWD MBAQa. AdHoss Nomomoymodd asodo? 
DNB S MMB, 808. 


5 WBIRONDRPodad, WOSvoeAAsro@ AMSOBYQ WwOTO 
NSF esas, DA, Osos2, XD, Ba Bi 8908 NoDonvay, rododB. 


(i) A(—3, 2); (111) C(5; 2) (v) E(—4: 0) 
(1) B(—1, —2): (iv) D(0. 7) (vi) O(0- 0). 
AC, DE Sane OBNYd2, SFO. 


4.2. DBB NoMNPADS Bos 


NWoMNVTISs ADressnvo 32002 N, SANSQ, Beri Md38A 
WRI Hero CQHNY IBIAS Godda, ” ser eeeSanewcody DOWD 
mh Woe) 8205, Qs. Bodadng, S80, 2DOHOTD Ber BYOowwoD 

oud, an BOdeOA ECD. 


P. Q A (a, y,) B32, (x, y,) MoBMwAdO. PL WR, 
QM ner, «—V3t0,, PN "398, ORR, in ow) 
Reon avessoande. (3S) 4.5 (a) s03>, 4.5 (b) Sore). 

x, yn? 2, BNO 

—OL=NP y,-ON=LP 
2,-OM= RQ wosd, y,=OR=MQ NODS 
L,—2,= LM eons LM= | x,—2, | 


y.—y,=NR ead NR=|y,—y, | 
DODD 397) WOd8,8. 
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y 
(a) 
Fig. 4.4 (a) Fig. 4°4 (b) 
From the theorem of Pythogoras it follows that 
P?=MP4ANE 
If PQ=d, we have 
i= Ly— Ly | 24 Yr hh | ? 
a (t-—2,)° (Ya Ya)” 
= (2,— 2)? +(Y,—-92) 
Since d>0, we have 


———_——_ 


d = V/(2,—2,)? + (y;—y2)* 


Here we note that in deriving this formula we have 
not confined ourselves to points in a particular quadan 
or quadrants. Hence this formula holds good for any tw 
points (%,, y,) and (x,, y,) in the plane. We call thi 


formula as the distance formula. 


Corrolary : Distance of any point (x, y) from the 
Origin is Vx? +-y?. | 
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y' 
y (b) 
(qa) 


3. 4.4 (2) Ss 4.4 (2) 
BZ PNAGAS B soeos.DoD 
PQ?=ML?+ NR? 2oBaro3 B. 
“ PQ=d 808, P= | 2—a, 17+ | y—y |? 
= (x,—a,)” 45 (Y.—Y;)° 
= (7,—2,)? +(y,—-¥,)’ 
>° BNTIBJBOOD 


d = v(x, — 2)’ + (y,—y)’ 


| BANE Da, DBO My WRAxpom. Md Hao MAYS 
BNC AeHosrwo@QsowAar, Asoodxwes. CABO 
ABD AMSOHYHH ONWAdS Nowe? (z,, yy), (L»Y.) Nene 
DBD0TE,.G. SH ALF Wa, Toy Boss As Hoss s6wng,e5. 
CW ICO : (x, y) WOTSDOOD DAMOWODIOATD Bd 
——— 


VO l= Ys 
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Examples 


1 Find the distance between the two points (4, 3) 


The distance is, by substitution in the distance form) 
= COP FB = VI 


2 Show that the points (—3, 4), (5, 2) and (6, 1) | 
on the circumference of a circle whose centre is (—1, —5). } 


Distance between (—3, 4) and (—1, —5) is 
v[—3—(—1)P-+14—(—8)P_ = V85 


Similarly it can be verified that the distance betwj 
(5, 2) and Geez —5) and that between (6, 1) and (—1, +4 
are each 1/85. 


/ 85 is the radius of circle on which the giy 
points lie. 


8 If A (4, 5), B(—4, 5), G (—4, —1) and D (4, 
Show that ABCD is a rectungle. 


It can be proved, by using the distance formula 
AB=CD=8 and BC-~AD=6. 


.. ABCD is a parallegogram. 
Further, since 40?=.A B?+ BC?, ABCD isa rectang 


4 Find x, and y, such that A (a, y,), B (0, 0) 
C'(0, 2) are the vertices of an equitatenal triangl:. 


We have AB*=22+-,2, BO?=4 
and AC*= 2 +(y,—2)?=2+y,?—4y, +4. 
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MMIOBOBNGD 


1 (4, 3) S23, (—2,2) & nomonends Brdaaz, sows 
& 0008. 


GOOG AOA, Sots Hos Adressrivan, ydedrmon, Body 
/[4—(—2)]}? + [83—2}= v'37 aos 80d wadayar. 


2 (—3.4), (5,2) Soe, (6,1) womens (—1, —5) Wom 
DR, 50D S DOTS 3S,  BOHOH DoeOcoyay aos Boedr. 

(—3. 4) 30, (—1, —5) NVAHS Goo 
ff Bea Ge | ad oe | aa 

sortosee (5, 2) Bo3, (—1, —5) rendos aodo, (6, 1) 330, 


(—1, —5) Geons DBeieomo 1/85 FAB, doco BosSwew 
Wooo. 


ee Bots DoD Womorie> V¥85 Sx aor? B88 BdHovd 
DROGS 2. 

3 A (4,5); B(—4,5), C (—4,.—1) 3, D (4, —1) 
Ban A BO Dr wD sordao> Sed. 


AOQAWBDID. 


ABCD 2.0% FBWAMSS wWSdBor Rows ,5. 


ead, AC? = AB’ + BC? GARB ABCD wos Bodo 
DIS. 


\ 


4 A(z,-y,) B (0, 0) BB, C (0,2) BoDdons Aad 
wow. S yYowseond sorinverbaos x, BH, y, NVA R23, BRB. 


ABP=2’+y,> BC’=4 
80, AC? e724 (ye ey aap +9" 4, +4 
DOT BLBOONG. 
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Since AB?= BC? and AC? = AB? we have 


tr? +y, =4 
and ity r=ri+y7—4y,+4 sida y,=1 (17 
(1) and (2) givez, = + V3 and y,=1. (2A 


5 If (2, 1) and (1, 2) be a pair of opposite vertices of | 
square, find the other pair. | 
If ABCD be the given square, let A=(2, 1) and | 
C=(—1, 2). Let B=(z,, 4) 
If we use AC? = A B?+ BC? and AB= BC, 


we obtain two solutions for (a,, y,), viz-, (0, 0) and 
(1, 3). One of these is B and the other is D. 


Exercises 4°2 


1 Derive a formula for the distance between 
(i) (v,, k) and («,, k) 
(1) (k, y,) and (hk, y,) 

2 Use the distance formula to compute the distance 


e ee the pairs of points whose co-ordinates are listed 
elow. 


(i) (0, 2) and (—2. 0) 

(11) (8, 7) and (8, —€6). < 
(iii) (a+b, a—b) and (b—a, b+a). 
mM (at,”, 2at,) and (at,?, 2at,). 


3 The co-ordinates of the end points of a diameter: 
of a circle are (3, 1) and (—2, 5). What is the length of 
the radius of this circle ? | 


4 Prove that B(—2, 5) is between A (—5, —1) and 
C (1, 11). [Hint: Prove that AB+BC=AC]. Then 
prove that B's half way between A and CQ. (Remember:+ 
a drawing does not constitute a proof !) af 
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AB*=BC? 23), AC?=AB? UNSWeTNMcIyRO0 
O° + ys = ee,» (1) 
WS, ¢°+y2= x? +y,—4y,+4 SB y,—1... (2) 
BIZ, (2) COB gy, = 44/3 Bdz3d, Y, = 1 Ao WOs,G. 


D (2,1) S32, (—1, 2) Nv wWsspond vedo 3, 
IIS LED Worms osa2, ROB, DDB, 

Batis Hos Psy) ABCD sad 4=(2, 1) 2, C=( 
poe. B — (Z,, Y;) BAdO, 

| i AC? = AB? + BC? HB, AB = BC wren, 
CANA, (x. y,) APM (0.0) B32, (1, 3) 2ow ado Be 
HP) WHS. WIND rom Bow aos0,0d Dodo vnog,c. 


Oz O39 


1, 2) 


fF 
| 


Ve ANY 4.2 


1 (i) (@,, k) 22, (w,, k) 
(11) (ks y,) MB, (hk. y,) NPN BLCW ALsjWA2, 
o. 


OTD CNY ABAD DLSHAY, sow 


Q Bsn toi md w 
BOs Bed sod Say, BoSweny. 
| (i) (0, 2) 3232, (—2, 0) 

(ii) (8, 7) S922, (8. —6) 


(iii) (a+b, a—b) 2%, (b—a, b+a). 
(iv) (at,’, 2at,) 3232, (at,’, 2at,)- 
(v) (a cosé. a sin @) 2, (a cos %, a sing) 


3 (3-1) 3, (—2, 5)nvo BS Apoad DIAG SANOS2 


Pooneans. 233,05 24,0 wo da nda? 


w 


4 B(—2, 5) A(—5. —1) 2%, C(1, 11)NF sas 
oS MOA. [ROMSd: AB+BC=AC 200d Seda]. 
BoSS. BoD AC Wo Boy, NoDowdowo. Swr0ArA. (WS Apow 
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5 If P-(z, y) 3s equidistant from A (2, —3) ar 
B (—5, —7), show that 6z-+8y +37 =0. | 


6 Show that (4, 3) is the circumcentre of the triang 
whose vertices are (1, 7), (7, —1) and (8, 6). | 


7 Show that the points. 
(i) (1, 1), (—1, —1) and (— V3, V3) 
(ii) (1, 0), (2, V3) and (3, 0) 
(iii) (0, 0), (4, 0) and (2, 24/3) 


form the vertices of an equilateral triangle. 


8 Show that the points 
(i) (0, 1), (—2, —2) and (—2, 4) 
(ii) (2, 8), (10, 11) and (5, 0) 
(iii) (6, —5), (2, —4), and (5, —1) 


are the vertices of an isosceles triangle. 


9 Show that the points 
(i) (0, 0), (a, a), (3a, —3a) 
(11) cos, 1), ss —6), (—5, a 
(111). (;. 2), (1, 0), {3.23 
form the vertices of a right angled triangle. 
Which of these are isosceles ? 


10 Show that the points (3, —2), (—2, 3), (5,5) aif 
(—4, —4) form a rhombus whereas the points (2, } 
(4, 3), (2, 5) and (0, 3) form a square. 


11 Show that the’: points © (—2; —2),~ (—1ly 
(8, 6) and (7, 2) form a parallelogram whereas the poing® 
(0, 2), (1, 1), (4, 4) and (3, 5) form a rectangle. ¥ 
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5 P(x, y)8 A(2, —3) =o, B(—5. —7) nen xan 
BOD 5, 62+ 8y+37=0 NOD SaeoAa. 


6 (1, 7),. (7, —1) B%, (8, 6) odors sorinvancos 
epowse BOYS, sod 358) (4, 3) DoD BaedAa. 


7 (iy (1. 3). Cd, aR V3 8) 
(ii) (1, 0), (2, 3) 339, (3, 0) 
(iii) (0, 0), (4, 0) 239, (2, 2 v3) 
MO AMWow 8 yowgxprord D ONNTITQay) Now Seed*, 
8 (i) (0, 1). (—2, —2) 8%, (—2, 4) 
(ii) (2, 8), (10, 11) 3939, (5, 0) 


(ili) (6, —5), (2,—4) S08, (5,—1) 
IPD AMOQ WOH) SHON Torinwac.ywows Soeor, 


9 (i) (0, 0); (aa), (3a, —3a) 
(ii) 
(iii) (0. 2), (1, 0), (3. 1) 


GP) WOT) Gows.oeld Syn FT onnvot Secor. aJNIE snap 
JBOD WD) J AHoBWNPONGoyey ? 


(So, ease) 


10 (3, —2), (—2. 3), (5, 5) WS, (—4, —4)N% wots 
$PIBYE B02 ZorinwaNdowssom (2,1), (4,3), (2.5) 8, 
3)NYo WsApwoWd DB ONNPoNTIBAoBD BmOeOn. 


41 (—2. —2). (—1. 2), (8, 6) 32, (7, 2)N® Ao 
Bo wSoyorwarond ZB ONNGNTIAAHoB (O. 2), (1, 1), (4. 4) 
DoS2, (3. 5) Noworivo KOI BDOODO B cNNMNDAWoOB Soeos. 
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7] 


et 


12 Ifa point P is on the line parallel to the c-am 
and 4 units above, and if the distance between P a 
(4.7) is 5, find the coordinates of P. 


138 A point P known to be equidistant from tf 
points (1, —2) and (—2, 3). If the distance of P from t] 
srigin is 4, find its coordinates. 


14 Find the condition to be satisfied by the coordinaty 


of the points P (x, y,) and Q (x,, y,) in order that t 
line segment PQ shall subtend a right angle at the origin 


15 Three vertices of a rectangle are (0, 0), (0, 2) at 
(3, 0). Find the fourth vertex. 


4.3 Division of a Line Segment— 


Let P and Q determine a line and let R be a point on th 


line such that =o =r. Then we say that R divides t! 
RQ | 


line segment PQ in the ratio r: 1 


_ We note that r is positive if PR and RQ have sar 
signs, In which case, we say that R is a point of intern 


division and r is negative if PR and RQ have opposi 


signs, in which case, we say that R is a point of exterr 
division. 


Let the points P,Q and R be (z,, Y:), (%e, Y,) and (2’, 
W.r.t. a co-ordinate system. Let PA, QB, RC be drav 
perpendicular to the x-axis and PD, QE and RF be dray 
perpendicular to the y-azis. (See Fig. 4.5) | 
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12 P Wom x—ORS, ABNDd.sdIDN 4 Avaniv Deo Nh 
BOS worms AdPde s8oso BSticd 0, Sore P 83d, (4, 7) ronda 
Base 5 833, P od adresendao, BORO. 


18 P wom (1.—2) MB, (—2, 3) Romoner Zand 
BAGRBOTIDAON SPAMwoAT, DowO NomoaAG PA wrws aos 
4 BBO, CHS AFesENGR2, Bo@&@0O. 


14 PQ desaynria) RDoonomasQ Aadrsoedads, eararo 
P(x,> Y;) i (x, y,)NF ABFessnvo BOIX wise ec eell 
BOT ‘ 


15 (0.0), (0. 2) 032, (3.0) Noms Yoh Brodsd Sodo 
Borinwons. so, od Borie, Toso, are. 


4.3 SeMowonsnoHs News 


P WB, Q NoDNW SeWoswoway, APFOAO Dodo, 3s desdodo 


Sed R asco Fh — » ermrsoswe nocd wocsmendd. en 
RQ 


won) R NoHo PQ SemMoyonas., ry : 15 DANG ANYwxAos,3 
 QOTD Bess esd. 


ain, PR az, RQ rdddo wai rvs wotde voor ¢ GamoNdo 


WROD, PR add, RQ NY BNP DIA D AYWS,aoDon ¢ 209 
DWONTIDQASOD Da) “Rads AOS ,€25. BeBososs ronyrae R wow 
Bay, VCosdeodso Deevaaedows BOD DdBwWASOdO Roar ag CBS, 


WB, NBwAo WoTosdorve sdosog, ces, 


P,Q, R, Boconss wom adress B OAT AHOWOHATOS Bao 
NM (71> Yy)> (Ly Yo) BB, (x's y’) nvonge. PA, QB, RC 
NVa2, g- CF82,, PD, QE, RF Sea, y- OZ82, LowrnwoN 
APOIO, (23) 4.5 Hwee.) 
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Fig. 4°5 (a) r>0 Fig. 4°5 (b) r<0 
Then, we have _, 


7 = OAS y= OD 
(Meee OF ® y,=OEK 
z,=OC, y,=OF 
“¢ x’ —2,= AC ; x’ —2, = BC 
y—y=DF ,; y—y,=—EF 


Now (making necessary constructions), we have from) 
geometry 


RQ CB FE 


ae a (-. BC =a’ —z,) 
and i= J e. E> EF=y'—y,) 
2 
Solvi ss al tes 
Olving, we get y= ide 
ee Yi tr Ys 
and yy’ = Ee 


57 


33) 4.5 (a) r>0 


on, 2,=OA, y,=O0D 


x,—OB, Y,—OE 


gz — 2: oF aC); x — 2, 
y — yy = EF; y —— Ye 
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283) 4.5(b) r<0 


BC. 
EF. 


PR _ AC _ PF core dat0m3,0 
ie. Cn. FF 

= x’ D, sles eM 3039 
r= i 4 (BC =2 1, )%, 


7" 
-* 
FZ 


yy 


Thus the Soin which reap the duented line copes froy 
(2, Y:) tO (2, Ys) in the ratio r: 1 is 
Ly Ty Yi "Gs a) Yo 
1-+-7 1 Bee ore 
EF EEE EE TC ae Le , 
Note: If we take the ratio of division as m:n,(m> 0, Ni» 


i 
i 
x 
: 


fe ee 


then r= if the division is internal and r= — rs if t) 


division is external. In such a case the point of inte 
division and the point of external division are Se a 


: NL,+ML,, NY, +My, NL,—MZ, NY, — Mi 
given by Gs gore and es mH 
Corrolary: If R is taken as the middle point we hay, 


PR = RQ of PQ so that eee 
nes middle point of the Tees joining (X, Y,) a 
(a Yo) * 
aS ed 
Te 2 


Examples 


1 Find the co-ordinates of the points of trisection off 
line joining the points (1,—2) and (—83, 4) 

There are two points of trisection of the line segme 
from (1 aw to Ge 3, 4). For one point r=4 and for t 
other r=2 (why ?) . 


*. The point for which r=+ is 
[using the formula], 


1-3 (— 942 4 
ieee ’ | 1.€. [—3, 0] 


Similarly the other point is E ; =| 
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1) R083 (a. yy) SONGS ABFYS Gesoaeporsay, y : 1 0 


| Ly + TD, Y, + ry, 
l ob we? l + \7r ] BADD. : 


ALWS : AYR DHA, m: n ae N>0) HOB Fria 


SMOBO, HWA YosSesvoaoMon r — ” Som, NABwAosd eB, 
n 
oN >, — <. 08S omer) wosded mre wz 


Qywveo socbaeee DoD 
ae + mo, ny, + =) (Taam —M2L,  NY,— whe) 


mtn mtn —m+n —m+n 


2039: RK NomWay, PYS HG worms SABs008d, 
Nr = —_—1 Shae. 
n 


C 
at 
et 
g | i 


- (x,y,) 2982, (a,y,) NES, AOR SesooeTONG soe, Words] 


+2, nee] seNdoeed 
2 ; 2 


SMOMODOPNGO 


1 (1. —2) SoS, (—3, 4) WomoNGa, AcOZD Sesdosong, 
3 Awa omnes ADF eSEnvaD, HS, DA, 


(1, —2) WoWodA0B (—3, 4) WowowsAa2, AeOA CeMoyon 
Barz, DUA NoHo BwwAaos,H. woo moo r=} 80, 
ah, 008, r= 2 SNCIS,B. (0s 2) 


" pa} GNHHOTSK Note) (AB ,Q00) 


loses oe Miran aa 4 “| ond [—, 0]. 
ee ar Br 


SoeTosoe Bos2,0W2 Worse) ue i é | SATS.G. 
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: 


2 If (2,1), (—1, —3), (4, 5) are the middle points of the 
sides of a triangle, find the vertices of the triangle. . 


Let ABC be the given triangle and L, M, N be the 
middle points of BC,CA and AB respectively. . 
Let L=(2, 1), M=(—1, —3) and N =(4, 5) 
Let A=(z,, y,), B=(z y2) and C=(z;5, y3). 


By hypothesis, we have 
— = Lys YetYs 
L=(@,1) =( 2, Wet) 


M 


= ee _- — (Lett, YstYy 
ie 3) = (5 2 ) 


N = (4, 5) = (oS Lees | 


so that v,+7,=4; y,+y,=2 
03t2%,=—2; Ysty,=— —6 
L+%,=8; y,+y,=10 
Solving, we get z,=1; 2,=7, v,= —3 
Y%=1; ¥2.=9, Y= ant 
Hence the required points ee 
(1,1), (7, 9) and (—3, —7). 
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2 (2.1), (—1, —3) Bodo, (4, 5) oDorie B,xoeahpowd 
May shy,vomorieeng 3, & 3 yoescd g oririday, 7032,BRO- 


B83 3 DoS Sry ABC shox. BC, CA, A Br? woe, oto 
nv DL, M, Nxt shoo. 


an L=(2,1), M=(—1. —3) ©, N=(4, 5) Shoo. 
Az=(z,,y,) B=(a» y,) BB, CH(z,, y) 2B sArdérowd 
BSS Bm 


L=(3 ns (= =) 
2 2 
M= (—ii —3) = (S54. ) 


N=(4, 5)= (45% itt) SAB. 


on, 2,+%3=4:; Y2+Yy3=2 
3+%=—25 ¥y,+y,=—6 
‘2,+27,=8:; y, +y,=10 


WAAGS g,=—1, 4,=7; 2,=—3 
=F; 205 y= 7: DOT WHA. 


WBN NomMonvo 
(1, 1) (7,9) 232, (—3, —7) SNodeyey. 
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a 


2 7 
aa 


3 Find the co-ordinates of the centroid of the triangle, 
whose vertices are (X,, Y;)> (Los y) and (25, Ys). 


Let A = (2, Y)> B= (2, Y2) and C = (23, Ys) 
Let D be the middle point of BC. Then 
D= Le; YrtY3 
bi, a 2 
If G@ is the centroid, it lies on AD such that 


> 
AG 
> 
GD 


2 
1 


2 Gz pea Yrt2. 3 (YotYs) 
1+2 14-2 


= E +2,+2; Y:tY¥ot4Ys 
oe 3 


4 In a triangle ABC, of CM is a median then prove 
analytically (i.e., using the methods of analytic geometry) thas 


AC?2+ BC? = 434 B2+2MC?. 


Let us choose the co-ordinate axes as given below! 
so that the algebraic computations become easy. 


t—aais is taken along the side AB of the trian \ 
ABC with the origin at M, the midpoint of AB. N sina | 
y—azxis will be a line perpendicular to AB through M. 


With respect to these axes let A =(z,,‘0) 
Then naturally B = (—z,, 0) and M = (0, 0) 
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se Y; nv DONNPING.S 8 eBowes 


=» y,) 2, C= (#4) Yd. 


B 
odo BC 08 aq, woctsmndd. wr 
> 


TOS, Boma) G SBS, Vm AD oH des 


ao = = BNd2DoS AddDAd. 
GD 


<@s a ee (%, + %3) 9%, + 2-3 (% + Ys) 
Eso . Loe 2 


of DL, + te L; Y, — Y, ae - 
ae 3 i Th ae ee 


4 ABC 3222BQ CM wr WG HBoGRBSd wees Ces 
SST Oe SOO 


AC? + BC? = 4 AB’ + 2 MC? 20% AHA. 


Wews NSIS DB Senay Aowdorssos AreswMsNvaQ, 3 SON 
eS 3 DoB0S BORTAVD C9. 


ABC 23223 AB MMAS ae ABO. mG nom MY 
ONomBesvwoS + 7,—VFBAD, SABO | Oona. Nowe 
W—C8y ABA Oowsan M NoMaS DBDs ons Daoenow Tes 
BRWTWABDd. 


BH VENT AowoHAamos A=(z,,0) SACO. YN Awww 
B=(—=2z,, 0) 2%, M=(0, 0) SMA. 
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y 


Fig. 4.6 


Also let C = (2,, y,). 
Then A B?=42,?, BC?=(a,++2,)?+-y," 
CA? =(x,—2x,)?+-y, and CM?=z2,?+y,? 


The required result follows from this immediately. © 


5 Prove analytically that the line segment joine 
the middle points of the diagonals of atrapezoid is a4" 
in length to half the difference of their lengths. | 


Choose the x—azxis along one of the parallel 
say AB with the origin at one end point 4. 


y-axis will be perpendicular to this side through Ay 


61 


C= (xq, Y,) SATO, 

on AB*=4z,?, BC*=(x,+2,)?+y,? 
CA?=(z,—2,)?+y,2 02, CM? =2?+y? ShABd. 

MODACO) “ADO SHE Wood. 


| 5 20% Zo ))2B,T BlOFNY Wow, Womonvay, AcdmD Tess 
h Mery CQny wand 0, 50,AO VGFAR,Dyoo AoW wWewde so 
NASB BOOT AOA. 


g—CBBA, BWR,BQA AdmNo03d SeHNVQs wows Hoes, 

(Wrens AB amAWGd Axes) wom BO A Wn Hxwownom 
Doiwnos COREY, SN y—VEW A DNL Doe Wowdesd 
CONTHADd. 


61 


Fig. 4.7 

Let ac 0); C=(z, y¥) D=(%, Yy,) (why 2 
Naturally A =(0, 0). i 
Let H and F be the mid-points of BD and Aq 


respectively. 
Now, it is easy to prove that- 
EF =}3[(AC—BD| 
which is the required result. 


Exercises 4.3 
1 Determine the co-ordinates of the mid-points of the 
lines joining the following sets of points. 
(i) (3, 4) and (5, 2) (ui) (2, 6) and (—1, 0) 
(m1) (8, —6) and (4, —8) (iv) (0, 0) and (—2, —3) 
(v) (4, —1) and (—2, 3 (vi) (—1, —2) and (— 3, —4)} 
2 Find the co-ordinates of the point which divides the | 
segment from P to Q in the ratio x : 1 . 
if (i) P=(0, 0), Q=(i, —1) j-r=2 
(u) P=(1, 1), Q=(2, —4), r=-4 
(in) P=(—1, —2), @=(—2, —1), r=} 
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Fig. 4.8 


Siri B=(a,,0); C=(ag+ Yo)s D=(ag+y2) 809. 
AD _WoOeSN A=(o. 0) SADWBd. : 

E WH, F NM BD B82, AC NY WA, NomorvandO. 

an EF B24 [AC— BD] HDOWDA, AoO*MaoN Swoedaw VID. 


CMAN 4-3 


1 Reso Now odorivse, Adz sesso yoring aoq, 
owen? Adresenvao, sowroAvrd, 
(i) (3, 4) 32, (5.2) (iv) (0, 0) Soe, (—2,—3) 
(ii) (2. 6) S32, (—1,0) (v) (4,—1) 2%, (—2, 3) 
(iii) (8.6) 032, (4,8) (vi) (—1.—2) 23, (—3,—4) 


Sy EHO, Vo Oa -1), #22 
(ii) P=(1, 1), Q=(2.—4), r=—} 
(iii) P=(—1.—2), Q=(—2.—1). r=} 


P=(—1, 2), Q=(—8, 9), T= —} 
P=(a, b), Q=(b, a), 7=4 


“3 Find the points of trisection of the line joining th 
following pairs of points : 


(i) (1, —2) and (—3, 4) 
(ii) (—2, —2) and (4, 3) 
(iii) (0, 1) and (1, 0) 


4 The line joining the points (6, 8) and (8, —6) 
divided into four equal parts. Find the points of divisio# 


5 Find the centroid of the triangle where vertices a 


(1) (0, 0), (9, 2) and (—6, 4) 
( 11) (2, A, (3, 4) and (2; 3) 
(iii) (2a, 6), (a+c, 2b-+c) and (—c, —c) 


6 If A=(1, —2) and B=(5, —3), in what ratio will t] 
z and y axes divide AB? Find the co-ordinates of t! 
points at which the axes meet AB? 


7 Find the distance between the points which divicf, 
-nternally and externally the line segment from (2, 2) (f 
(4, 6) in the ratio 1 : 3. | 

8 Find the lengths of the medians of the triangih 
whose vertices are (5, —1), (1, 5) and (—3, 1). iy 


9 One end of a line se i 
_) om gment is (4,0) and ti 
middle point is (4, 1). Find the other end. | 


10 The centre of a given ci | 
ircle is at C (—2,6). 4 
diameter of the circle has an end point at Hees beta 


mine th -ordi 4 
wdhee Pi ae ordinates of B, the other end point of dis 
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(iv) P=(—1 ; 2), V=(—8, 6), f= — } 
(v) P=(a.b), Q=(6, a), r=} 


Tan P ao Q ADS ese SDOWOINSA, ri 1B DHNNGQ Nyewxo 
lOO DS QUFeSENGA, RAT, AWB. 


3 & BSA WD oF OSoMNYAL, AeOAD Oessosoda, & B weno 
DNA, RAZ, SVB. 
(i) (1,—2) S32, (—3, 4) 
(11) (—2.—2) Soo, (4. 3) 
(iii) (0. 1) 5%, (1.0). 


| 4 (6.8) WB, (8,—6) WoWoNvA2, AcdAS desSosoar 
JDO, ABoworingsag A anaene. DAwWADS vocorivay, Ros, Bra. 


3 (i) (0, 0), (9,2) S032, (—6, 4) 
(ii) (2.1), (3.4) B, (—2,—2) 

(i11) (2a, 6), (a+e, 2b+4+c) 32, (—c,—c) 
hotonvay, Sorinverds, Seow Moos, Seo, HA2, Aos., Ha. 
6 A=(1.2) ®%, B=(5,—3) GOS, x DNB, y VEN 
MB osm, GSns DAnesg aYpRmss? AB sy, VEN 
JOQAIS NoDNY YF esenva2, Ros, ANB. 
T (2,2) WoTmanoD (4,6) WomwWSAS  Sedowporinsg, 
pose BN oH, 1:3 Daowswnsg aywaw wodone 
SOSODRY, BOTH IWANO. 

8 (5.,—1), (1,5) m3, (—3,1) womndva, Bor 
WIV, SWS HH, Cessns wd Bay, Ros, HVe. 


Q Sesdaryonawond wom BOHwr (4, 0) DB, DW, Wong 
4,1) SNGS Weom DAs, Aes, HB. 


10 3,3, 22008 Geo) 6 Cs (—2, 6) BAS. De,AQVond 
wOT0 300359 A (3; 8) rey AB a0, AS eqabua, O30 30 Bo 
Nr eSsNao, NOB, HDB. 
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| 


11 A line PQ is trisected at A=(6, 6) and B=(10, 16 
Find P andQ 


12 A line AB is divided internally at (3, 4) in thi 
ratios 2 : 3 and at (6, 2) in the ratio 3: 2. Find A and B. | 


13 If A=(2, 3) and B=(4, 5), find C on AB wher; 
AC=4 AB. 


14 Ina triangle ABC, B, C and G (the centroid) ar} 
(2, 3), (—8, 4) and (—5,—1). Find A. | 


15 Use analytic geometry to prove each of the follow 
ing theorems: (Select the axes so as to make the algebraigl 
computation as simple as possible). 


(a) The line joining the mid points of two sides of; 
triangle is half the third side. i 
(6) The mid point of the hypotenuse of a righ 
triangle is equidistant from its three vertices. . 
(c) If two medians of a triangle are equal in length 

then the triangle is isosceles. J 
(d) The mid points of the sides of a rhombus aw 

the vertices of a rectangle. 
(ec) The segments joining the midpoints of opposit 
sides of any quadrilateral bisect each other. | 


(f) IfG be the centroid of a triangle ABC and | 
be any other point, then | 


BCt4.C4?-+AB*=3(G.4?+6B*-4G602) 
and OA’?+OB?4+ 0C?=GA2+G6B?+G6C? +340? 
(g) ABCD is a parallelogram and P is a point i 


its plane. If the diagonals of the parallelogram intersec 
at G, then ; 


PA? PB24 P24 PD=4 PG? +A Bet BO 
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11 PQ dessovx., 4 =(6, 6) 2, B=(10, 16) aowg 
S WBA. P 2d, Q nea, Wado, Sra. 


12 AB SeBooa2, 2:35 BDANOGQ (3.4) womadgow, 
3:28 Dredg (6, 2) WOMDASQ CosdeohaoN ABwAooNds, 
A DB, BAYH, Ros, Bsa. 


13 A= 2.3) BH, B=(4,5) SBS ABAD Zaoed 
AC =4 AB SMHS C ha, Nos, An’, ; 


14 ABC 32o8aQ B.C 32, G (mods, seod,) Av 
(2. 3), (—3, 4) 3, (—5, —1) SAB. 4 adda, Ros, Sa. 
15 S& S8AS Dxoewondag, AQAGO We woe doNiesS Hay, 
eMBoOSoeA. (wewness 3 OS a eTiay ADB , AOYHoA Dos Enea, 
BOATS). 
(a) S,owO Adw wows DoW, wNotorva., AcOdAD Ady 
SESS WOTAOD WIHIAS CHF GA Dyn, 


(b) Cow BCD SAWS seora wo, Wowoey) ; CBS 3) ONNYTr 
ABNS BWOTHQTIWSd. 


(c) S,MowaPoWS NOW DH, SeVNva VHHNAGS SG S wowesy 
An, Woao S 3 eomaTONDoARd. 


(d) S20,5, nondiag WING BA, Wodonis wooypow 
3 orineoncdoaa. 


(e) & DYHOrwS CYAN womond wQ wotdonidao, AcOssd 
Seso wonnvs DOA, 3 COFANSB. 
(f) Go ABC S xoxo “rhods, BoD, aN, OW) Dna 
GOD Domes TOT 
BC? + CA? + AB? = 3 (GA? + GB? + GC’) 2, 
OA?.+ OB? + OC? = GA? + GB? + GC? + 3 GO aor 
mat). 31! 
(g) ABCD %0@2 Hesddn0oso waotorwa Poo Y8Bd AD 


ZOBOTIS RNotoaxP GAS. AHNAos wor wo 
earns G OD PeHATO 


PA2 + PB + PO + PD? =:4 P+: AB, + BC 
DO Smedr. 
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4.4 Locus and its Equation — 


Let L be a set of points in a plane such that each and 
every point of the set L satisfies a geometrical condition. " 
Then we say that L is the locus of a point of that set. From }. 
this, it follows that each and every point of the locus’ 
satisfies that condition and no point which does not belong | 
to the locus satisfies it. . 

For example, if we consider a circle, it can be recognised § 
as the set of points in a plane which are at a constant 
distance from a fixed point. This condition is such that 
each and every point of the _ circle  satis- 
fies: “iis, ..and no point which does not. 
lie on the circle satisfies it. Hence we say that a circle, 
is the locus of a point which lies at a constant distance from, 
a fixed point. 


We have seen that a point in a plane can be represented. j 
by means of two numbers called the co-ordinates. Hence, }’ 
if we consider a point of the locus, the co-ordinates of }* 
that point should naturally satisfy an algebraic condition }' 
since the point satisfies a geometrical condition. 
This condition will be usually in the form of an 
equation and this equation will be such that the co-ordinates 
of each and every point of the locus and no point which. 
does not belong to the locus satisfies it. We call it as anjf 
equation of the locus. | 


tee 


For example, in the case of a circle, if we denote the’ 
centre by (h, k) and a point of the circle by (2, y), then the! 
condition satisfied by that point can be written algebraically 
as (by using the distance formula) | 


(x—-h)-+-(y—k)*?=9°, where r is the radius of the circle. }* 
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‘ 
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It is clear that this equation holds good for each ar 
every point of the circle and so it 1s an equation of the loe 
viz., the circle whose centre 1s at (h, &) and radius is 1. 


The above considerations of the locus reveal that | 
a point is common to two loci, then it should satisfy t 
geometrical conditions of both the loci. Hence if 
co-ordinates should satisfy the equations of both the lo, 
simultaneously. Conversely, ‘if the co-ordinates of — 
point satisfy two different equations, then the point belon | 
to both the loci and hence is a point where the two lo 
Cross. 


2A. i 2. 2s Bi Bara 


Thus, in conclusion, we may state that by a locus 
mean a set of points satisfying a condition and it can 
represented algebraically in the form of an equatio 
This equation determines its nature and its properties ca 
be studied by means of algebraic calculations wi 
the help of itsequation. This, in fact, is the scope 
analytic geometry. 


24 D@t_._cok. ££ 


¢ 
i 
Exercises 4.4 | 


1 Find the equation of the locus of a point which | 
at a distance 4 units from (i) the y-axis and (ii) the z-a 


2 Find the equation of the locus of a point which is at 
distance 3 units from (5, 4). 


3 Find the equation of the locus of a point which 
equidistant from (—a, 0) and (a, 0). 


4 Find the equation of the locus of a point who 
distance from (—2, 1) is twice its distance from (2, 3). 


9 Show that the equation of the locus of a point whos 


distance from (a, 0) isequal to its distance from the y-a 
is y’=a (2x—a). 


66 


Bs QwoWS BSG Dwomann Boodvksioviy ) SIOWT 
) | SING. SB ero} a) “cats NomBPa—(h, k) ox, * $088 SaN 
“2, 3%, SVN. eve BS, B__xdoxeBdNTds, 0. 

WoDd BARD ss ahoeOs BOdeosod003 WB, 0M AAA 4B, 
DOTS. wom Notmoa) now BAnen MB, aN, 8 wr avws 
sare | WI, NSeasH ANOWANTAY, ROR aNasesonds, 3. “6a, So Ld 
dresendo ABBA BAN xooeedronday, NIVOB OBeNRR03d 
CHT SB. NGwemowdoh, NomwWoHs Adresenso NBRWOBO ABW 
3S 88 Aaveddronday, AOBONAH8G S & Noto vdeo Banna 
Bains, WoT ODS son SeQaAow Domed’, le 


MBA DOA, WoT. BPAH0WS wows awogari wFHES Con 
Womons Awe. CHa, New ANoesoraypowoow aoawAD 
Ses. Bs HOQoesoMOD BPS A DoBdao, aNAMOVS,S Bos, 33 
HQlsSHOD ADooQos eas Sgcorida, G59, 2593 soe Py aren 
>, DIYS. S DIA, WHA ADs wees Sesooriesses 22,2, OTN. 


CA,ANG 4.4 
1 (i) y—88008 ; (ii) x—VZQoD 4 ANdNY GedBQda 
TNs BPS Aardocsdodm, Nos, HB. 


2 (5, 4) worbaved 3 aware Gadde worddrodd aga 
[Raveddrondz, dowo%Bovo. 


3 (—a, 0) %, (4,0) RNomNeon AHR BoB Qodss 
WoTAS BPS AHocssLIWaI, SOA. 


4 wom. xnotmascd (—2, 1) WoMAANT. Doda we 
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4-5 Change of the Origin sak ne ae 
t there are two coordinate sys ) 
a be a: one—we shall call it z y system—let h 
coordinates of a point be (x, y)- In the second one ve s 
call it XY system—let the coordinates of a point be ‘ : 
Moreover let the X-axis be parallel to the z-axis. In “e 
a case we say that the XY system is obtained from t 
vy system by shifting the origin without rotating the axe 
i.e., by means of a translation. 


L-axir 


-s = = = = w& «= 


Fig. 4°8 
Now, each point of the plane has two pairs 
co-ordinates (x, y) and (X, Y) with reference to the t¢ 
systems. The origin of the XY—system has the coordinate 
(h, k) inthe xy system. 
The relationship between the two pairs of coordinat 
‘of a point is as given below. 
a Aen ee eo 
t=MP=MM'+M'P=h+X 


pie 


> —_ — 
or X=a—h, Y=y—k. 
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w2,, ry BA, oot VEL, Sood DLOwmaS>, Bes 
So Bo.wO8 GoBd wow A Ya0sOH DOO Bedoo3, 033 


-— & —+----BY And 


L TL -aAxri® 


%wS) 4.8 
HN, ADIOHODA BD Snommp (x, y) soso, (X, Y) 2ow NOB 
3 Ader zeneny, B.w0d3,5. yy. w, OA, of) Boowowo.2wy wy 
A 0399 (h k) adersensay, B.20O003'03, DOB BS DRBDer Ss 
nedss 203, DO RoWOBA) 33 SensosdoBoo. 


a a 
g = MP = MM! + Men S + x 
Ee) 
o— eae UP 2 k+ Y 
em X=2e—h, Y=y—k 
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a 


Thus, if the origin is shifted without rotating the axe 
the coordinates (x, y) of a point change over to (X=2—A 
Y=y—k). Here (h, k) are the coordinates of the ne? 
origin with reference to the old axes. 


Ifa curve in the plane is taken such that f(z, y) =0 is 1 | 
equation with reference to ay —system, its equation wit 
reference to XY—system may be written as f (x-+h, y+ 
by changing x to +h and y to y+k. 

For example, suppose the equation 

(x—h)? + (y—k)* =a? is given. | 

Let the origin of the XY—system with reference 1 

ay— system be (h, k). Then «?-+-y?=a? is the new equatiox 


Both of the above two equations represent the sanj 
curve namely the circle. But itis to be noted that th 
former is simpler than the latter. | 


XY system can be so chosen that a given equation in z, | 
becomes simple to deal with. : 


This method of changing the origin is often used i 
analytie geometry to stndy some of the properties of curves 
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CHAPTER 5 


The Straight Line 


Next to a point, the simplest geometrical figure | 
the straight line. In this Chapter we shall study it fro 
an analytical point of view by giving an algebraic represeg 
tation to it. Before we do so, we shall discuss some | 
the basic concepts concerned with the straight lines } 
the following three sections. | 


5.1. The Slope of a Line— 


Let 1 be aline in a plane where a co-ordinate syste 
has been set up. Let the measure of the angle from 
positive direction of the z-axis to 1 be a where 0 < a < f. 
ax 7/2. Then we call a the inclination and tan 
the slope or gradient of l. It follows from the definiti 
that the slope is positive if 0 < a < 7/2 and the slopa 
negative if r/2<a<-7. Also, the slope of a line paral 
to OX is zero (since a=0) and the slope of a line paralf§ 
to OY is not defined (since a=7/2 and tan a is 
defined for a=7/2). Usually we denote the slope of 
line by m. | 


_ Now, let A (z,, y,,) and B (x,, y,) be any two arbitra 
points onl. Let the horizontal through A and the verti 
through B meet at C. [See Fig. 5.1 (a) and (6) ]. TE 
it 1s easily seen that C=(z,, Hip: 
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(1) Let m=tan a>0 


Fig. 5.1 (a) 


In this case tan g=tan A BAC= hs (why 2) 
2 Oe 


(ui) Let m=tan a<o 


Fig. 5.1 (6) | 
In this case tan a=tan (x— Z BAC) = —tan ZB 
ae Sh 9 = 27H 

L3—a2 v,—2, 


(why 2) 
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) m=tan a>0 SACO. 


x 
v3 5.1(a) 


3: HowPwO tan a=tan 7 BAC =2Z2— 4 (08 2) 
v— 


2 Ly 


Gi) m= tana < 0 SACS. 


%S) 5.1 (b) 
y 
en tan a—tan(r— Z BAC) = —tan Z BAC 
sree Bro ie Yet" (08 2) 


L,— 2, L,—, 
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Thus, in both the cases 


the slope of the line / passing through the points (a, y/ 
and (2%, Y,) is given by 


m = BO 


——$_—<—<$<—— 


Nore :—That the order of taking the difference in } 
numerator and denominator is same. i 


Cor: If 1 passes through the origin and the pod 
(x,, Y;) its slope 18 Pree f A 
Ly 


Nore :—If z,=2,, i.e., if 1 is perpendicular to 
t—axis, the slope is not defined and the express 

Bnet ea 
m= 


ZS) pecomes meaningless. 


Examples 


1 Find the slope of the line through the poi 
(1, 7) and (—4, 2). i 
From the expression for the slope it follows that 
2—7 


m 


I 


. Slope of the line is 1. It is positive and so | 


. . > « T 
inclination is ea 


2 Show that the line through the points (3/3, - 
and (4 3,—6) makes an angle of measure 150° with © 
positive direction of the z-axis. | 
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Lissa, dOFa Moeae. vos xodgrag m=L—H awe bua 
L,— Hy 


DA) VAFAQHI Myo. 


MVMIDORNG 


1 (1, 7) 030, (—4, 2) Bomoriy Howos Boo Sesdavo 
Bam, ALD, HNB. 

2—T7 
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- Besdod> Wa 1. GA BawoNdAYBOoS Hd 2H) — 


258305 AWS QOD m= = 1 HODWS.B. 


Q (373, —3) Bo, (4/3, —6) womrs move 
Berens desdotoo —YEB Gd O8,An0O7 150° DOHROG sees 
BeBFANZ,D Domo Swedsa. 
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If u is the angle made by the line with the posit 
direction of the a-axis, we have | 


Oye eo eae 
4./3—3/3 V3 (4—3) | 
Since tan a is negative , a is obtuse and its value is) 


T T en am: 
=a +e (.- tan F = V3 ) 


— V3 


tana = 


2 
6 6 


3 Find the inclination of the line through (4, | 
and the mid point between (1, 3) and (—3, 1). 
The mid point between (1, 3) and (—3, 1) is 


1—3 3-+1] . 
bem | v.e.[—1, 2]. 


Hence the slope of the given line is 
tan = 2—7 = Se 
ea ee a 


The inclination is an accute angle such thi. 


tan a=1l. Its measure is *: ; 


Exercises 5.1 


1 Find the slopes of the line segments join’} 
the following pairs of points. 


(i) (0, 0) and (3, 4). 

(ii) (5, 6) and (8, 3). 
(iii) (—3, —3) and (2, 2). 
(iv) (2, 7) and the mid point of the line segme} 


joining (1, 5) and (—38, 1). 
(v) (—3, 4) and the point which divides the lt 
segment from (6, 6) to (—8, —1) inthe raj 


—— Sd 
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- 83, Gessod to — tan g = oa. Ae 


- 993) tan g=]1 GAMBSD wOM OMPdsoed. Ad 
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Cye, anv 5.1 
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a 
| 


9 Find a such that the line segments joining | 
following pairs of points have the slopes shown agai 


them. | 
(i) (1, 2) and (a, 0) 5 m=. ; | 
(ii) (a, 5) and (5, —1) ; =— q. 

(iii) (a, 0) and (—1, —5) 3. m=O. 
3 Replace ‘“‘?’’ so that the lines through the foll 
ing pairs of points are parallel to the y-axis. ; 
(i) (5, 2) and (?, 8). | 
(ii) (4, —5) and (?, 1). . 
(iii) (a,, y,) and (?, y). | 
4 Find the slopes of the sides and the mediansif 
the triangle formed by the points (1, —2), (3, 6) af 
(2, 4). h 
5 If a road elevates 25 cms. for each Km. Fi 
its slope. | 


5.2 Relation between the Slopes of Parallel and Perpenf 
cular Lines. . 


Let 1 and I’ be two distinct lines in a plane. TIE 
from pure geometry we know that if they are para 
both of them form equal corresponding angles witht 
transversal and if they are perpendicular, the positf' 
difference of the measures of the angles made by tk 
with a third line is equal to a right angle and convers r 


Now, let m=tan a and m’=tan 4 
8 be the slopes of two lines I and ¥ A 
'. Then the above result shows i os 
thatif/ and 7’ are parallel a=8 and . 
conversely. ; 

Also, if] and / are perpendicular, ‘Al fee 4 


hasan e Eas 


1.€. aid pp ke when a>8 


% 4 
| 
a 


uf Smuts when’ 8>a y <n 


73. Fig. 5°2 
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li) (a. 0) S032, (—1, —5). m=0 
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(ili) Zi, Y;) ms, (?, Y>) 
4 (1, —2), (3.6) =e, (—9, 4) sotorigons DEES, 
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8SOD Crd scans, CHFAAS,S ; Dove CAYNY. BOA 3 Low 
NGS, BxwdAOs Sess moan eOBe QBFARDS soean¢ lay 
BCD) 233 WOM AenBwensows y DAB. VO AYN AGnemoap 
eaondoaao DOT Hoey) 335. 22, 23000083» 89O8 ess. 

JBN, m = tana 032, m’ = Sun Bre 
039, l’ 2ow adm Ade desing 
PaNPONGO. Sh AeOd Hevsonnod | 
$30, |]’ Nv ABnTooTIIVAG 8 g=B 


"OBS AGaesdsp xB, Bord Bead 


wad. 
] DB, |’ NVo BOATS CowMAGS T' 


—~ B= 3 SAoowDo. 


1 
2 


(a>, Path) 


(8>a <jeria)) 


wl pyar 


lero 73 10 


y? br 
Pets 


Fig. 5.2 (6) and (c) 


This gives tan a=tan (8 +) =-—cot 8 


or tan B=tan (a+ 5) = —cot a. 
i.e. tan a tan B= —1 in both the cases. 


mm = —1. 
/ 


i . . 
The converse of this is also true. 


“Thus, the two lines with slopes m and m’' are par 
af and only if m=m’ and are perpendicular if and o 
of mm'= —1. | ; 
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SS, 5-2 (b) wd, (c) 


0005 tan a = tan (6+¢ | = — cot 8 
SRX2 tan 6 = tan € + 5 ) = — Cot gq HMMAB, 
QOBM AODBFAQ tan a tan B — — ] &Pxdo 
mm = — |] 20d WOAad. 


3S DODD AZ, DONT IVA., 


Se, m BD, m’ HYd2, WINPa,A BOOTS How desirivo 
m=m' Sn Bs, AdwmosdNdAy m3, mm’ = —1 
BBN Bws, CowesoAddayZey. soa 
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Examples 


14 Show that the line segments joining A (—l, } 
B (2, —1) and C (1, 1), D (—2, 3) are parallel. 


Eee 
Slope of AB ese wis — 3 

es eS 
Slope,08 CD. =. 5 


and they are equal. «“. AB|| CD. 
2 Show that the points A (0, 2), B (1, 0) a 
C (3, 1) form a right angled triangle. 


0—2 
io Se ee 
Slope of AB gE 


Slope of BC = 77 = 3 

Since the product of slopes of AB and BC= — 2.4= — 
AB 1 BC. .. ABC isa right angled triangle. | 

3 The base of a triangle is the segment joinix 

the points (—1, 0) and (9, 0). Find the third vert¢ 
if the slopes of other sides are 1/2 and —2. ; 
Let ABC be the given triangle with B=(—1, 0) am} 
C=(9, 0). Let the slopes of AB and BC be 2 and—lf 
respectively. i 


If A=(z,, y,) we have 
slope of AB = 2 = ¥i—9 
v,+1 


and slope of AC = — } it? 

v,—9 

_ So that y,=2%,+2 and 2y,=—2,+9 whie 
give M%=1; y,=4. 
. ABS(l, 4). 
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dB AAAS +, AB CD. 


Wed S Foecons eH Axa now Seon. 


Aas RT 2g 
Fours 
eee 

BC ee 1 


AB 2%, BCRY wanes Meow —1, SAddQBOood 
LBC. 2. ABCSx wrod Gowsed 3 Soe80, 


3 (— 1,0) S%, (9,0) womorivag, AeOAS Sesoorigy 
WAN0BS moans, 4, — 2n% meaead Woon WweInooA 
fS aowdded F crisar, New, HRB. 


B= (= 1, 0) zs, C = (9, 0) WHS ABC BZ, 
goxsnd®. AB 03d, “BCRS weING Fw 2 HB, — § 
NSO. A = (x, Y;) ead 


Ape tas 2 ee A 9 


+1 
soto, AMod &3 = — } = y, — 9 
i oo ” 
an y = 227,4+2 BH, 2y¥,=—2,+9 
YNGoOD gy, = 1. y, = 4 aotaroaeo. 
*. A = (1,4). 
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Exercises 5.2 


1 Show that the line segments AB and CD 
parallel if 


(i) A=(1, 2), B=(5, 4), C=(1, 3), D=(7, 6). | 
(ii) A=(0, 0), B=(4, —1), C=(—4, 0), D=(—8, 9 
(iii) A=(—1,—1),  B=(5,—5), C=(—5,—5), 
D=(—2, —7) 


2 Show that the line segments PQ and RS z 


perpendicular if 


(i) P=(0, 0), Q=(5, 6), R=(0, 0), S=(—6, 5). ff 
(ii) P=(1, 2), Q=(3, 4), R=(1, —2), S=(0, —3)# 
(iii) P=(—1, —2), Q=(—2, 4), R=(7, 6), S=(8, Uf 


3 If A=(k, 0) and B=(l1, 2), find & so that @ 
line segment 4B may be (a) parallel to ; (b) perpendicuF® 
to the line segments whose end points are P and Q whif{ 
are given below. | 


(i) P=(1, 1), Q=(5, 6). 
(u) P=(1, 2), Q=(—1, —1) 
(i) P=(5, —6), Q=(—6, —7) 


4 Which of the line segments joining the follow 
four points are parallel ? 


A= (3, 6), B=(6)>9);, CG=(e-e)4 a6, ag 
5 The slopes of the lines Ly, ib; dx, Ly axe @ 
pectively §, —4, —1} and }. Point out which two li 
are perpendicular ? : 
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SW, ANo 5.2 


jae) 
(ii) 
(111) 


(1,2) B=(5,4), C=(1,3), D=(7,6) 
(0,0), B=(4,—1), C=(—4,0), D=(—8,1) 
(—1.—1), B=(5.—5), C=(—5.—5), 
(—2. 7) 


She 


SON AB WB, CD) SedaMNNv AWRAa2esdmNdoAsom Seon. 


2 (ij) P=(0.0), Q=(5,6), R=(0,0), S=(—6.5) 
(u) P=(1,2), Q=(3.4), R=(—1,.—2), S=(0,—3) 
(1) P=(—1,.-2), Q=(—2.4), R=(7,6), S=(8.19) 


TN PY Do82, RS Sesownns BIA FS OowDsNdS, 50D. SweOr, 
3 A=(k.0), 2%, B=(1,2) Gaon, AB Sesoyorneay 3 


ESN Soedacd.s PQ Nowonigay, Coss Nomonivamo? : Se SDB, 
H(a) AHNMosaWADHS, (hb) CowaAcowos fos. Tos.,WRa. 


— 
© 
II| 
— 
| 
= 
~— 


4 mm éYNa DDO, Womnvay, AcOxos Ord ADB SeHo 
TONING) ADBIANOSOAIAS 2 


A= (3,6), B=(5,9), C=(8,2), D=(6,—1). 


. 5 2, —4, 13 WIS, } NYS 5 mon L, L, Lg aso, L, 
Sesiny weno. ossees DOB dessrie’ BOA DS Cowsoes ? 
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6 If Q is the point (—1, —2) and if P is on the li j 
parallel to the y-axis and 3 units to the right, find t! 


coordinates of P if the line joining P and Q is 


(a) parallel to 

(b) perpendicular to 
the line joining (—2, 3) and (1, 1) 
7 Two opposite vertices of a square are (4, 2) an 
(3, —1). What are the coordinates of the other tw 
vertices ? 
5.3 Angle between two intersecting lines in terms of the 
slopes— 
Let m—tan u and m’=tan £ be the slopes of ty 
intersecting lines J andl’. Let ¢ be one of the angle betwee 
them. Then we have ¢ =+ (@—a). The numeri@ 
value of ¢ (.e., one of the angles between the lines regardle 
of direction) 1s B—a. 


(a) x<Ff vy a : 
“> 


Fig. 5.3 (a) Fig. 5.3 (b) 
_ tan B—tan a 
1+tan 6 tan a 


“. tan ¢ =* tan (@—a) 


m’—m 


v.e. tan a 


1-+-mm’ 


*See Sec, 9.2 
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ca. 


6 Q=(—1, —2) Show P Noms y— vgs, AoNrMosdI0N 
08, 3 HWANG BwssQd.s dexsor SLOG S PQ Sexoyensy 
—2, 3), (1, 1) A¥aQ, AeOxoD AdedeBA (i) AdRMo0TdHON, 
(i) Cows aWodos. P od AciredsNdar, As, BVA. 


T wWsxipond ween Bonns (4, 2) WH, (3, —1) 
WODdNGAD. WPIBSRM wWomone Oderessnseadd 2 


5.3 w&NGRQ, BOD DIA Heaadsessny SOS s.oed 


m=tan y 032, m’=tan B Nowa) | 3939, I’ sexsns 2&8 
NPANTO. CABNY SHAS wow oeday y SAGO. SA y= + B—a 
HDOTING,B. COWS GD AOS, WSWW (CoHS BR, oor, WOrieean, 
BEsSONe SBAS GHA oes) B—a, 


(b) « >p 


3) 5.3 (a) 3) 5.3 (b) 


tan B— tan q 


gee ee ts tan 8 tale 


Cond § m'—m 
1-+-mm’ 


* See Sec, 9.2 
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This is the expression for one of the angles , ¢ between} 
the lines whose slopes are m and m’. 


The other angle is (r—¢) and it is given by 


m’ —m 


Here we may note that the angle is acute if its tangent 
is positive and it is obtuse if its tangent is negative. 


We may observe here thatif the lines are parallel, } 
the angle between them is either zero, or + and so tan p=0-' 
This gives tang = 0 if the lines are perpendicular, 


the angle between them 2 and so tan ¢ is not defined. This, 
gives 1+mm’=0. 
Examples 


; ! 
1 Find the acute angle between the line segments) 
joining A (0, 4), B(-2, —2) and C (1,—2), D (—2, 4)° 


Slope of AB = m = £1? 2 3 
0 2 


+ 
Slope of CD = m’ — “£2 2ye £45 


. If ¢ isthe angle from AB to CD. 
2-3) ee 


tan = 
b=5 a 


It is positive and ¢ is acute and equal to 45°. 
2 Show that the points 4 (—2, —6), B(—5, —2) ] 
and CG Caen 1) are the vertices of an isosceles rightangled 
triangle [Vide Exer. 4.2. Ex. 9] . 
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AD m DWF, m'NP WUNGONDS Dd@ Sessne S@0a3 wow 
Bors g Sos, 8eW@d,5. woos seeds ar—g BBB 


Cx, tan (r—g)= —tang= — | aos 
mm 
NDF OAWBDID, 


BALdH) OPIDOG 8 SUT 5 Br eso, (tangent) GAaNdyAodn; 
O> DDOMAB, BeOS F OF, WoLdsoNBoDBoDBH NAOAwesd. 


GeAivs ADRADIMONG 6 Ans Swasieoeda Bod, eGo 
x STHYGOS tan g=0 EAS 2D m’=m. sesrv DIAS 


OoWMNG S CANY ABAD soedsy 5 SAAB tan ¢ CXOFS,. 


DOOD 1+ mm’ =0 aco Awewdsomoe GB. 


Tadyaprectesacrats) 


1 A(0,4), B(—2, —2) 2, C(1, —2), D(—2, 4) 
womonsaz, Acdzd SeSDMONNY SBOQS OPotwedna sow 
30005, 


O+2 
Bitter eee 
Cap 
AB2HG CDNAS B28B BOHR v Sreaje: 
oye b 
ta Le ee eee |, 
a. teateeeas 


cao DADWMAHA0oB, » CP Boesaoh BRO WOW 45° 
eG To. 


2, —6), B(—5, —2) 8%, C(—1, +1) woms 
Ro AadoQ_ wWBIows weds Yow BONNaNsossows SyoeoA. 
[Swn, 5 4.20 gae Stay, HcQ]. 
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—2 6 + 
Slope of AB=m,= — = 
1 2 3 
Slope of BO=m,= 5 a 
1 6 | 
Slope of CA =m,= 5 = 
Clearly mm,= — 1 
If ¢ is the angle from BC to CA ; 
A aa 903g 7— 7 S26 wy 
tan: ¢ mn, Se 
- LO=9o=45°. 


Then clearly £A= 45°. 


7 


-LA= £C=45° and 2 B =5 
.. ABC is an isoseles right triangle. 


Exercises 5.3 


1 Find the angle between the lines whose slopes | 
are m and m’ where 


(i): m=— 2, mn =/3 

(iil) m=—}, West 
(n1) m=1, m’ not defined. 
2 Find the angle between the line segment joining |! 


(1,2), (3, 6) and the lines given in Phm 1 of Exercises 5.1. { 


(i) (1,—1), (—7, 7) and (5, 9) 
(1) (0,0), (—4, 0) and (2, 2) 
(in) FE aype f3, a) and (2, —2) 
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ABS wes — meee 


hao 3 
BCS &&8 =m, = ae. 
—1+4+5 4 
CAS WES = m,= ae 
wary | 


Mt, — — lL ae AB) Bee B= 7 
BC ©2008 CA Add BAdD DOSNdOA o sad 


its piLee 
tan @— — 33 ae ao a 
1+mM Mz 1+7.4 25 
sgh LC=e=55)) 


Z A=45° DNWDIA ST, 
° ZA= £0=45° SS, B= —. 


2 
*. ABC RoBd ABW Wows Oowsoed 3 208, 


Vw, AN 5.3 


1 (i) m=—2, m'=/3 
(111) m=1, m’ CAFR, 


CoN, m BBW, m’ NYA, WwWeésriveThY, CessNY AMA soedsay, 
(R2Z, DN. 


2 CMA 5.1 OOS de Se, HQos sessrivod (1.2), (3.6) 
PRoTNYsz, AcOAV Ses Moits,Ts Boesnvay, Nod, WV. 

(iii) (1, a), (3, a) 032, (2, —2) 
NoTHONgs Sorinvacoss 3 rows sredrivedo 7 
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4 Use the formula of this section to prove that the 
points 


(i) (1, 1), (—1,—1) and (— v3, v3) 
(ii) (1, 0), (2, v3) and (3, 0) 
(iii) (0, 0), (4, 9) and (2, 2 v3) 


form an equilateral triangle. 


5 Use the formula of this section to prove that the 


points 
(1) (0, 1); (—2, —2) and las, 4) 


(ii) (2, 8), (10, 11) and (5, 0) 
(iii) (6, —5), (2, —4) and (5, —1) 


form an isosceles triangle. 


ot 


5.4. How to represent a line by an equation — 


One way of specifying a line in a plane is to givejé 
two points of it. Another way is to give a point and the ‘ 
inclination or slope of it w.r.t. a co-ordinate system 
the plane. As we have already seen, two points of ¢ 
line determine its slope. Therefore the first way is con} 
tained in the second way. Let us consider this fact te 


give an algebraic representation to a line. 


es 2st 3s 2 (6S? 


Let J be a line through the point (z,, y,). Let (z, y) 
42 any point of the line. Then 


4 BB FdNWOS Ras wa Wodeena 
(i) (1, 1), Sg WB, (— V3, V3) 

(11) (1, 0), (2, / 3) ad, (3, 0) 
(iii) (0, 0), (4, 0) 3, (2, 2/73) 


WOTMNGS AAowWow B owns gorinsoms Seedy, 


D BHD sNHOS Ros Wao, Wosoeha 
(i) (0, 1), (—2,—2) a8, (—2, 4) 
(ii) (2, 8), (10, 11) 39, (5; 0) 
(ii) (6,—5) (2,—4) 8%, (5, —1) 
Womongo ABO ws SPwWAWBS FS orinivows Seda, 


N5.4 desdodoao, AdoesdeId0d AdoamS wit. 


| ews Adearsohao, sodero, 


l(a, y) ARB 1A Mocs WGHAMBdwom womens). wv 


AMTSOBYS wom SeMohm, ad sMOVAD wD ADos 
: b Sond 803 SxO8 asad vores, SABBAD. A,0G) ADod 
B03d, ead aoeOs woadr onda, Bowe AdOBOS wows 
adress 3B,BA4 A AowoHados vad caGad) BED bob Bay, Bo~Bad. 
BoD) sire “Beacons Se80H9S ai ABD womnrigo ene Wad, 
BA@r OAS. SABO Basosor DDonay WOBAOS awI8 
A AcODCTHS,G. Aso, Day DOdOA G Dood cesn 20080 


] AD, WR (2 Y;) WOTDNS WOOT AdMWs WO SeSowAdo. 


Fig. 5.4 


This expression holds for each and every point (x, 
of the line 1 and does not hold good for any point (2, y 
not on the line. Therefore the above equation represent 
the locus of the point (a, y), viz. the line /. We call such ar 
equation as the equation of the line /. | As the equation 
contains the slope and a point of the line, hereafter we 
call this equation as the ‘ point-slope’ equation’ of the line.’ 


Cor.1: Ifl passes through (2, y;) fand (a, y)s 
(See fig. 5.4) the point-slope equation gives " 


oe ene ee ty neers 
Yy Y Ly—ay (x L,) 


Op. Altec. = eee 
L—x, L,— L, 


We call the equation of / in this form as the * two- 
point equation. | 


Cor. 2: Let the distance of the variable point (z, y): 
of the line J from the fixed point (z,, y,) be rv. Then from’ 
the fig. above we have r cosu=2—Z,, rf SiNa=Yy—Y;. 

where a is the inclination of the line. 


‘ 
Or f c=rcosataz,; y=r sinaty, 


‘These are called the ‘ parametric equations’ of the! 
straight line J. 


ris called the ‘ parameter ’. 
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WS) 5.4 


AD | BeOS AOD, Nomis (gz, y) Nene AOBL0Ws,G 
Sd, |] HLOQH WR Nom (g, y) No AOBwVoMABOYQ. BBo2Bood 
MOS ANTS) (x, y)® WoT BHPHaY, Cows ] Sessoms, ADOLAI 
3. COBB AAMBGL|IHA, Toy) | Sessod. Adoesordsay,Ses. cs 
ADK ESL) TesHOs Wk DSL, WoMoMMDW, BOA WAOD ADAd, 
My, Bove SesSodss ‘ Wotds-%&3 FAoess! ’ Od2,5.e33, 


WW.) : 1. | Sessoso NOS 3s (x;, Y;) 3d, (z., Y>) 
WoDoNY HOS AMBALA, (WS) 5-4 SoeW) CHd ‘ Nowo-d.83 


YN = ae (~—2,) 


= 


eg | IO = Ro Nomomg, 3. 
o—%,  %,—2, | 


| | BeBodss BH GwWW ADoesSLIBA, DoH) « DOW Now ADoesTe9 ’ 
A, Sco. asi tl feel thee KL 

G0. Dy. 2: aS worm (2, ¥;) QOD 2d Wow (x y) AdIS 

IBnday 7 GAO. 

SN BeOS WS Hod, Seswoso Wey g SON, r cosa = T—Z,, 
a — Foe j 


Ae aT over: 


CGO) | c=rcosu+a,; y=r sina+y, 


aa 
r Br, ¢ BOB’ ARF co, 


eqayneny, AOPTe Bod « woos AHoessrones ” QN,d,e5. 


PART II 81 11 


j 


. . . B thr d 

-__The equations of the line in the above | 

Pee Told good ae for those which are not parallel t 

the y-axis, as we have defined the slope for such line 
ly. ; 

a "We drive the equation of a line parallel to OY. 


-axis at the poin! 

Let a line parallel to 0 Y cross the Z-axis a n 

(a, 0). Since aie line is perpendicular to the z-axis 
every point of the line has the «—coordinate equal to a. . 


Also, any point not on the line will not have it}. 
x-coordinate aa! to a. Hence the condition whic 
characterises this vertical line is c=a. This is therefo 
the equation of the line through (a, 0) parallel to OY. | 


4 l 
s 0 @,0) 
Fig 5.5 
Examples 


1. Find the equation of a line whose inclination ii 
3 and which passes through the point (1, 2). 


Slope of the line is tan : ey a 


‘Slope-point equation’ of the line is 
y—2= 73 («—1), 
“or V7 3t—y+(2— 3) = 0. | 
2 Find the equation of the line through (1, —1 
perpendicular to the line through (0, 0) and (1, 2). . 
Slope of the given line is 2. 
Slope of the required line is —4t. 
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AWS: Doda) wsAay, y- 238, ABLMISGADNAGA sessneri 
3) AOA ROCMSHOoS sesso AHwWesTdNG BeOS B.wd. dow 
OSH SSNCN BRI, JOB OBITS. y-VEs, ABWA08dTIN 
} Bessodo xdoesdrIsiay, sooe8 aewddaios Heosng,ec3. 


) y- S38, ABNDOSoOWoATGs Se osm g-CRBR, (a, Q) womod 
[eRONO. Bs SeBosn y¢-VFS, Cowaonodyaoos gH sesso BS 
DAS z-AHFeSE® gq GADD. COG, WB SesorhOond ans 
DAS z-Ares¥A q Yoo MGNQ. GAO si Gesdoda 
TR Reems awed gq Yd. We (4,0) awv8 
8S, AWWACTON INOW Sessos AQoesdes. 


MOD OBNGS 


4 2083) & wNdSose, (1, 2) womaS a.wos Hor 
Toss Sesdodo HNIeTTroTAy, For Wd. 


BZ, desdod %'3 — tan 5 = AZ 
+ Besdodo ‘ ows-bo83 Daw ’S BA2.esd e035) 

y—2= V3 (e—1) 

eG 4/3a—y + (2— V3) = 0 aomarmrayr. 
2 (0, 0) 23, (1, 2) Romney BWWO8 AoTos dSess7i Cow 
(1,—1) Vomas Boos Boeros dsesdos. ANoesoMoHsn, 


3308 
GB, dessoso &3 = 2. 
- Ras, BnBesewmB dessos 83 = —F. 
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Its point- sil: equation is 
yt+1 = —} (#—-1) or 2+2y+1 = 0. 
3 What is the equation of the line through thf 
point (2, 2) maine an angle 45° with the line through 
(—1, 0) and (0, 2)? a 


2—0 
The slope of the given line =97y =2. 


Let m be the slope of the required line. 


m— 2 

by hypothesis, tan 45° = 1 =——— 

Then, by hypothes ae 

1.e. 1—2m=m-—2, 

or 3m=3 OF m=l1. | 

ee point- slope equation’ of the line is y—2=] 

(a—2), 
or y=2. 

Exercises 5.4 


1 Write down the equations of the lines passing 
through the points. | 
(i) A (5, 4) and B (2, 7), 
(—1, 3) and B (I, 8), 
(5, 8) and B (7, 8), 
(a, 0) and B (0, b), 
(3, 7) ( 


3;; 7). and B (3,'.12). 


2 Write down the equation of the line with slope 
m and passing through the point P in the following cases. 
(i) m=4, P (10, —2), | 
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*, OBS Noe-bb3 dows sd esce9 


y+tl=—} (x—1) Bs a+2y+1=0. 


3. (—1, 0) BB, (0, 2) wowdsns Boos Aoros desd 
Cw0hR 45° BMLIAS, cB AxoBos (2, 2) NomMaS Hows Aaros 
- BeBWod AAQoesseasendo 2 : 


BS, Ad? desdod bg — 2-9 _ 9 
0+1 
Res, BRadesandes sesdovo 3 m UNO. 
On 33,3 Good tan45°= 1 — MO? 
1—2m 
203d 1-2 m = m — 2 
CRD 3m = 3 
. m2 

Reso, BRSeweTNGS Sesdov « wors.b83 ADoesdeo’ a 


(v) A, 7) ®3, B (3, 12). 
NOTING WOOT AMID SeDny FNoesdson¥a2, Wood. 
2 wy m SADBOSH WF, P NoW.AS Dwos HD 
BMeMosS Sesos ANoesoeosaz, SH SVAS HoWYArNAsO wooo. 
(i) m=4, P(10,—2) 
(ii) m =— 2, P (6,2) 
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(iii) m=4%, P (—5, 2) 
(iv) m=0, P (2, 8) 
(v) m not defined ; P (3, 7). 


7 tively 
3 Two lines are drawn through (1, -2) respectively 
parallel and perpendicular to the x—axis. Find their 


equations. 


4 A line makes an angle of measure 120° with» 
the negative direction of x— axis. If it passes through. 
the point (1, 2), what is its equation ? 


5 L, isa line through the points (1, 1) and (2, 2). 
L, is another line through the point (1, 2). Find the 
equation of L, if | 
(i) L, is parallel to Ly 
(ii) Z, is perpendicular to L, 
(iii) L, makes an angle 45° with Ly. 


6 The vertices of a triangle are (9, 3), (3, 6) and 
(—1, —2). Find ! 
(i) the equations of the sides. 
(ii) the equations of the medians. 
(iii) the equations of the altitudes. 


5.5. Equation of a line in Standard forms!— 


We give below a few standard forms of the equations 
which can be conveniently used to represent a line in @ 
plane. These follow directly from any one of the threé 
forms which we have derived in the previous section. 


oe oh tae 
er Ci. FD 


‘The standard form of an equation of a line is ont | 


two. 


, 


: eer 
Ry, 
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| 
: 
4 
i 
a 
, 


Gi} te as P (82) 
(iv) m=—.0.P (2, 6) 
(v) m S8OFH8,; P (3, 7). 


3 (1,—2) Nomads Sows x O88, ANRAoSoaa Boz, 
— Cowan QI Sessa, avohooid. wanes xAAoesdeonesd 
Raw, Sra. F 


4 OD Sessodoo y— VED sod O80 120° od sees 
WAL, CHOBRHAH. CB (1, 2) Nomad Hoos mom. Soead eas 
AQWMBSLdSead 2 


5 LL, 28D (1, 1) BBW, (2, 2) Nomis Bos Aros 
ae Sess. L, ABY,BRd (1, 2) NoMAS B.wos ATs wW.,00 
(i) L,» Lh ABRmMRososNG  ; 
(11) L,» LW Cowmona,s ; 
(iii) L,, L, 2007 45° seedsay,ot3) BAAD, 
L,, 3 ALQKBNDBA, Ros, BB, 


6 (9, 3), (3, 6) S3, (—1,—2) wot rows 3 yHoua 
ZB oninvanss. 


(i) CBO wwe ; (11) WG, Se sane ; (iii) Oowde sng 
AAOKsoronear, Tos. BA. 


5-5 BOe desdod AavesdeIS zo’ cesined! 


WORD AMZOdO dessoiwodsr, YOLAACD wvMsFOosdao/ 
MBS weNAwwrmoNosse AQoessrony sow) Woy downs, D2 3 
BUN Bens 0. i AOY DeDNiva, KOS D¥ddQ Asoo 
DIO GLAND ONAMIG wooo BBooweDoD. 


“198,08 BOs) Bos,c8o & Oxosd Neay, Lord adc AT x03’, 
NYA, BIH AY esos. ADs Gowan, 
MOBO MAS? S e305. 
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(a) Slope intercept form :— 
If a line is not parallel to either axis, it must meet 


the co-ordinate axes in two points which can be taken as 
(a, 0) and (0. 6) a is called the «-intercept and 6 is called 


the y-intercept. 


Fig. 5.6. 


If we are given the point (0, 5) of a line / and its slope 
m, then the slope-point equation of lis y—b=m (x%—0). 
or | y=me+b. 
This equation is called the ‘ Slope-intercept form of the 
equation’ of the line. 
Cor.: (i) If passes through 0, its equation is y= mz. 
(ui) If J is parallel to the v—axis, its equation 
18°. <P: 
(iii) Equation of the w—axis is y=0. 
(0) Intercepts form :— 
___ If we are given the points (a, 0) and (0, 6) of the line / 
in the above case, the ‘ two-point equation ’ of the line J is 


i i isnt. 
or bx+ay = ab a aa : 


as es 


of the 


This equation is called the ‘intercept form 
equation’ of the line. | 
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(a) dbS-292S.5, Os : | 
words desioio cimaide eRs, Acinmosdmngadd ead 


NGF eswgNFa, Gedzos woDNYa (a; 0.) (0. b) AoT. sdosere, 
| @ CHAR, G-DB ASD, b Sa, y-Dws 8, Sotie sods ex. 


y eS) 5:6 


_ BN SadA (0, 6) Norhad, Vdd Hovslmomadnema ces 
8 RBDd2 S283 5, eg Ses8osy eWoro-483  HOoevTLda9) 


y—b=m (x—09) 
Saran [~y=mar+o | NOD IMS, GS. 


Si AQMSSLOBAD, Dds) | Sesdodo t83— DY FB DoOTS HNICSOCO 
H Axo, S,c25. . 
H SD.%).—(i) 1] desdod2 BVO YNomdNs! anos Seeds wad 
| ANWBOlE9 Y=Me. 

(ii) | Sessoso0 %— GE, HHMAIOSTAMONG GS SKS AQwsoed 

y=6. | 

(ili) 2 —CBG Added y—o. 

(b) NG, 5 SD BOs, 


BROS AODBFBOD Son | Ses8od BeOS (a, 0) 032, (0. b) 
womens, Sec, CHS DWM xotodwnd AagcssIANy, 
b—o _ y-—o 
Ofer ae 


r 
CRD batay=ab VFR = a Wes 


BH ADWTOMAAY, AY | GessOvd HYG. Z COWS ADs! Qs,T, ee. 


neither parallel to the «—axis nor the y—axis, there exist 
a normal of length p (#0) with slope k=tan a fro 
the origin to the line (0<a<z, ax71/2). . 


Y 
P 
¥ 
01) x 
n 
Vw o<a< 
~ ys (b) Tem 
Fig 5.7 (a) Fig 5.7 (6) 
Let the foot of such a normal be P. 
Then we can easily see (from Fig. 5.7) that 
P=[p cos a, p sin yu]. 
Also, the slope of the line is —; = —cot ua. 
If we are given p and u, the point-slope equatior 
gives | 


yY—p sina = (—cot a) (7—p COs a) | 
or [2 cos wty sina = P| 


_ We call this as the ‘ Normal form ° of the equation o 
a line. . 


Note :—Look at the fig. 5.8. There are two lines 
1 and 1’ having the common normal P’OP through O 
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(c) Sow dex : 


WWO WOMAS B.ww008 Boerne non Sessa x —Y Ba, no, 
y— LRte, Noe ABRNADOSIAONLQAG G, WOO NoMDdND ev dessr 


p(#0) WS B¥, HH, k—=tan 
Dowsspord Goes ‘Dx, ana (O<a<zx, afn/2) Weim, 


3) 5.7 (b) 
Bose Oowsspond mod P sno. an P=(p CoS a p sin a) 
DOT MOB Soewwwmos. (2S) 5-7 OCB) 
ets desdods 183 — : = —cot 4 UNdAad. 
J. Pp PB, g NR, BotWM, Sessod. Nom. ADoe sora 
y—p sin «=(—cot a) (c—p 008 «) 


CB x COS uty SIN u=p | CITDBDICO0. 


RDaD, Doe Sesdods Aes «Gow Gow’ NAYS,eH. 


Avowss: ws, 5-850, Neadvar. IQ P’ O P wor, O Hos Dwe7o5 
PBR, Cowesrmoy | Bos2, |’ Dow DOB Se sons, 
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Let OP = OP’ = p and the slope of P'OP be tan af 
Then the equation of / is % cosa+y sin a=p.- (1) 
The equation of I’ is also # cosa+y sin u=p. mac) | 


Fig. 5.8 


At first sight these two equations of / and /’ lead us? 
to conclude that the same equation may represent two! 
lines, which contradicts the basic concept of analytic; 
geometry. But if we consider them carefully as detailed - 
below, it becomes clear that the two equations are distinct) 
and the fict that they repres' _two different lines becomes — 
confirmed. ‘ 


In the line J, since the foot of the normal, namely P, | 
lies in the first quadrant, both of its co-ordinates are posi- | 
tive, 2.€., Pp cosa, psinau >0. Since a < z/2, sin a,’ 
cosa>0. .. p>O here. ; 


In the line J’ since the foot of the normal, namely, P’ , 
lies in the third quadrant, both of its co-ordinates are- 
negative, v.e., p cos a, p sin a<0. Since a <~/, here’ 
also, sin a, cosa SO. p <0 in this case. | 


Thus p>0 in equation (1) and p<0 in equation (2). | 


(1) and (2) represent two distinct line. 
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OP=OP'='p WS, P’OP’ & %8% tan a SNe, 
an 1 Ses8ods AQoewseo yy cos atysma=p (1) 
l’ Bessods FQessdNwy yw cos at+y sm a=p (2) 


%S) 5.8 


"AQ | Bodo, |’ NY AQoesdeorivo SHeOe, WOE DoW Fomoworo, 
WOE Baveestoas ade pany DOAHAWHID) DOW wewdeswa 
Nessa WWOTS _B,¢ DOG, Pape) “BOs, TOO WVBsOB,G. 
SHH ZdeESCINSAD, Dee Dodoo Ss sensos BODCOADIN sone 
NBONA Wes fed now z } BW DN, Vay) Wes wed Sesnvad, 
DODVAIG,B DOWD 2 4, OBBIS,05. 


1 SeBooO ows MoH, Goud P on, Hodes. DosaOdd 
Won, ed ada ArdresEre> Boos, BaINT3 ss. 038, 
p ©O8 a> p én yg > 0. "9a <7/2 esAddgvoo Sin “as 
COS gq > 0. BH O00 a p>o: 


I’ SessooO Cows AoBey, Cons P’ 2, B.wosw MBHOT 
DOT, ed ate Adresendo OFS, FIONTS, 3. woad 
p cosa, psin a <9. OQOHND gQ <7/2 GNTWBOOTs, sin g, 
cosg > 0. GB, Dow “3Q p<0. 


GG Oot (1) Sod AavewdGQH p > 0 SNe, (2) Sov 
HEoesscosd p<0 Sod. IOS, o. 6B O00 (1) 3, (2) N% 
DU wed wed desineay, DOORS, a. 
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Similarly we can show that a line which has the foot of 
normal in the second quadrant has p>0 and a line which § 
has the foot of the normal in the fourth quadrant has p<0. } 


The above considerations reveal that, in the equation — 
z cosa+y sin a = p, pis not only a ‘ distance ’, but also a © 
‘directed distance’. It is positive if it is measured | 
from the origin to a point in the first or second quadrant ' 
and it is negative if it is measured from the origin to a % 
point in the third or fourth quadrant. 

Thus if we write z cos a+y sin a = p as the equation — 
of a line, we always mean that- p is attached with a sign # 
(v.e., p is a directed distance) and a (+ 7/2) is measured ; 
from 0 to ~ only. 


Examples 


1 Write down the equation of the line, given that — 
the foot of the normal from the origin to the line is [4, 3]. | 


Let the equation of the line be 
x COS a+y sin a=pPp. 
The foot of the normal, then, is[p cos a, p sin a]. 
p cos a=43; p sin a=3. 
Also, p?=4?+3?=25 and so p=+5. 
The foot of the normal is in the first quadrant. 
p>. | 
p=5, cosa = 4; sina = ? 
Equation of the line is -¢t+y.%=5 
or 4¢%-+3y—25=0. 
Aliter: Slope of the normal is 3 
Slope of the line is — 4 
Its equation has the form y = — 4a@ +e. 
This passes through (4, 3). 


g3=— _. 4 C c= = 
5 “a or 5 


The equation of the line isy = — : a + 
or 47-+3y—25=0. 
88 


25 
3 


: werloe HOSA mMBBO wows MAH, Sesh p > O 
BNoxd.e, Toy,do3 MBBS wow TONY, S desir p<0 Shoe 
ado3,33. 


Bi Bed HOSeosnvos, x cos q + y Sin g = p ANMWBOLd 
IBD p actntd ‘Bad’ Sndjake vy, echaocd ‘sat, ual codes 
ROA Bad’ Lond ABEeSS Bev’ aoxd 29cwoos,c. VBA, 
§ 003 BoBorsod Ad. NTdBWAo DIBBODS momar esosan 
BM Daeg 3 SHON, VBA, 0 Xow Sowdsoss SRW TdO,800 
WBAGS sombar esnaN, 3 DOTS, BOON 93 ,G. 


Sem, geosa + YSN g = P NOWBAd Geos. ANdo.esdeo 

Ba WOMEN, poo As, BH, odsodeannad (038, LtS20739 

NBFeSS Bes) How « (+ 7/2) Ba, QOD ~ HSN Bg, 
SPoIng,<33 HoH CHFARNAsY Wess. 


MDMIBOPNYS 

1 WO NoMDNDD wom dessA HIB Oows Mwy (4, 3) 
BAS, & Seodo AQoesdroda2, W500. 

Besos. ANoesSlLD wx cos uty sin a=p ADO. 

GN, Oows Bz [p cos a, p sin u] STB. 

p CoS a=4 DA, p sin u=3- 

Gos, pt 421 32=25 vem p= +5. 
JOows maa BeBosdtoss MBAOQGYHOOG, p>0. 
| p=5, COS a=%, SMu=s 


Sesdodo Hoes, g.4 + y. 2 = 5 
CGx 47+3y—25—0-. 
DOCS NBs : 
BS, OoWG WI=— §. BSB, dessoss Ws = — 4. 
p 0 HAMIL Bow = 4¢+ec 
B Sesso02 (4, 3) BoWOB BD BeMwyAOow , 
$= —4.41c 9B c= *f. 


+, BB, Sesdoso ADesTed = 


y= — te + AP OOH Ar + By 25 =0- 
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9 Write down the equation of a line, given that the 
part of the line intercepted between the coordinate axes 
is divided at (5, —1) in the ratio 1 : 3. 


Let =+4 —1 be the equation of ythe given line s ! 

a 
that the part of the line intercepted between the axes has 
the end points (a, 0) and (o, 6). 


The point which divides this line segment in the ratic 
“1 38.218 


ES | E oy 


> 


Ba. ar Bas a4 
But this point is given to be (5,—1) 
3a " 20 
ae = 18 OF @. Sie 
3 
and 2 & —lorb= — 4. 


Equation of the line is ad f 


Se 
20 (—4) 
(=) 
or 32 — 5y — 20 = 0. 


3 A line through (2, 1) cuts off in the first quadran 
a triangle of area 4.sq- units. Find its equation. 


Let the line meet the axes at (a, 0) and (0, 0). 


Its equation can be taken as — a + << 


The area cut off in the first quadrant is } a b. 


4ab=4 or ab=8 .... (1) 
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2) ie BBB Des B, DoS wom de 
neces 3,8, olay) DOWINway, 


> 3.8 BROGO AegoAseons. wa aod 
w op) es 
Ba, ay _ O Aadoesded 


BS, esos, AQoesdraT 1 Y — | wpso 


a 


SN SENY ASBWAD Sesoso 23,8, WoNnd Bonds Womono 
(a, 0) 8239, (0, b) STHE,z. 


BH CeDorwonaasy, 1: 3 5 DWHMNMHD NBWAIW Nowa) 


10+ 3.a@ 1.b-+ 3.0 3a b 
a Sa | eam |¥ i| 


4 4 
SHO, SH NoDosao, (5, —1) now soBooNa. 
84g ede g — 29 
+ 
ae, 2 = — 1 em h — — 4 


- BS, Sesdods ANoesTed a). oe 
20 (—4) 


s 
CB 37 — sy — 20 = 0- 


a. (2,1) WODIMS BDrw0OF AT SeBodoo HBOS MDABBO 


4 BOD DWANYG OA ) LEOF VE 3 epowedes, CHF ANS. CAS BOWED 
DAR, RAZ, ADA. 


Bg, desdotoo Vgrivar, (a, 0) 232, (0, b) RTs GeasO 


ecid Aaneedtoae, — + 


a{e 


— ] 20D SAadIo9 } WRB: 
BABOSO DOBAQ OH '3, 2 Yow DA ecor 1 


Lab. 
6 


PART II 89 12 


Since the line passes through (2, 1): 
Sc thc or 2b +a=ab... (2) 
a b 
(1) and (2) givea = 4 and b = 2. 


Equation of the line = + 2 = lor 


z+ 2y = 4. 


Exercises 5.5 


1 Write down the equation of the line given its slope | 


m and its y- intercept, 0. 
(i) m=5, b=—2 (iv)\m=—8, b=0. 
(ii) m=—4, b=10 (v) m=10, b=—5. 
(iii) m=0, b=—6 (v1) m=0, b=0. 


2 Write down the equation of the line whose intercepts 


on the axes are as given below : 


(i) 2,3 (iv) a,a 
(ii) —1, —1 (Vv) p sec a, p cosec u. 
(1) —2, 8 (vi) 1 as | 

m 


3 Write down the equation of the line given its per- 


pendicular distance p from the origin and the inclination of — 


the normal. 
(1) p=l, a= 45° (iv) p=-—B6, a =60° 
(il) “== 3$as3h" (v) p=—5, a=150° 
(111) p= +/ 8, a=135° (vi) p=—5, a=30° 


4 A staright line cuts the y- axis at a distance of | 


3 units below the origin and is parallel to the bisector of 
the angle XOY. Find its equation. 
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a4 


Bessosoo (2, 1) NomMadS nos Hod. SoerAwoon 
2 1 
ae Z =! CBM 2Z+a=ab .. . (2) 
(1) BoB, (2) RH, NBABS a=4, b—2. 
, Beaded Adveddso ZY _ 
é Awe a 
CH T+ 2y = 


CLD, ANP 5-5 


1 wom ATSSesods &83 WZ, y-D3 8, b Odom, 8.983 73. 
BBS FAocsdeaxa. wdodod. e 


(i) m=5§, b6=—2 (iv) m= —8, b=0. 
(ii) m=—4, b6=10 (v) m=10, b= 5; 
(ili) m=0. b=—6 (vi) m=0, b=0.- 


2 S8NY SxS 20. sesdodo DUS, PONNGAY BOs 3, Ad 
. ADMNTOMIDAY, W509, 


(i) 2, J (iv) a, a 

(ii) —1, —1 (Vv) p sec q, p Cosec q 
= a 

(Gn) —2, 8 (v1) one —1 


3 MOO NoMAVTD ~.0Dd GeHAGS Cows DOs p B3d, 
BOBS “Iay ., DA, Fob3 33. BG ASYSessOId AACFOLIGS2, WOO. 


(i) == 8; a =45° (iv) p=—6, a= 60° 
(11) p=—3, u=30° (Vv) p=—5, u=150° 
(ili) p=V8, g=135° (vi) p=—5, a=30° 


y 4 XOY B280 YHFss, AHMRAd0SSAMING. WO) Sesdosr> 
‘By— CFAxN2, DWOWODING ger 3 BWANY BHOBD GeOAos.d. 
BBO Aadocssldeseno 2 
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5 Show that the equation of lines. the reciprocals 
of whose intercepts on the axes arel, mislz + my = 1. 


6 The z- intercept of a line is half its y- intercept. 
it passes through (—1,2), what is its equation ? 


7 The portion of a line intercepted between the co- 
ordinate axes has its mid point at (—1, 2). Write down — 
its equation. 


8 Find an equation of the line which passes through | 
(1, 1) and forms, together with the axes, a triangle of area 10. 


9 Write down the equation of the line given that foot | 
of the normal to it from the origin is 


(1) (5, —4) > (11) (1, 4) ; (111) Ge —4). 


5.6 The General Equation of the First Degree— 


In the last two sections we obtained the equation of 
a line in different forms. In each case we. got a linear, 
equation in w, y. Hence we may say that the equation of 
a line is a linear equation. Let us see that the converse: 
is also true. viz.: any linear equation in z and y is an_ 


equation of a line in a plane. 


az-+by+c=0 is the most general equation of first, 


degree in @ and y. 

If a=0 (60) ; the equation may be written as 
y= -2 which represents a line through (0, x a ) 
parallel to z-axis. : 


9; 


D ORNS BeOs OY AMY B Séeeaonvon 1, m Rvs, Sor 
Dos Sessoad FAdoesdeo la is my = | NOD) Seedz. 


G wom Sess g_ABAD y QUAD SHAG. 
EHO (—], 2) Wotmas SHOT NGS wd xdoesdconted 2 


7 S8re Sas Dy AerNds roms sesowors ao Vora 
(—1, 2) SNS. ead RAvesorostesd 2 


8 (1, 1) Xomas DOE AoTos words desSodo LENYo0O7 
Bes) FO 10 Mot Snws & YHOWAS, CAF AAS Zs. ens AN. 
SOLONeNd? 


9 (i) (5,—4); (ii) (—1, 4), (iii) (—4, —4) ®ono 
DR, DWO NoMAVBIS Cows masa, THe, Sessos. ADoe#deo 
sia, RAT, DNV. 


5-6 DF DHNMO WAFS F HORST 


S&0OS NOW DsOOoNnVO oe ASY Tessoso ANNsDA, NOD 
BHANGO BAY. DS sodyrayeo my gz, y 8Q HsW Wy10 
D2, AGIs AAsoMBAY, Boda). GAO0H AaoBOB)doss Ge s803> 
HORE OE B 2 nem, NdIABow Beswer. wd ABrexd 
GODS gz. YAO HS = anti, TD COND ZDORBSHoHe GND WA ADIsoO 
BQA Gesoanons BOWEOMSaTO Dad ABW ABwWAINT.ySowr 
Dao, HN Soeweerd. 


ax + by +c = 0 ANWD gg, y HY OF WH AQNBO 
£00 ADF SF OOD. 
0, (BK) SAS FdoesdAAay, y — — DB. wosswes 


Tmowoos vas c is Boos g VRE AnnDMosdDaNdw 
b ; | 


0, — 
GEBWOID ANIMBSLIDIWS TS 
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If b=0, (a0); the equation may be written as 


x = — which represents a line through ( = — , 0 
a 
parallel to the y- axix. 


If a#0, b#0; the equation may be written as 


y= — 5m as which represents a line through (0, ~ 5) 


with slope —-% 


b 


Thus in all cases az+by-+c=o represents some line’ 
in the plane. Hence we can take ax+by-+c=o as the; 
general form of the equation of a line. We shall here 
after take the equation of a line in that form itself. | 


_ We shall now find the distance from the origin to the | 
line represented by the general equation. 


The general form of the equation of a line is 


ax +by+c=0. vw = (Uy 
Normal form of the equation of the line is 
x cos a-+y sin a=p. nets nc hell 


(1) and (2) represent the same line. Therefore, we 
have, 


COSa _ SiNa _ Pp 
a | b c 
a b 
C c 


costa-++sinta = 1 = (=) 2p 


C 


P= tha. 
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b=0, azo SA3 AavesoNd, g = —2 aod. wdesowedo 
a 


mabsdes eds ( Soe ) Norns m.wo8 OY A xawavosd 
a 


DONTD Sesoss AHoesorosorog,. 


azo, bo SBS; Adoxesdesay, y = a g — 2 gow 


WOCHWHIDWMNBOoD LADD —< ona, & $3 De Mo 3, Dore 


mre G =) So.0O8 ABMS cesdodd Adoeedr9a73,3. 


Soe7t MG,NS QO, AOOBNVYS gxtbytc=O Aa.esd 
fa) AMSOBYH woBY wom Sesodom2, ADVVNG,G. GB O08 
ax +bytc=0 AWWA, ASPSeBW ANowessG DMA s00w 
Doh SADLY WHID. ray, s2000) Doda Sessodo AHoesdMosay, 3 
GBBQosoe SAMBO By. 


BN Way DWONoMAVNG AHI F TVG ANQWBTSlHa) NO 
AOD TSeDAdsd Bassa, BOMB OSdeCD, 


 GeBos ANoeSO00H AdHe 38 Dowey) ax+by+c=0 (1) 
Re SesOdd HNoesOHD CoWB0BA) wx cos u +y sin u —p=90 (2) 
BH DOSS Fnoesseonso woe ATIWAOoG, 


ado. (2)ao, Boedads O_« _ Me _ _ P 
(1) 2050, (2), & y 7 ; 
es a _ bp 

C Cc 
2 2 
cost gf sing = 1 = (LO) pF 
+ 
pO VOLE 


—' 


Now sina = ~ 6(2)=~—6( + aoe) 


C 
Since 0<a<7, sin u>0- 
If b>0, the expression in the bracket should bd 


1 
negative 7.e., it should be — eae : 
l : 
In this case p = — Taree 
: 


.. If, in the equation az + by +c = 0, b> 0; the 
length of the perpendicular measured from the origin to 
C 


VE +6 
Similarly if 6<0, p= + 


the lines = 


f Suse 

Je +b 
Examples 

1 Find the points where the line 2x + 3y—5—0) 


meets the co-ordinate axes. Find the distance between 
them. : 


The given equation may be written as 


% Wy. 
Sale ey ieee 
(3) (3) 
which is of the form a/a+y/b=1. 


a= 3 b=4. 


2 3 
—@ += = . OF 
5 5 


. The points where the line meets the axes are 
(a, 0), (0, b) z.e. (3, 0) and (0, 8). 


Distance between them is 
(25, 25 25 = § 
VS +> ee 
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re ee | Tee: | 
c} TT R/S D+ 
0 <u <r BATIQVBOS sin u ee 
b> 0 BSN SdtNBsAd Wewsayos, oy) MIFST 


Sesancds,3. eosdend — __| — aoddrdearo3.c. 
Va + B 
S HoBgraQ p = —__©_. aonards.a. 
Va? + B 


ax + by +c=0 ANKBOHBOY 6 > 0 CHa Bow 


omARD desiAddoa Cow Bedyy — —__© es Sores 
a/ a2 + b? = 
eatse OeSH2Q b <0 SORN p = —_& ___ wNo3,5 dowd Serdz 
nf az am b2 
WeITD. 
WMWDIBORNVS 

1 27 + 38y — 5 = 0 Seon Eva, AOA wWond 

NGS2, SGYNLATIA Bessas.2, 0B, HN@. 


BY _ 
. te 


=e J = 1 aot wEangyaoon ess 


2 Find the length and slope of the normal drawn | 
from the origin to the line 2x —3y-+-5=0. Find the foot 
of the normal also. 


Let us reduce the given equation to the N ormal form. 


Let the normal form be zcosat+y sina=p ~~ (1) 
The given equation is 2¢—3y5=0.... (2) 
Comparing (1) and (2), 
COBa _.. SUN a eee eg a , sina = nd 
2 —3 5 3 5 
‘ 2 
cos’u +sin?u=1= a Ae id RP 
5" 25 
25 - 
p = See Lda + 5 aac 
13 13 
Here since b = — 3, p=t Soe 
V1 
Also tan a = i An Re, 
— 2p 2 


is [p cos u, p sin uj= Ere a 


Exercises 5.6 


; 1 For each equation given below, (i) write an equi- 
va ep equation in slope-intercept form ; (ii) determine 
its slope ; (i) find the intercepts on the axes ; (iv) write 


down the equation to tl 
jue 1e perpendicular line through 
point where it meets the aes ee 


(i) 5%+3y—6 = 0 (iv) 8—2y = 62 
(il) 18%-+-6y—12 = 0 (v) (n—4)24 = 2)? 
(11) 37—5y = 0 (vi) yay yay ts ic 


J 


2 2e—3yt+5=0 Adesso adadeazs deBR moo 
WOMAN AIS ows WA, Bz, Lunda Aes Bra, 


BOY Dos Tessody ANSON BAy, Dodoo Cond ows, Soeco 
COWRA x cosa + y sin « =p (1) vnde. 

Boks Dos AXoesoeo 2%—3y+5=0 (2) 

(1). (2) RQ, Boeads 


COS a sin a 


— —2 ; 3 
2 = = = Pi cosa si, sing = 
4p? 9p 13p? 
cos"a-+ sin’u = 1 = Bot Br = oes 
. 2 25 e sf a 
° = — he is ae gs = 
ee Wee 
a9 b= —3 enanood p — 
Vv 13 
3p —3 
tana = =2p Eee & 


COwWa DG [p cosa, psinal = I 3 


CY, ANGI 5-6 


1 Be Gri Ws Bs AdoesoMs, (q) CHE, ADRAMG 
ut3-Des 3, CoUAA AdoessPdday, wWOoNd, (h) CHT wsway, RGFOA, 
(c) SENG BoeOd DY A Meva2, VFOA, (d) VO 7-YROR Acs 
NoMASY CHE, Vows SeWoss AdessraWay, wo, 
(i) 52-++3y—6=0 (iv) 8—2y=6¢ 
(il) 187-+6y—12= 0 (Vv 


(e—4)?+-y= 2+4+2)?+6 
(ii) 34—5y=0 


(vi) (y+3)?=(y+4P+a 
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2 Which pairs of lines in the above example are 
parallel and which are perpendicular ? 


Find the distance of each of the lines in Pom I 
from the origin. Find the coordinates of the foot of the 
perpendicular in each case. 


4 Show that the normal from the origin to the line 
segment joining the points (a cosa, @ sin ua) and 
(a cos 8, a sin 8) bisects it. 


5 The line s—y /3+6=0 meets the axes in A and 
B. Find (i) ZXAB, (ii) A AOB (ii) p. 


6 If p is the length of the perpendicular from the 


1 1 


origin to the line * + ZF =1, show tiet = e ts 
a b ee ee 


7 Using an arbitary parameter find the general 
equation of 


(i) the line parallel to ax-+-by+c=0. 

(ii) the line perpendicular to ax+by+c=0. 

(111) the line which is at a constant distance from O 

(iv) the line which makes a constant intercept on 
the w-axis. 

(v) the line which makes a given angle a with the © 
Y— ADs. 

(vi) the line for which the sum of the intercepts is @- 


_ 8 What is the equation of a line which is parallel to 

(1) a+2y=1, (i) 4v=3y and passes through (1, 4) _ 

9 Write down the equations of the lines through 

Ye — : and respectively parallel and perpendicular to 
x— ly=l1. 
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9 aorOs C8, BOs seid ge Ce soe, Convo AHIonoosdaons 
hs, Snag sox 8 Sowans 


3 18¢ GB, HOS DpBWessorn BwowoMoa0d amd Bwosge 
NHOWWBA, GIONS. BB AodYyragors cows mad adress 
NPSL, W520. 


4 WMOWOTIAAT (~ cos u, a sin g) BB, (a cos GB, asin 3B) 
Nomonvay, AeOxod Ce says, AID COW & SeDaeponasay, 
BOF ADS, 3 DOT Boedr. 


5 2—yV3+6=0 Sesdosn vaniday, A 82, BAY AoHAD 
3.3. (i) 2 XAB;; (ii) AAOB, (iii) p Aeao, Rav Sne2. 


6 p arr, Bwovomarod F + ; =] seit ase 
a 


cond momad, 1 — 1 af L doa SCOR. 
~ p” a h2 
7 (i) ac+by+c=0 Se FONASTAINBDS ; 

(11) az --by +c=0 BE SN Gowns ; 

(iii) DWIOWOTIIADVOD & 1D BOBO ; 

(iv) p— EEO Boe & nN DSA, a Cdom2, C6 HBA ; 

(v) z— SELON BZ EOD y WA, O&O ; 

(vi) een? BorOn QUIN Bos, g YNZ 
Gesos. AAS HARBOLON GA, AW 00 & BROS, Oa, Woe 
20% WSO. 


8 (i) ct+2y=1 (ii) 44 =3y 


essr BaWa0SIDON (1,4) WMAS WoOOs ADTHA 
Sessods Maoesdrosend ? 


9 (4,—6) womad BwWOK Bem 4¢7—Ty=1 sessn 
ranmogdann whe, Cows Mrbo sesin¥ AEesoronya, 
~woord, 
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: 


10 Show that the distance from the origin to the 
line joining (a, y,) and (%,, Y,) 18 


|X, Yo—Le 41. 


v (a, an 1)? a (4, —4¥2)°] 


5.7 Distance of a Point from a Line— 

Let az--by+c=0 be the equation of a line J. Let 
Q=(z,, y,) be a point in the plane. Then the equation ~ 
of a line through Q parallel to / will be of the form 

ax-+-by +c’ =0 

Let P and P’ be the feet of the perpendiculars 
drawn from O tol andl’. 

Then, if b>0 (if not multiply 
it by —1 and make b>0), 


Fig. 5.9 
OP eee and OP’ = wel se = 
V a? +b? Vv a?+b? 


Since O, P, P’ are in the same line, we have 


PP'=0P'—0P (Vide Sec. 4.1) 


ag C c—cC 


rs SS ey 
— SS 


Vet Vat Vat 
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{ 


10 (a, y,) 2, (w,, y,) WoBoN¥ar, AOA Sesowort 
DOD MLWONOMDAATID Bods) 


aye — 293 |/ V [(e, a9 

HOD SaeOor. 

5-7 SesdOwoDO0 nom NoM.AADS Dod : 
ax+byte=0 AWB | ams ceBod Ants. 


Q (L» Y,) ARYWR AMFZOHES wom NomrswNsd. et Q Hw 
A ABRA.GIDOATIS Sess |'S HOoesTloey 


ax+by +c’ =0 DTARBHQHYDd. 
P Dod9, P'RYd O 20B_] Bodo, |’ NYA BVH Gowns MBNVoAd. 


83, 5.9 


en b>o SND 3, 
 (manyaar 7 xoscedremay, —1 000 rode b>o EToaos BRAD) 


; ——- 
| OP = 


, 


— 


V a2 +b? 


C 
Ja? -+-b? 
LO, P, P! Teo worse BOY desdodoQooajaoo0 


as —> > 


> 
7 


wo32, OP’= 


PP’ = OP’ — OP. (4:18 &8de000r3) 


Since Q (a, y;) is on the line I’, ax, +by, -¢' = 
and so ¢’ =—(ax,-++by,) 


Mi ashy (amecpbgiete 
oe Pee Van 
Similarly, if we take ax+by-++c=0 with b < 0, 
IZ Ve ax, + by, +e 
BES re | 
If wejare interested in the distance of P’ from], then | 
+by +c 
a Te | ax 
PP’ = |PP'| = begrc es 


Aliter: Shift the origin to Q (xz,, y;) and call the 
new co-ordinates X, Y. Then z=X-+g,, y=Y-+7’,. 


Then, the equation az+-by+c=0 becomes 
a(X+2,)+6 (Y+y,)+c=0 
or aX +bY +(az,+by,+c) = 


Let QL 1. 
*, Distance’ of the line from the new origin viz., Q is 
\7T ax, +by, +e 
Oh= Ea 
As already stated, if 6>0; the directed distance | 
from Q to 1 is 
ax, +by +e 
ap. V a+b? 
— —§  azx,+by,+e 
Q=— QL - Se 
: .. . ax,+by,+¢, 
and if b < 0, BSE 21 3 
ae ax, +by +e 
6 ae 


Q(x,» Y,) Womy |’ SOWYSO, az, +by,+c' =0 Yond 
¢'’=—(ax,+by,) SNodAmo. 


= 
PP’= ax, by, +¢ 
V a? +b? 
eqMOoSooe ax-+-by+c=0 ALSO HOAAY, b<o0 Awos 


— } 
SNados.omen, PP’—— ax, +by, +e DOWD SrcdsAwaB, 


Vv a+b? 
Saori ] AoW P’ ADH DHT (WR Od) Avs, wsesviG 3 
=e ‘ 
ec Pp! —| Pp’| = | At PA*e| engsaien, 
Vv a? +6? 


DUGSod AGS: Doo woraar, Q (z,, y,) VoMaAR BOBane 
| Bos Daresenem, X, Y rvomd edad, 


a=X+2,, y=Y+y,: 
, | OCSTN ax +by+c=9 ANIWBOLOD) @ (X+2,)+6 (Y+y,)+c=0 
ea aX+bY+(ax,+by,+c)=0 aomerngo. 
fF ech00d ed sane cocbsnd Q cdvots desir cichs oon Bad, 
4 az, +by,+¢ 
—  VELP 
&otosve Begdosd AcsesHos H>O GHan | 2D | Adw 


Hadrens cow Gods) __ aa, thy, +e 
} V a? +b? 
— ae b +c 
e005 J a ce ax, +04, + 
Q Y V a+b? 
Ieoso. bo Uaon & ads) 4 bP Te | 
< V a? +b? 
— by +e 
eons LO= — GEroyTre | 
o V a? +b? 
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Examples 


1 Show that the points A(2, —5) and B(—1, —8) are 
equi-distant from the line 34+y+5=0. Find whether these 
points lie on the same side or on opposite sides of the line# 


Let AP and BQ be the normals drawn from the giver 
points to the given line. Since 6>0 in the given eqn, __ 


PA = See Pe 
/9+1 / 10 
np. ADEM Bar 6 
B a — 
@ V9+1 Vv 10 


Signs of PA and QB are opposite. 


.. A and B lie on opposite sides of the line. 
And|PA| =|QB| = —*_. 
Vv 10 


[In such cases we say that one point is the image of the 
other point in the line. ] | 


2 If p, and p, are the distances of the point (z, y,! 
from the straight lines z+y=0 and x—y=0 and if 
P; p2»= —1, show that 7,2—y,?= +1. 

Here p,= +(x%,+y,) and p,=+ (x,—y) 


. PiP.= { +(z,+y,)} {+(%,—y,} =—l 
ue ay? = +1. 


3 Obtain a formula for the perpendicular distance 
between the parallel lines!: ax+by+c=0 and 
ck (aw+by) +d=0. 
Hence find the distance between 
5x—1=y and 2y=10x+3., 
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MMDOsnvo 


1 A (2,—5) 3%, B (—1,—8) womans 3¢+y+5=0 
CrssOooG ABRs BGosagds aod. Body. addade “omnes 
Ses worse BBABosoe SBaro wed wed sNedode 8x, 


A Sd, B NMG BS, Bes8F AVO™ooS owns AP me, BO 
CATO, ANLBSNBO b=] >O GABDAAOod 


Pd = B2+1-(—5)t5 _ 6 
V¥9+1 V/ 1 

ge S(-NTEeO +s. ee 
V9+1 / 10 


BORO UB, NG BOAT DG Dos. 


—> ee 

J. PA 232, QBNY OQ8,N¥ BOAT AG Dodyooos 
A, B Ad Sessos Wed Wes Bsa. 

VOB, RYNGOD SessNTS Gods (WH,OOT) Asoo. 


[20SBW AOMAIFPBO wows Nomoway, Seog W.2, 0% Noms 
BSW AAS,c2.] 


2 Pi P2= —_1 SACBOS Py potveo B wool (21> Y;) 20> 
av00 ¢+y=O0 mes, «s—y=O0 SESNGADS BNTBNVIDS, 
7,72—y,"? = +1 DOT Seow. 

ti Sm +(2,+41) 03d, Pz + (2, —¥Y:) 

s {+(@,44)} {£@.—- ¥,)} =P, P.= —1 

CRA 2?—y= aa 


3 1: aztbytc=O0 22, I’: k (ax+by) +d =O 
i Aewanesd desing amas vow Goda, AGFOS Godan, 
wad. 


aay, wvmoseens 5a—1l=y 22, 2y=102+-3 Seanedds 
Badaay, APFOA. 
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Let (a,, y,) be a point on J. 


*, ax, +by,+c=0- 
The distance from this point to the line / is 
kax, +kby,+d | 
kV a+ b? 
a+b? 

genie 

dt Seaaetee 

Vae+e 


In the given lines 5s—y—1=0 and 10r—2y+3=0 we / 
have k=2. 


+1 


Distance between them is 


Exercises 5.7 
1 Find the distance of the given point from the 
given line in each of the following :-— 
~ {i) (0,1), 5e+4y=1 
(iii) (— 8), 6x-+3y=112 
(iv) (5, BY t=—y+4 
(v) (4,0), 5e—-y—8=0. 


2 Find the perpendicular distance between the 
following parallel lines. 


(1) c+y=8, 27-+2y+5=0 
(u) 4ea+-y—5=0, 8r7+2y+1=0 
(i) «+12y=0; 3e2+36y+5=0. 
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(x,+ y,) Moms} | Sesdod BOs Hnwmadwom womsono. 
6085 aa, +by,+e=o. : 
Bz WWD |’ SessAdS Goo = 


ik spas 
— lk Ve ee 


k(aw, +by,) +4 | 
V kat + Rb? 


Lie c= — (au, +by,)] 
: a 
VEL] | 
acy SessnS 5a — y—l=o wo3d, 107 — 2y+3 = 0. | 
9D k= 2 SNHWBBOH, 


tt 
GeSNVDS OOWBNHS = |F 
af 57. 12 


5 
O86 


Ve, ANG. 5-7 


: 1 08 Don omaRos BZ SeBATD CoWBLTAA, sow 
— &BOD0. 


(i) (0, 1); 5¢4+4y=1 
(il) (2, —1); w=y.- 
(ii) (—4, 8); 6r7+3y=112. 
(iv) (5.3); x= —y+4. 
(v) (4, 0) ; 52 —-¥ —8 =0. 


Q sen B97 bel Don Rai0wd SeBNPN. VosdHa2, 
SOT & (30000. 
(i) opy=8; 2a +2y-+5=0. 
(ii) 4a+y—5=90; 8%+42y+1=0. 
(iii) a-+12y=0; 324+36y+4+5=0. ~ 
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8 Show that the product of the lengths of the | 
normals drawn from the points (+4, 0) to the line : 
32 cos 0-+5y sin @=75 is 9. 

4 Verify whether the points (3, 4) and (+2,—6) | 

lie on the same side of 37—4y=8. | 
5 Show that the point (3, —5) is in between the 
lines 2a-++-3y=7 and 24-+-3y+12=0. . 
6 Show that the triangle formed by the points | 

(3, 7), (—3, —1) and (—1, —1) hes entirely on one side — 
of the line 37—8y=7. , 
7 What is the image of the point (2, 1) in the line , 
2x—3y+1—0. 
8 2x—3y—4=0 is the perpendicular bisector of the — 
line segment AB. If A=(5, 6), find B. 


5.8 Intersection of Two Lines— 


Let az+by+c=0 a 
a’'x-+by-+c'=0. wy. (aD 
be two lines in a plane. Their slopes are respectively — 
ees 
If + a ae (1) and (2) determine two inter- | 


secting lines. Let us find out the point of intersection 
and the angle between them in such a case. 


_ Let (z,, y,) be the point of intersection. Then, 
since this point lies on both the lines, z,, y, satisfy both the — 
equations. 

1.€. ax,t+by,+c=0 
and = a’‘xz,+b’y,-+c’ =0 


or Se 7 7 Ki 7 ay ? : 7 
bc’ —b’c ca’—c'a ab’—a’b 
Aoi geil be’—b'c _ eca'—c'a 
: oe —_—_—_——_———— —— eo 
ab’'—a’b’. ~’ ab’—a’b 
100 


Ss (+ 0) womsnvos 37 cos 0+5y sin 9=15 Sedr 
QD Gowns wa ns THLIOW. F Q Doro BoeoA, 


4 (3, 4) S32, (2, —6) Noms 3a—4y = 8 Deo wove 
WOT FS, ode wae ? 


9 (3, —5) Mohs 2743y—7 w%, 27+3y4+12—0 
Bessie Sewosd ad aowds 2 pas 


6 (3.7), (—3, —1) S%, (—1, —1) Womonvorsewres, 
S Yow Bororaon3z7— 8y = 7 Sesso3s wots TOs 3 £8,083 DOT BroedH, 


T 2e—3y+1=0 SeBoHg (2, 1) Nomads By2 wowssend ? 


8 27—3y—4=0 Sessoro 4B semowons ©ow earsaonade 
A= (5; 6) SSS B xdao, Rod, Svs. 


5-8 ade sesdne eeais 
az-+-by+c=0, (1) 
S02, a’x+by+-c' =0 (2) 
Teo AebyonQs adds dessrieonde. 
vane Liss §sheen 4 she, — = 


“+ (3) 
,# cor (1) 9%, (2) Bd8.5 Sees ade 
Senay, YGFOMS,H. CosH AoNYArBO wayne Aoriado Wonowsay, 
CANS NGOS Boedwae, SiN sow WSBoieed. 


(x,, y,) Rowe Baws Xora worsondo. en zs como 
DOBD Cen BoeOSWAo0ow, 7,, y, N% now Anocsdcorieao, 
Al) AIZ,35. 

6008, ax,+by,+c=0 
mA, a’z,+b'y,+c’=0 
ee ae ek ier ee 


be’ —b'c ca’ —e'a 
este an 2S 
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-. The point of intersection of two intersectin 
lines aw+by+c=0 and a’'t+b'y +e =0 1s : 
i[bc’—b’c  ca’—c'a 

ab’—a'b’” ab’—a'b 

(Note}: that here also it follows that if ab’=a°6, ie. 
if the slopes are equal, the point of intersection is undefinec 
and so the lines become parallel). | 


Now, from (3), we have that if (=*). (=-) =i 
is not true, the angle between (1) and (2) is different from 


= In such a case, if 6 be the angle between them, we 


have (from Sec. 5.3), 


Mi May Sea: 
; b’ b ab’—a'b 
an: Osen7 "mt Pagan = Sere 
1+ (direc 

Thus, the angle between the two intersecting lines 
ax-+by-+-c=0 and a’x--b’y-++c’=0 1s given by 
ab’—a'b 
aa’ +bb’ | 
_ [Note: that here also it follows that, if aa’-+bb’=0 
v.e., if the product of the slopes is —1, the tangent of th 


angle between the lines is undefined and so the lines be-~ 
come perpendicular.] . 


tan 0 = 


a? 


Examples 


_ 1. Show that the equation of the line through the 
origin making an angle ¢ with the line y=ma+bis. © 
y _ m+ tan? 
o *S-}m tan.¢ 
Find the point of intersection. 


| 
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BOA D SeQAos ax+by+c=0 830, a’x+b’ c= 
Besse Torts Word . mer 


be'—b’'c  ca—c'a 
sei 1) os ileal BADIQBd. 
E —a'b A | i 
[ab’=a'b SHON GOBS WWNY AsomoDon, AoMwo womdey 


BNO R J DOTMHBBOOD HOW SeAnvo AdRAosdaomhAA) now 
QOD a NBA. | 


* (-$). GF)-- 


inlak 3 (1) 2030, (2) Besns SBvna Boeday Oow Sens, oS wed 
osandsayao aon (3) 00% SOR WHS,G3. VosB xonyrae WANs 
DBOS WOT Tess DOH A GAG, 3S, (5.38¢ a wi 8deaoo) 


5 “af i) 
oe... by, 1. * ab’ a 
i eA SS aon bb’ aa’ 
b b’ | 


en, DOA, 3 SeHAD axtby-+e=o wso, a'x+b’ yte' =o oes 
ny Sas SMe Dey) 


aes? LEER [arr rip? ewan 
(aa’ +bb'=o BDO, 80DS WING MoLdOw x) — ] &as, Ses3 
NY BMAD Foeda FA ) OF So ), oy) (tangent) eROFA s woMoeIsO00e3 Sess 
NY BAS eowiessromaons =the Raewdaoroe3o.), 


CMOBDORBNYS 
4 DwOwoMnd DIOS AOMWD Des y= ma-+b Se sB 


CS0OTi dh Boesway, 0839 BNW Sessoso ANesded. 
cy _ + m+ tan ? 


\z 1—m tan? ES I 
DOD SaeoH, Bi DGS SessN: Ros. Noosa, DPF OA. 
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J 
Let the line through the origin making an angle | 
with y=ma-+b has its equation y=m’z. 
m'—m 
1-+m'm 
4.e. m (1—m tan ¢)=m-+tan ¢ 
,_ m-+tan ¢ 
 J—m tan ¢ 
m--tan 
1—m tan ¢ 
is the required equation. 
The two lines are y=mz-+b. 
= { m + tan ¢ ; ‘6 
1—m tan 
Solving we get 


a y ‘S 
—b -o| oe oe =n (ae? | 
1 —m tan¢ 1—mtang¢ 
The point of intersection is 
oR ny | m-+-tan @ 
rot) See 0 ONG pe 
i 


m--tan ¢ 


Then, tang= 


m 
Pe. 
“2 


2™ Find the distance of the line 5x+-8y—1=0 from 
the point (2, 1) measured along a line whose slope is 1. 


Any line through (2, 1) with slope 1 has the equation | 
y—1l=1(@—-2) te. x-y-1=0. 

The point of intersection of this with the given line i, 

(by solving x—y—1=0 and 52+-8y—1=0) 


ck, 


9 —4 
13's 


Distance of this point from (2, 1) is 


Ga = 20 + (3 yh 


This is the required distance. 


or 
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Y=m2-L_h Sesxaonr p BABS, OLIDNBB BF, Dw 
NoMHNS Boos AMS Sesdor Fdoesse9 y=m'x SNCS, 
m'—m 
1+mm’ 
8008 m' (1—m tan ¢) = (m + tan ¢) 
, m-+ tan ¢ 


on tan ¢= 


Saran) i 
1—m tan ¢ 
FS n= 
x 1—m tan ¢ 
aan, yo) ne 
1—m tan¢ 
wo3d, y=m2r-+b AQMKSSONA, DAAWDS, 
a 1 a es ee 
=i ag m+ tang Be ( m-+ tang 
1— m tan¢d 1—m tang 
ANMDMS 73. 
7, Bens Aono Noe 
( ety m-+tan@g ) 
| age 1—m tang | 
: m+tanp ,, m+tanp _ 
1—m tan@¢ 


L 1—m tans 
2 (2, 1) MomMDDD 54-4 8y—1=0 Sess W831] SATS 


Gessoss BoeG VPoowa.MDd Dvodeseno ? 
2, 1) Momasds sows Aros Horo 1B 1 SNdosd wrajese 


Sesoso ANTS y—] = 1 (4#—2) eAw c—y—1=0. 
Bs Besos BoB, BY, Sesdodo Horeio Now, (w—y— 1 =0 23d, 


9 —4 
— 1 =0 Reso, BABS) | — , 
ee | F3 | 
(2, 1) Bow, Bs Noma ABIOIS DoT 
1 


(is?) + Ga 1) 
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| 


1 Find the point of intersection and the anglet 
between each of the following line pairs :-— 


(i) y=2a and +y=7 
(ii) a+y=5 and 54+8y=0 
(iii) c—y=1 and z-yvV3 +2=0 
(iv) 2+2y+3=0 and 27—2y=0 
(v) 30-+4y+5=0 and 5¢-+4y+5=0. © 


Exercises 5.8 


2 Show that the straight limes 3x%-+y +4=0, 
38a+4y—15=0, and 24%—7y—3=0 form an_ isosceles 
triangle. 


3 Show that the lines x+3y—10=0, x+3y—20=0, 
3a-4y+5=0 and 372—y—5=0 form ‘a rectangle. Find’ 
the lentes of its sides. 4% 


4 A line through the point (4, 1) is such that its 
point of intersection with the line 3z—y=0 is at a distance 


= | 
llv2 from this point. Find the slope of the line. 


5 Findthe Re of the line which passes through . 
the point (4, 3) and makes an angle 45°. with the line! 
32-+4y+6=-0. Find their point of intersection. . 


6 Find the equation of the line through (—2, =) 
which has a length 3 intercepted on.it by the parallel lines , 
wee ee and 40 -+3y = 13. How many such lines are- 
there ? | “ 


7 Find the distance of the line 3x—y=0 from the 
point (4, 1) measured along a line making) an angle 135°! 
with the positive direction of a—axis. | 
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SwWo, ANG 5-8 


1 & SAS 33 Beso, Ong Aonawoms Bs, wand 
RBS Boesaa2, RZ Be. 


(1) y=24 03d, r+y=T. 
(il) e+y=5 D2, 544+8y=0. 
(111) c—y=0 MB, x—yV 342 —0, 
(iv) ©+2y+3=0 0%, 2Q7—2y=0. 
(v) 37+4y+5=0 2, 54+4y+5=0. 


2 32£+y+4=0, net ty ae =(0 B32, 24q7 — 7y—3=0 
» BesNeso ADO, Wow) 8 WowspoWay, ANAFBAs ss Low Zoeda. 
3 «c+3y—10=0, «v+3y—20=0, 3a—4y+5=0 
eoSd, 3x—y—5=0 Bexingo Sossseoray, NANFA, 23 Dow 
BSoeds. WBS Womones WB, NPR, Toso, 3n8. 


4 (4, 1) WOTDIAD WUDOT AOMOD WOOD GeV Ss WMD 


WOT 11v2 BOGHQTS NoMASY 34 — y=0 SeSSosrsy, AOQAS,7S 


BH SeDBod Wesesedo 2 


5 32 + 4y + 6 = 0 SeBSw0dA 45° soedda,ctaan 
Boos dso, (4,3) SRS BWIIOS AoW Tes AOREdEOaIA, 
ROD, sno. SeBN HMDA. wWoWosA2, 502020000. 


6 474 + 3y = 12 MR, 4a + 38y = 13 — B ABH 
Wo0Sd Sewn? soho DL FB, WON WA Ax, 3 aoAnven We, 


2, —7) nomads “Bows Aros desdod AOvwdrosSex 7 
Goss aay, Sesdritd WA AMS, ? 


T 2 — 880 Gd d850007 135° soedday, ctosnws 


Sessos. soeG (4, 1) nowednon 3a — y = 0 beh weds 
Bodssens ? 


103 


5.9 Lines through the point of Intersection of Two Lines— 


Let I and I’ be two lines intersecting at P. 


Let ax--by +c=0....(1) 

and a’z+b'y-+c'=0.... (2) be their equations. 

Let P=, 7): 

Consider the equation 

(ax +by +c) +k(a'a--b’'y +c’) =9.,....(3) 

which is also of first degree in z and y. So it represents 
a line in the plane. It can be easily seen that this equatioxz 
is satisfied for z=a, and y=y,, irrespective of the value of 
k. Hence the equation (3) represents a line through th; 
intersection of (1) and (2). For different values of k w 
obtain different lines through the intersection of the givey 
lines. k will be determined if we are given an additiona 
condition such as another point on the line or its slope 
Note that here we can write down the equation of a lin¢ 
through the intersection of two lines without finding th! 
point of intersection. | 


Examples | 

1 Find the equation of the line through the inter 
section of the lines 32—5y—1=0 and 2x%—3y—1=0 ané 
perpendicular to the latter. ; 


Any line through the intersection of the given line! 
has the equation in the form | 


(3a—5y—1) +h(2xz—3y—1)=0 
v.€., (83+2k)a—(5+3k)y—(k+1)=0. 


Since the required line is perpendicular to 2x—3y—1= i 


We have Sees Ld Reber 
5+3k 2 13 
The required line has the equation | 
(3a—5y—1) — = (22—3y—1) = Oi.e. 32+2y—8=€ 
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DOB Sessns RoNDd WoTMaS Hows AoMos desdneo 


| 2232, |’ NY POH BOAT GedHs acm csesinvode. 
SANS AQNsdeonyo sooo 


ax + by + c= 0 .... (1) , 

eo, a2 + by +c’ = 0... (2) Neonde. 

P = (2’, y') SO. 

(ax + by + c) + k (a'x+b'y+c’) =0.---(3) 

(3) RANMA, SAms00B8d, Ao AB 7, y 3Q SnBo 
BW BWMIOD AQNWSSNADNG. GB Oo Ado Assos wow desd 
somo, ALAM. k BSosr.2 WWYBe GHD BS AAoesoLoa) 
e = 7 WB, y = ‘neon AQ, ADDS. SB, Dod Anoesdeo (3), (1) 
ws, (2) Sessreo SeQxr.D Dow aS B28 mrs Se Boor, 
DOOLzs,S. hos. DD wSsneR soy sewnes ono ode 
WHOS ATS ANG SesNTa., BDMoos.05. dsessos. Deda 
2, CT NoTAA, FBQVao econ Ses8080 Wasa, Fo@oyao— 
oS DIS,0T Awowedosra, Bows N Loox, DAFOxweoETD 
S83. Aonw wnowon¢ adresendar, ZomosoAosoese 8 Nomowa 
008 Aarbss desdos RdoewsroRe:, BW DGWBHoD wooTowwoDo. 
Nowa, Naor. 

MUDIDOBNG 

1 3c2— 5y—I1=0 03d, 24 — 3y —1=0 Sessny 
Hone. WAS ADwos DBA dseA Cowdad.s sessodo 
AQMBOLIBA, WHO , 

BS Cen Aorasowom.Aan Baers Onyde sesso 
ADCs (Ba — 5y —1) +k (2x — 3y —1) =0- 

won (3-+-2k)x — (5+3k) y — (k+1) =0- 

eemonidos sesdotoo 2a — 38y —1=0 Se Comsohd.HGs. 
5 + 3k 2 13 
+ Bewodosd Sessoso FNoesde9 


1 0}30) 


(32 — By —1) — (2% —3y—1)=0 
ema 37 + 2y —8=0. 
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29 Find the co-ordinates of the orthocentre of the © 
triangle formed by the lines given by the following equa- ¢ 
tions. 

z+2y=0; 4x%+3y=5; 32-+y=—0. 


Let A, B, C be thevertices and AD, BE, CF are the 
altitudes. Let the eqns. of AB, BC, CA be x+2y=0; 
4x+3y=5 and 3z+y=0 respectively. 


Then : 
Eqn. of the line AD has 


the form (%-+2y)+h(3x%-+y)=0. 


4% 439:5 D 


Fig. 5.10 
Its Slope is +3. since AD 1 BC 


OQ 


: Tee = 
a ee + gor —4—12k=6-+-3k 
k=—2 
Equation of AD is (e+2y)—= (3~-+-y)=0. 
v.€. or 3x—4y=0 aye Ei 
Similarly eqn. of BE is 2—3y—5=0. 13) 


The orthocentre is obtained by solving (1) and (2). 
1.€.¢=—4, y= —3. 
(—4, —3) is the orthocentre. 
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2 e2+2y=0. 424+3y=5, 3a+y=0 Aavcesdeorivs 
QOMAAW SGesnisosewr es S yond  CowseoD,G adressivar, 
BOT 009. 


A,B,C Re 88, Ses Borie AD. BE, CF Ne wad 
Concesnss Ad. AB, BO, CARY AaoesoLonvs sso 
e+2y=0, 4a+38y=5 0H, 38a+y=0 SNS. 

Sn AD BW AAs Bessy. (x+2y) + K (3z+y)=0. 


A S34: 5 


3, 5.10 


AD 1 BC ehdo@i0008, Ud %83 = 4 


ieee? tee pee 
2+k 4 3 
AD 039 Bave8009 : (w-++2y) — = (30-+y) 6. 
eGao 3xn—4y = 0- marke) 
goenosoe BH odd ADesOLO: e—3y—5=0. (Dy 


(1) Bos, (2) WRABS GOW Seow ay wooo 
= ay Y = eee) B 
(—4, —3) Wome COW Seow. 


PART II 105 14 


; | 
‘ | 
» 4 # 

x 

y 


Excercises 5.9 


1 Using the formula of this section obtain the’ 
equations of the lines through the point of intersection of ' 
each of the pairs of lines given in Pbm. 1, Exercises © 
5.8 and (i) Perpendicular to; (tu) Parallel to the line f) 
at+y+8=0. | 

9 Find the equation of the line through the inter-, 
section of 42—3y—1=0 and 2e—5y+3=0 and 

(i) making equal angles with the axes. 
(ii) having intercepts on the axes whose sum is k. 
(iii) lying at a distance 5 units from the origin. 

3 The equations z+1 = 0, 4y+5 = 32 and 
5a-+12y=27 represent the sides of a triangle. 

Find the equations of (i) the medians, (ii) the alti- }. 
tudes. ! 

4. Show that the line through the intersection of 
ax-+-by+c=0 and dz+ey+f=0 and the point (z,, y,) has 
the equation : 

az+by+c _ dz+-ey+f 
ax, --by, +¢ dx, +ey, +f 
eg ae the lines ax+bytc=0 and a’x+b'y+e’ =0 fy 

intersect at p, show that | 
(i) the equation of the line through the origin and P 
is c’ (ax+by) = ¢ (a’x+0'y). 
(ii) the line through P, parallel to y=mz has the 
equation . 
axt+byte _— aa+b'yte’ | 

a--mb ao a’ +-mb’ 
(111) the line through p, perpendicular to 
px+qy-+r=0 has the equation 


att+byte _ aa b’y Rc 


ap --by —ap+bq 
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SWMIANG 5-9 


1 S%,A 5-8 5 1AM Se, BO Saks | Dos CeO, one 
ACM noon WOOT, o+y+8= 0 Sess (i) Dower - 
(ii) ABwWRosdION Bom Berd.s cdsesrid Aadvesdrordad, a 
BW SONOD BOT ,Hod Aes, Awe. 


2 (i) SINFO AHWS soedsnsa,ov3 BV ; 


(ii) Ogre Doeds ABA Me Sas.Q f GNd3E ; 


(iii) {ee 5 HRLANY BLBHQoos 
woSd, 4r—3y—1=0 a3), 2e—5y+3=0 ne Rona words 
sos od Boca Sesdos0 ascraceas 2 


3 «c+1=0, 4y+5=3r 0%, 5744 12y=27 AAnvesGe0 
Ng) S yowspoWd woman, ADOVAS, 5, GF BjWowT (i) 2B, 
HSeSSNY, (11) Cow dene HAQo.esSLaNVeso 2 


4 (x, y,) ®% axtby+c=0, dxr+ey+f=0 ne 
PROTO oaone eee nore e300 AQIS £9 
ax+by+c _ dxteytf 


az,+by,-+e dx,tey,+f 
BOT SoecOX, 


| 5 aztbyt+c=—0 2, a’a+b'ytec'=0 Sexnv P 
BLOW] GeOADS, 


(i) B.A) WODDHB P Ados Seswodo Adoes0eo 
ce’ (ax+by) = c(a’a+5'y); 
| i) yma h Bewm0sdaN P Los Ams desscd 
jQ0e80ed (ax—+-by-+-c)/(a-+-mb) = (a’x+b’y+c’)/(a’+-mb’) 
' (iii) potqy+r=0n Cows P Bw8 Ao d ses 
azt+tbyte _ a’x+b'y+c 


cect? “ap bq = ap+h"q 


DOT Boeor. 
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5.10  Biscetors of the Angle between Two Lines — 


Let l=ax-+by+c=0 
and l'=a'xz-+-b'y+c’=0 be two lines in a plane. 
Any line through their intersection is given by 
(ax--by +c) -+-K (a’a-+-b'y+c’)=0. 
This represents an angular bisector of / and l’ if ani 
point (x, y) on this line is equidistant from / and /’. 


Fig. 5.11 


- | ax by +e 3 a’'x+-b'y +c’ : 
v.€. | V e+e <¢- Va2+6” 
aa by +e = a'x-+-b’y +e’ 

V a2 +5? Vv a/2+b” : 

gt Se ah oe | 

: — @a+b'yte' # A/S q+" 


Equation of a py : 


(ax-+by +c) + Af are (a’x+b’y+c’) = 0. 


ae 
[or Ve TO (eth y tc) £ Va? 40%axtby+o= 
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i 


5.10 = DOB Sessns Im0s soeadsd warsred 
ae ‘ Le 


lL = axr+byte=0 

| WS, | = a'x+b'y+c'=0 

ND AHSOBOS alow) SeBNy Tdoesdeonganco. 

QAGBS FOND. WoDAS Dwos Toros SOsde vod ANMUSOLIey) 
(az-+-by +c) +K (a’x+b'y+c')=0 

Bs Sessod SoeOs spade oro (x, y) @9 1 BB, ]' REA 


ADBRWSGLOBQYS B, Bs dessado 1] BoB, |’ APoderres g0end wo 
| eAremrbaa. 


{ 3) 5.1] 


STerate) | ax +by+e | a a'e+b'y +c’ | 
V oe |. Va? +b” 
eee axz+by+e ey a’z+by+te’ 
V a? +6? Vv a+b? 
ee ed eee a*+-b? 
Sipe. axz+by+ec z3 V org 


- BLLAD VAFED ANoesol[osy) 


(ax -+-by-+-c) eA /. ane” (vx+by+c')= 


Hem VqELR (aa thy +e) + Va PBF (aw thy +c) =0. 
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This shows that there are two angular bisector corres 
ponding to the two signs. It can be easily verified tha’ 
these two are perpendicular to each other. 


Example 
Find the equations of the two bisectors of th 
angles made by the lines 
5a+12y—52=0 and 4%—3y-+34=0. 
From the above result, the bisectors are 
V 42-32 (5a-+12y—52) + V5? 122(4a — 3y +34)=0 


or 77£+21y+182=0 and 277—99y+702=0. 


Exercises 5.10 


1 Determine the angular bisectors of each of thf 
pairs of lines given in Pbm. 1, Ex. 5.8. ; 


2 Show that the line through the origin and th: 
point of intersection of the lines w#—y—4=0 an 
7xz+y-+20=0 is a bisector of the angle between them. 


3 What are the equations of the lines which pas 
through the foot of the normal from the point (3, 2) to th’ 
line 3a—4y+3=0 and bisecting the angle between th 
normal and the line. 


4 What are the lines which bisect the angle betwee} 
@+yV3=642/3 and z—yV 3=6—2/ 3? Find the radj 
of the circles which have their centres on the axes ané 
touch the given lines. 


5.11 Concurrence and Collinearity— 


Let 1,, 1,, 1; be three lines in a plane. These line 
are said to be concurrent if all of them have a point it 
common. ?.e. if one line passes through the point of inter 
section of the other two. The common point of inter 
section is called the point of concurrence. 
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“wp Ade! Bo nen AOWOPBE | 03, ABW soedoprenYd.yonds 
SCOAT. GB. Seats earenss WOR 1B VowwMIDs, Sows Aoo2w 


woh) sd DOCRBWBDID. 
Tianyestotas) 


Sa + 12y—-52—0 BB, 44 —-3y+34=0 
SeBNVoD QB FB, Soca eBrEnday, Notch ROR TIC 


LOS POs.0sH0G, vGrens sAoedorand> 
V 42432 (5x-+ 12y—52) + 4/524 192 (42— 3y+34)=0 
CHM 77x-+-2Qly +182 =0 WB, 277 —99y + 702 =0. 


OB, ANG. 5.10 


1. CMA 5.8 5 1 Se SEBO Fes HS Ds Ce se CHT 
Amoas soeany VBrsnisar, Ras, Bro, 


2. ey 4 0 S22, 77 -+y+20 = 0 Sen Aorsdo wows 
Dorwe DIDOWOTINNS Sey DIDIde TWD Se Bos, 
Snowe DEES BOLI CHF sHoD Seo’, 


3. (3,2) RWomARD B3xr—4y+3=0 SBA 2IG Cows 
MBO M0OS, BI,Se Darra Oowd swMaAd SOCNBAY, COF ABO 
BHOCTWed Sessodd HaocssCaned 2 


4. rtyV3 = ee r—yV3 =6—2V3 Ses 
NPG ABE, BACANYAY, COFAIW SeDBNS Wwe 2 ss de SNA, 
B dF ABS eerie We “Feots yea, 9 DING 3% Ned ? 


5.1] DB 2D FomoS DB, HF SeMons 


I,, ly, Ighits words Aedsongs desirieanso, wiridar, rocks 
mans someaay, BOOT, 3G; 2008 DOR. Be28RB Zora. von.a2z 
Bk ie Miiadteds Geskesoo. norioctoS GS vainvsy, 8 vordosd 


HOMOS BOs ATS e205. Vain Reoane MOIS, AOTMAaWowvAo, 
HODOS WOT DAT,e05. 
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Let the equations of J,, J,, 1; b- 


a,e+byte=0 ... (1), 
a,x--b,y +6, =9 eae 4 | 
a,co+by+ce,=0. ... (3). 


The point of intersection of l, and l, is 
(= bic, et 


The lines are concurrent if 1, passes through this 
point, i.e. if the co-ordinates of this point satisfy the 


eqn. (3). / 
The condition for this is 


b,c; a b.¢, b C14, — CoQ, 
2 tet ER G==0. 
a Eee: ne, a,b, — a,b, 38 

or a, (b,c,—b,c,) + 0; (¢,4,—¢,4,) + ¢; (a,b,—a,b,) =0 . 
This condition can be conviniently written in the form 


Ge At — =f 
a, 0, ¢; 


The converse can be proved by reversing the argument. 


Thus the — lines a,c-+b,y +e, — | ee age bby oo 
and a,7-+6,y-+c,=0 are concurrent if and only if 


a, b, C; 
lg: |, OME Ce | 
as bs Cs 
» The converse of this can also be proved easily. 


Let P,Q, R be three points in a plane. These points 
are said to be collinear if all of them lie on the same straight 
line, 7.e. the line through two of the points passes through 
the third point also. The line on which these three points 
lie is called the line of collinearity. ; 


} 
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Ls Ly LAY AQ.esseNg 8 SoA 
ae2+by+te,=o (1) 
a,a+by+e,=o (2) 


a,c+by+ce,=o (3) Ade. 
1, S32, LAS Honw wow 


(os C,A,—C,A, 
a,b,—a,b, a,b,—a.b, 
J, Sessosa> B38 NomMAS D.woF Beewd, eond gs wadas 


deesEne> (3) se ANMESHOBA, AQ, ADS dessns NENW, & 
NPTHS, 35, 


Bs, WemD NWwWODS 


b,c, — bec, C,a,—C,4, is 
‘: (8 oh es fa eae 


ebsp a; (b,c,—b,c,) + 6; (c,a,—c,a,) + ©, (a,b,—a,b,)=0 . 


BH NwWoHSoAL ( a, b, ©, 
me; CG): eee 
a 6, ¢; 


DOD) BRBOOSODOA WSO WD. 


933 AGaedsay, B.2d8,maa MOOS AOgaA Aas 
We. 


eer, a,4+by+e=0: an +byy +0,=03 ast +b,y +0, =9 


a Ob G| 
Sessnvo a, 6, ¢, | =0 


BDoNwIS 3 wevoTI, 2 NYID)2D). 


93D DG ACaBA, AOWWaAN AQAWHD, 


P,Q, R 1% wD AVITOGYS NoMonewoas©, Bi Wome 
AVA e,oce BOYesdoso BLOBS; COHS NIA WoWNY B08 
mrvoss desdotx BowdSo3o odds DWBA Do Borns, & 
WODNG DESeAoNSDNHBAR DW, Se. BW Dw ozoreso. 


BWWODNTIA Te DOI, Oe Done Oe pe S Cd, 


a) 
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Let the co-ordinates of P, Q, R be (2, y,), (Ler Yo)s 
(a3, Y3) respectively. 
The line through P and Q has the equation 
OO Ye ok ee ae 
L—, Ly — XL; | 
The lines are collinear if R also lies on this line ; | 
1.€. (Ls, Y3) Satisfy this equation. 
The condition for this is 
Is 9s = Yo— 


La—D, L,—2, 


or y(Y,—Ys) +2 (Ys—Y1) +43 (Y1 —Y2) = 9. 
This condition can be conviniently written as 


GD, hk 
e. 9. 4 =9 
De ye 1 | 


The converse of this is also true. This can be proved]: 
easily by reversing the argument. 


Thus the points (x, y,), (%, Y), (3, Ys) are collinear 1 
and only if 


| 
| 
' 


Time 


Note :—if three lines are concurrent, one line passes - 
through the intersection of the other two and so the! 
equations of the lines should be of the form 

£,=0, L,=0, L,+K £L,=0 


where K is a constant. This is equivalent to the condition | 
derived above. 


Exercises 5.11 | 


1 Show that the following sets of lines are concurrent _ 

(i) s—y+3=0, 2a—7y+1=0, x—6y—2=0 

(u) y=2x+3, 37+2y+22=0, 5a—y+15=0 
(i) 22=3y+9, 32+y=8, §5¢=2y+17. 
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Fr: Q, R AY MBF essen (x 3 Y,)> ae Y»)s (x;, Y;) NNO, 
P, Q 0F WHOB BoB Bers sessodo SDoe#gseo 


Y—Y, 
c— x, 


WesdD Nwows 
¥3—Y, 
t,—a, 
CRA Ly (Y2—Y:) + 2(Y; 
“ Y 
| oe 
| a 

DOD 


ee Fes 
 Ly—Q, 

Wom) 33 Beaded WROD S ; 
a at cmeeg AQ ATS orongo ‘Sesmnganrbs, D. 


VODS R NoMDAS dtr ess 


< 08,0 
Pd Y2—Y 
ergs, 
Yd Tesly sac!) SEA 
] 
1 —) 
1 


QDBI2OTGDON WOW Woo. 
Tate: DODEDBA, 


2,308, WOH AMOWAA AOAWBAD, 


| coer (Ly, Yi)» (Ly Yr)» Lz» Yo) neo 


wy it 
Gime. 1 =a) 
Es, Y3 1 


SMN Dds) Hse DoNiSwoMmy2Q. 


Arse : 


PMPBBRd Se2Ns HoND 2WWINS Boos 
AMDIMsOLoONs Downe pO 


DDB) BEBWNG? NBN AODoSAOTDON WOT Geswsoso 


ANWETMWBOB, eAn¢? 


L,=0; L,+KL,=0 Sides 


NGIS,G. ao Be BBD AWOBAN ANRVAdONTIS,S. 
Sw2,ANYd Bit 
4 om s8ND Sesnes Neonvo DBNoDo, HYD Seon, 
(i)e¢-—yt3=0, %&—y¥+1=0, 

(ii) y= 22 4+ 3, 3e + 2y + 22 = 0, 

5a — y + 15 = 0. 
(ili) 2a = 3y + 9, 3& +y = 8, 

= 2y + 17. 
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2 Show that the following sets of points are collinear : 
(1) (1, —2), (2, 0), (0, ie | 

(ii) (—1, 1), (8, —2), (—5, 4) 

(iii) (0, 0), (1,49; (2, 2). 

3 Verify that the perpendiculars drawn from the : 


vertices A(a, 0), B(—a, 0), C(0,c) of a triangle to the oppo- 
site sides are concurrent. Find the point of concurrence. 

4 Show that the feet of the normals from the origin 
to the lines z+y=4, x+5y=26, 15”7—27y=424 are 
collinear. 

5 Show that the lines le+my+n=0; max +ny=l ; 
na+ly+m=0 are concurrent if 1-+m+n=0. 

6 If the lines pa2+q, y=1, pz+qy=1, 
P:X--q;3y=1 are concurrent, show that the points 
(D,, Gi), (Per 9), (ps q;) are collinear. 


512 Area of a Triangle— 


_ Let P(x, y,) ; Q(z, y,) and R(xs, y3) be any three 
points in a plane. If PN is the perpendicular to QR 
from P, we have the expression for the areaof the 
triangle PQR as } PN, QR. 


P (xi) 
Ne 
(%2%3a N ales ds) 
Fig. 5.12 
QR has the equation 
L3—2, L—2x, 


lli 


2 BH SAD Nom Neon OF SewMornsssowo Sweor. 


(1) (1,—2), (2,0), (0,—4) 
Giese =3. 1); (89). (534) 


3 ABC 8x5 A (a,0),B(—a, 0),C (0,c) Sornvon 
SWANN WBN NEG GOWN YNsBNoTW,AMFoH SoedA. 
QANE AoDoS NoTDowoyA0? 


4. MMNONTDIANVG ety=4, r+5y=26, 15x—27y= 
424 SeBRER 2IB Gowns DoBNso OF SeDonsngotso Socdr. 


5 l+m+n=0 S6on lx+my +n=0; me+ny+1l=0; 
nz tly +m =0 Sesne NswoDs DD, ANT SoeOA. 


6 patgy = 1, pttgay=1 Sean. NFWowWo 
el iat (D1, q9;)> (Po Jo) (D3, 3) WON OS SeMonsnvowo 
ed). 


5-12 BSryowmpodd ges jHe 


P (a> Ya)» Q (225 Y2) BS, B (wy, Yq) NY woe HadsoagS 
>.n8d QDOTNPINGO. P 20GB QRA avo Cowy PN end, POR 
Seypun Adodo $ PN.QR DOD BPO c=. 


p (er 
) 
(é 3) N aa 
4 
283, 5.12 
as —Y, 
tos BO = oe 
QRS fest L;—T, L—aL, 
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or (Y;—Y2)&+(X,—a3)y +(£:Y,.—2nY3) = 9. 
Distance of P from this line is | 
DM ics (oe +(L,—23) yi Se) 
Vv (y;—y2)* +(2,—2,)? 
a | = Ly (Yo—= Ys) FH (Ys — Ys) +2; (Y, td 
v (Ys — Yo)* +(%; — 2p)? 
Also QR = Viy. gH 
NPOR=¢ Pha 

3 [%(Y—Yys) +2(Y¥gs—H) +2,(y¥;,—y)] 


This can be conveniently written as 


| | Ly Y, ee 
i 


A PQR=}3 | a Y> 
dL; _Y; 1 


_ Cor :—Three points are collinear if the area of the 
triangle formed by them is zero. .-. (a, y,), (2, y;) and 
(x;, y;) are collinear if 


> 4. 2 
L, Yy, | =0. 
a / Pama 


Exercises 5.12 
1 Find the area of the triangl 
following sets of points. See ee 
()) (4, 0), (0, 1) and (2, 5) 
(1) (5, 6), (—1, 0) and (6, 3) 
(111) (0, 1), (5, 6) and (8, 5). 


2 Find the area of the tri 
following sets of lines ) e triangle formed by the 


(1) t+y+1=0, x—2y1+29=0, 2x+3y—4=0 
(ul) c=y, e+y1 =0, x—2y—3=0. 
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SPM (y,—y,) © —7x Re: be 
3 Nae eS ae eee 
PN = ne rt (%)—2s) Yt (3 Yo—%, Ys) 
VY; mr + (x;—2,)’. 
ots | 2, (Yo — Ys) + @, (Y;— Yi)+z; (y —Y2) 
V(ys—Yo)?-+ (@3— 22)" =a 
COU, Ah re V (Y3—Y2) "+ (%3—Da)?- 
A PQR = 4PN.QR = 


$[x, (Y2— Ys) +22 (Ys—Y1) +23 ((Y,—Y)] 
Da, CmBOosoOW/ 


L bay 
A PQR= 3 x, 3 l | : 
val | 


DoD edosoweoas. 
gaa soeoso: ad. = NoTNGoHeHrs, Syowds Fes Hos 
DAT, DaGoN Bay) Dwd WoBe Sessorso SoeOUd3, 8. 80S (x, y,)> 
(ays Yp)> (gs ys) BOBdTIVD worse Sesdod> SoeOdoo ems Awoas 


ty 1 
% Y i ee 
t; fy 4 

ee ANY 5. 12 


4 msn ocbricengon CBVLEWG Bxyowa ses Podar 
SOBIWAOIO. 

(i) (4, 0), (0, 1) 22 (2, 5) 

(ii) (5, 6), (—1, 0) *%, (6, 3) 

(iii) (0, 1), (5, 6) 2, (8, 5)- 
9s Bes SeDoriesriGoD Sesis Sows ses Pondad, 
GOHAN. 
(i) c+y+1=09; g—2y+2=0, 24-+3y—4=0 
Gi) c=y, w+y—1=9, g—2y—3=0. 
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(111) y= me +o Y = Mob ee y = mye 


3 Show that the area of the manele formed by 
the lines whose equations are y=M™%+C,, Y=M,z+O, 
and z=0 1s | 


4 Prove analytically that the area of a triangle is; 
4 times the area of the triangle formed by its middle points. 


5. If (1, 1), (7, —3), (12, 2) and (7, 21) are th 
co-ordinates of the vertices of a quadrilateral, prove that i 
area is 132 sq. units. 


(111) y= M,x opr ey. y =m + Se 
m m 


: 
a 
= ML —- 
y st a, 
: 3 y=mec+e,, y=mr+e,, ws, ¢ = 0 Nv 
AGoAAdS Gesivos Gwsaos 3 zoe ges, Fos | (4 —%)" 


2m,—mM, 
DOD Soedy. 


A WOT SMB FeB POs SG Swyonw DH, WOTMNVOD 
SUSMWG 3 Yous $3, BOD 4 SA y DIB now dexdesmaressa 
Se S005 DON. 


5 (1,1), (7,—8), (12, 2) 3030,, (7,21) worded 
} WSF WAPOWS Sonnvons. CAS FI BO 13Q BAHNRANom 
| Sedy. 
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CHAPTER 6 
The Circle 
In Sec. 4.4 while we were discussing the concept of t! 
locus, we obtained the equation of a circle by consideri 
it as the locus of a point which always lies at a consta 
distance from a given point. In this chapter we shall u 
it to study a few of the important concepts associate 
with the circle. 
6.1 Equation of a Circle— 
(a) Standard form— | 
Let us consider a circle whose radius is 7 and wha 
centre is C. If we choose the axes such that the orig 
coincides with C, we have C=(0, 0). With reference to the 
axes, let any point P of the circle have coordinates (z, y). 
Then the condition satisfied by P is CP?=7? | 
i.e. 2P+Y7=r7’. i 


Fig. 6.1 . 

This condition holds good for all points of the cir¢ 
and does not? hold good ;for any point not on the cirq 
Hence — 


zr pty? —P is the equation of a circle whose centre is th 
origin and Whose, Tac dius is r. 


ne 
<r e 
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OBO; 6 
3,3. 


WSO 4.4 TH NomAPRa Pers, QDHOAION, BS, wow 
WLODOOT WOW DOF S, BeIsGonds womaS WEPeg) word 33, 3, Dodo 
WBowWBAd, mmoioens ead 3 AMNLBSHIBAY, DSSey. o 270,039 
BO 33.8, HOWOOAD SOA) Dao wasdnvad, CBAGOO CHR, 

| erates oe hs.2e09, 


6.1 03,0 AAesoeo 
(a) WOBDLB. 
C Roma, seo DoNohw re, FR we, a3, 


roa, SRBdsO0 088. rows & 33,0 Seo, COog 28, 
sores CENA, SORBOWD, efd, ado8 “C=(0, 0) STOBH. 
Bs LFNON AowoHatiogy 33 Reid CNABMAd wo. wWowo 
P=(az, y) Shoe. C7) “P 0800 AQ, ABWemD NwoRd OP2= 72. 


STajeletc’ Pap = 7? STOAYO. 


0@ QS  BxeOD DO WDODIMNEMD DI0MHOS 30, 
33GB BROOD Ww ODA BODOODHOS AGW. CO D073 


BeoD WOO «= 7D 


d, De, 


Dae gy ae 
a a h ) ,oG)2 
6 


(b) General form— 
° bs & e 2 
Let us condsier a circle Loe radius is 7 and whose 


centre is-C.,.duet the co-ordinates: of>C be (hy je)psand the 
co-erdinates.of any: point:Poof>the rvireles beolt grove 
aed tal € 5 Sele ‘ ee . sae yy ; Ag OK - al: 


> SAS / 
. n . my on * Lamy / (KM 
Gee Se oe pn) = od Smo! Af i/o woe "2 


YW9 sU0 WI = 
jo 


‘ 
. nw Py aoe = 
[GOS 8G CIEIUS 
COO 2 ae = Aas # - Re ee — fo >—e 
ha 5 Sage te bat on Y- > (05098 Jot » 
eas ~ Ls) 4 ‘ c 
; . 
a Faroe 
{*5 
: _ Ne eet 


= 5 
G , 
we Us 2) 
{x 
Ge ee oe 
: {} 
fens - 
- 
SS. 
WoL! = 
Se Y 
= es —~ 
tit ee ad 
ee 
= J 
5 
Ce ee Sor 
. : _ 
~ wn 


Fig. 6.2 
The condition: satisfied by Bis BOP 
ie (oh Hye, 


This ¢ondition holds good for all points of the circle and | 
does not hold good for.any point which does not belong | 


to the circle. 


- 


Hence, 


(a—h)?--(y—k)P =r? is thé equation of a circle whose 
(he). 


tadius is and.whose centre lies at 


—~-WVotet—The-circle-is-real -when-r>0-and—is-imaginary 
when r<0[J If 7-0, the cirtle reduces to @ point and we 
call it the point circle. : | 
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: 
7 


ae 


BZD Be0QG naecmare TOBBOBBOS 40> Wd. 


(b) MHF dow “x= *(A—y)+(\—+) noitsupH wot 


— 8» Ss ows: gots Somalis" 7 3S 28 aoAesos! ee N33 3 3h, 5 
a o8ab, 
sto ‘ones an Aer Od SS, doungatio’ ‘dads: Beberd 
0, 33,3 Bes: Ge Nod es 
(a. J Bast SR ehué ee idl 28, oameaec 9 0 aS Seraenes 


; & 1 & 
W\S- » vr Je ry 


* 
et 
Bs) 


(8). . “LoVe ay = “(-W)+ {(e-+2) 10 


9 odd Jo-msxot odt to at doidw 
P (d y) 
MW) asoisups endT 
f r10%; mit ot besybet 
: “hy: ait to toddtis 
2 & (L) entedna 
be & (I) 2 peo] gs 


abe : soneHt 


id ST 


% PO ae TT 
Goo aw heft.é ee “14 v1T M195 "i 


OR Pee aS I Co EERE + En 


“4 
dor ; x Si f ITSP TQ ; Dio 98 B Al TI edt 


eR. Pos AQ, AID a PC2= pr". ionmts-o9 odd (i) 
yt (rr) 


ai 39W gy fortesupse isteqnoo sdt al—.stoV 
oO 


MOOS (x—hyY+(y— Ker CTDeVIEIO, 


{fO 


'S: Dwotdeoe SSR edd oH Boconene’ Beetle ig 


Clakece 
Q 


(xh)? + (y— hk) 227? Dorwvoass (hk) VomwBay, 8003, 


DANI, 100, gan aia Wes, BS,0 HOBO! HAS 


Us: r>0 GAG did!z salpaiinsninodite Me qosndd | 


J MNB,D DONO ade ao, r=0 eae B Sa) WO woman 
DBRDor Barajas, IID, roms S 3 030 sb0s03, es. 


el 
ice 
3 4 
‘ 
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Now, Equation (a —h)?+(y—h)? =a? .- . (1) 4 


can be written as a?+y?—2ha—2hy+h?+k’—r*=0 
which is of the form 22-++-y?-++2gx-+2fy+c=0 ... (2) 
If we start with equation 2 we can write it as 
v4 2gx+g?+y?+2fyt Pao tf—e 
or (2-9) Hy th =LVF +P —OP - - - (3) 
which is of the form of the equation (1). 


Thus equations (1) and (2) are such that one can be — 
reduced to the form of the other. Hence we can take 
either of them as the general equation of a circle. | 
Comparing (1) and (3), 

we get h=> —g, k= —f, r= V9? +f ?-c. 
Hence 


| 2+y?+29a +4 2fy+c=0 is the equation of a circle whose | 
centre is (—g, —f) and whose radius is / g*—f?—c ee 


Note.—In the general equation of a circle, we notice — 
that it is a second degree equation in z and y in which 


" 


(1) the co-efficients of z? and y” are equal, and 
(1) the term containing zy is absent: 


Conversely any equation of the second degree satisfying 
conditions (i) and (ii) always represents a circle. 


| 


Examples 


1 Find the centre and radius of the circle given by | 
the equation— 


3x? + 3y°+47—6y13=0 
The given equation is equivalent to 


tyet 4 oy t1—9, 
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Sit, (@—h)? + (y—k)P=r? .. . (1) 
ADNONAA, 22+ y? Aho —Qhy ++ e—P=0 
NOW w+-y? + 29x 4+2fytc=0 wipes: (2) 
HOW TAOBAO woodward. 

AGaeDWN ADoessed (2) v2, 

nS sage lg 
Cm (c+ gP+Y+f/=[V PF tfP—cP ..- . (3) 
HOLMAN ANeBSLd (1) B DaRBO wodosoweomd. 


SOT ADoeSSLd (1) BoB, (2) Neo woWdoa woso,odaz, Hewat 
DoS 333, SG O03 aoa asdado Ovtriniclelalany esd.0 33,0 
bade SF HOCBSNEDN SRads_oe waded. 
| (1) S03o, (3)Se Adoesdronvay, BoeOrass, h—= - k=—f, 


r= V git f2—e somes, 3. 

ISHODOOD 

A) 2? + y? +-292-+2fy +c=0 acwem (—g, —f) doroam, sod, 
es, V @+f2—c R, SUaNodo Ws, 33,0 sdo.esdea 


AWWA : _BS,B AIWF SF ANessHdY, VA 
ae (i) 22 BoB, y2 NE Moose AdaoNdHSV 23d, 
(ii) zy BBA Gaewmnds 


QD DWI ANoesSeoeio. NBaAwWes, Noes, (i) Bo3o, 
aR AOSD ANOGANGA, SiseOAs OD HW ANoesoy BS, Wav, 
TADBAWB DoD nsddz wWeso. 


WaoEdrenv 
1 32+ 3y*+ 47 —6y-+3=0 ANTS ABWLAS 33,0 


§E00T, Doo 3% Day, Nos, He. 
Og, sseedro=ino, 


ety? + wo 2y +l —() AO WOH 
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Comparing this with 2*-+y’+2g2- 2fy+c=0, 
we see that g= = f=—1; ¢=1. 


. 
“, Centre is (— * 1) and radius is V 4411 =; ; 


units. 


2 Find the equation of a circle which passes throug: 
the origin and makes intercepts of lengths a and b on t 
axes of x and y respectively. 


It is given that (0, 0), (a, 0) and (0, 6) are points o 
the given circle. 


Let its equation be a?+y’+2gx2+2fy+c=0. 


AY 


Fig. 6.3 

Since the circle passes through (0, 0), 
0-+0+29-0+2f.0-+c=0. 

Similarly a’ +0+29.a+2f. 0+c=0. 
0--6?+-29.0+2f.b+c¢=0. 

These give c=0; g=— 35, f=— 
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r a? + y? + 2gx--2fy+c=0 AAoesdVdwoan BoeOQas, 
g=3, f=—-1i c=). 
2 BeoB, — (—2,1) 203d, 


2 
3" 
DOO. WoTAD Bw APTOS Horo x xd, y were 


2 
BoeS Bes q HB, b wane DSS, Weringa, evokso Bras 
BSB ANesoed3ead 2 


(0, Bes (a, 0) Sz, (0, b) NomNM HFG eOd now 
BOBOONG 
BS HANTS «=? ty? 2qr+2fytco=0 SATO, 


ee ei Se a 


283) 6.3 


33,0 (0, 0) DIWOT BMOLeTIABOoH, 
040-429. 0+4+2f. 0+ce=0 
&erosoe q?-+0-+ 29. a+2f. 0--c=0 
0+6?+ 29. 0+2f. b+c=9. 
b 


4AQINVOD ; c=—0, J= —> f= Ap 
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“. The given circle has the equation 
a? +-y? —br—ay=0. 


el way 
The centre is (3 F 5) 


—_———————_—___—— 


Radius is f= fe os = 4 Aa 


3 Find the equation of the circle passing through the | 
origins having the radius 5 and the centre lying on 


3x—4y + 15—0. 
Let the equation of the circle be (a—h)?+(y—k)?=1r? 
so that we have r=5, 3h—4k+15=0 and /?+k?=7?=25 


Solving: h=—5 or : 


k=0 or 24 
5 


‘. There are two circles with centres at (—5, 0) and 


1 24 ; 
(5) Their equations are (x+5)?+y2=25 and 


7\2 2 
(- 2) = i (y— 3) = 25s 


4 Find the equation of the circle given that (2x, y,) 
and (%», y,) are the end points of a diameter. : oF 


Since A (a,, y,) and B (%, Y.) are the end points of 
the diameter, they subtend a right angle at any point 
P x, y) on the circle. .. The slope of AP is the negative 
reciprocal of that of BP. 


1.6. See ae 


v.€. (Y¥.—y) (y,—y) ire (x—a) (a,—z) =0. 
or (t—a,) (x—ax,) + (y—y) (y—y,)=0. 
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q 
{ 
2 


*, BZ, 3,8 Ado.sde0 
vy? _ba—ay=0, 


CAS #033, as . ad, vcd 3, 


oo Varttbhe 
2 


&, 


3 WOO WB.aAS Dwosi mS son 32 —4y+15—0 
Seo. Hr seo Be or 6 Onany 3) w, a 33, SD HNesSLssedd> 2 


| BESO ANWCSE (w—h)® + (y—h)? =r? BNO, oT, ps5, 
| 8h—4k+15=0 Bodo, 2+ f2=72— 95. 


NRAAWS W— —5, CBao 7 é 
5 


- (—5, 0) 2%, ss =) REQ seo Nwonds add 38 
res, wand Radoedccoriee 
(2+5)?+-y? = 25 


so2,(2—! ‘) + (y- BY == 25 


Y>) Nd, wo, Ae O33 Boao Wow 
sarsass BOB 20030090. 


Lat 
Ol 
24 
4 
Aq 
a 


A (2X4) Y;) ate B (aq Ys) NY DW,AD Ses. wnomongan 
DIDNBO0B a ‘Bg ZB BoxOSs not word p (x y) BQ wows wow 
Sessa, ez bi ka + APS W832 BPOOd WRB 93909 2%, 3, y2d 


(negative reciprocal)  BNBAD, 
mond. Ys 2a a 
L,—2X Y.—Y 
CBM (y,—Y1) (Y—Y)—(@ ~ %) (%— 2) =0- 
CPO (w—2,) (w-- 2) +(y—H1) (Y—Y2) = 9. 
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This holds good for each and every point —P: on the cird 
and does not hold good for any point.not: on the circle 
Hence it is the equation of the Me circle. : 


var wre 


We can also work the probletn. by: writing down th 
co-ordinates of the centre viz. the mid point of the join 0 
the given points, and the radius which as,half.the distane 
between the given points. But-the above-ds) an elegan 
and useful form. 


5 If ABis a chord of a dircle ton that he perpendit 
cular bisector of AB passes through the-centre of the circle. 


Let us choose the axes such that the origin liés*at th 
centre of the circle. Then the ere: of the circle may b 
written as 2?+4?=7", 


Let 4=(0, 4); ‘B=(a 9). It G=aen ap ae 
respectively the centre of the. ‘circle and “the midpoint 0} 


AB, they are given by (0, 0)-and ( a fc tends ) 


Slope of AB is B—% 9 that “the ‘slope of the 


“t+ (L—x).aea 
perpendicular biseetor of ABis — 2TH 
: ish! de )& : \) = B. 
Slope'e of CD i is oy EDS: ObGr DE foe Acemt 
vy tay. : ) 


The biseaeki patos st otigh- if CD and eet 5 siase 
have the samé slopes“ This: is“ ee neh RES 3S 2 bistood 
\i 


4 Ske he we viteesn 
Wt. . By w , ‘ 
Ol 2 OR gypens! 1 
i.e, ifge ye oa | 
v.é5 If g2ty? on TY which is ‘true since 
A and B lie’on(the-diréle— ) +-( Kh) (p>e— RK) SeeGe 
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: 

: AB) BIS BoxOs wspom wos Price AOBromxos Tare 
LDS DB: seOUn WCRNANomAND AOBMoBRoS ado. wa doz 
CQ WHS D =, 3B AQoesTEo. i 


3 B20 #6008, VHS DS, Wows, AeOAD Sessosoo 7G, 
Nomads NF SEN, wo3d, a3, ow) 30,03 CONS BS, eomods 
DBAS, CBF BA, Badaar, got ney 2B Bi Ge, BAY, DARwARD. 
2B88° eos Sess 083, Bod wore wos, ae Does. 


5 AB aARRe 33,5 word wo, wad A Bo vormdres) 
3,3,5 800,03 Sowo8 moroAdo doco Seed. 


, MOO Noto) B3,B beow HODHos VEdnivag, BOABOND, cfd. 
“er 3, 33 saoeedeoctay, oy? ay? DOT) WSCWRD. 


A=(a,; Y;) wWsd, B=(z,: Ys) BAdO. C ws, Drv Ba 
BN BSH BoB, HB, ABO WGwoms smen 
C=(0, 0) 39, 


ABO 2% TD: wengoa0d B2Ued AS Gowsgres wwe 


L_—2, 
_&,—h, 
Y2— V1 
Yr Ye 
So ot 
CD &» x, bay 


| ABS? Oorm@rés Cos. Bw0% DoD BOeNnwesoGs (CPO Hdd, 
b ecréa wtando AAomoNWes. 
©9739 YY PP au L,— Xy 
U,V, Y2— 91 
PP etesto y2—y 2=a,2—2,? eo g,?+y,?2=—2,2+y,? TION 
ae ~ — Nal — od ~ oie 
BRS AG, A woo, B NY) B20 BROTIDVTOO Ao A.. 
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Exercises 6.1 


1 Find the equations of the circles whose centres 
and radii are respectively ; 
(i) (1, 2), 3 (ili) (—1, —8), 5 
Gi) (15 0)4 (iv) (5, —2 $), 1. 
2 Find the centre and radius of each of the following 
circles :— 

(i) 3a°+3y’+8r-+4y+1=0, 

(ii) z?-+-y*—25=0, 
(iti) a? -+-y?-+2-+y—2=0. | 
38 <A circle passes through the three points (5, —8) 


(—2, 9), (2, 1). Find the co-ordinates of its centre an 
the radius. 


4 Find the equation of the circle circumscribing 
the triangle formed by the lines x+y=6, 24-+y=4 and 
x-+2y=5. 

5 Find the equation of the diameter of the circle 


x -+-y?-+ 6x2—2y=6, which when produced passes througk 
(1, 2). | 


6 Find the circle which passes through (—2, 0. 
and (4, 0) and whose radius is 5. 


7 Find the circle which passes through (3, 0. 
and (5, 0) and has its centre on 2¢+y=1. 


8 Show that the points (—3, 11), (5, 9), (8, 0) and 
(6, 8) lie on a circle. Find the radius and centre of the circle) 


6.2 Equation of the Tangent to a Cirele— 


Let a?+y?+29x-+2fy Sep be the equation of 
circle. Then its centre C is (—g, —f) and radius if 
a/ g? ae ay: : 


Let P (2,, y,) be a point on the circle. Then thé 
slope of OP is voy. | 


ey +9 
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3 
a 
Si, 


Swan 6.1 


tre). ee al) (ee. ob 
(ti) (15-0)<" I, Gv) (3, 2d), 1 


NG BemmN sod, Bow 3,4 rvonds BD S,0 ANwesdrIdIA0, 
Ro, ANB. 


2 BSN Bots Ds D2 Adoesdrxp AdHHzIs BF,0 Seow, 
WS, Bw, Rd, sets. 


(i) 3x?4-3y?+ 8x4 4y+1=0 
(11) v2+-y?— 25—0. 
(ul) w+y?+a+y---2=0. 
3 wom BS,0) (5, —8), (—2. 9), (2, 1) Romo? Awovs 
BoB. Beem. CHd so, aderssris Boro Bw, Bay 
AOS, DIB, 


4 a+y=6, 2ct+ty=4 82, gt2y=—5 dsesnvod 
QBS ’3 5 ae 2033 BD Aadesseaseno 2 


: Sowacen (1, 2) wowdas awd ma Beers 
g2+-y2+6x—2y=6 BSG D2,AD ADsSHOBEDd 2 

6 (—2, 0) TFB, (4,0) WoMNY Bows Dow Boers 
BB, 3%, 5 BND aden. NOS, BIW, 


7 (3, 0) Sod, (5, 0) Bomon? Bows Bodo Serva Bows, 


Sa +y=1 Sesbo0o woes Seo BAY, BF, Wa, Mos, BV. 
= ( 


3,11), (5) 9), (8 0) S232, (6, 8) Nomonivo wows 
3c aoe 
Dee 58. 


32023 DoD ZoedA, FG ASO Jw, Dow seod War, 


6.2 33,0 7 OF Ses5009 AQMBOLO 


e+ y? Beet ee 03,2 Wd A WIBOMISD DNT®, erat 
©2030 BCoW) Cios09 (— -J, —f) 3039, 3%, V/ 9? Life C 


3.3 sede 2003 39 483 tS 
P (a, 9) 33,0 SoeOS wom WommwaNdO. GN OPO wW83 ae 


120 


Fig 6.4 


We know that the tangent PT at P to the circle is 
perpendicular to the radius CP. 


+. Slope of PT is — “179 


yi tf 
.. Its equation is (since it passes through P), 
2g 2 ees 2—2,) 
Y Y y, +f ( 1 


te. 2a,+yy,tge+fy=arty tou thy: 
Adding gz,+fy,t+c to both sides and noting that » 
x +y+29r,+2fy,te=0 (~ (x, y,) 18S a point on the 
circle), we see that 
the equation of the tangent at P (2,, y,) totheci cle 
v+y*+ 29¢-+-2fy +c=0 is 
ee, +yy, +g (x7+a,) +f (yt+y,) +e=0. 
Note :—The reader who is familiar with calculus | 


will notice that the slope of the tangent at (a,, y,) to the — 
circle a?-+y?297+2fytc=0 is 


dy = U+9 which agrees with th | 
ag. ote TSE elt 
t (@, Y yi tf ) 


expression given above. 


12) 


283) 6.4 


PoeQ jRES Axcess PToo CP 2n8, commands 


_ 
DOD) SIOD. 


+, PTos ws — 119 


Yee 
* 8B AAess!d (WHo Pod Booz ATHAYBOW), 
Y Y y +f ( 1) 


Beso get yy;tgetfy=nr +y', +92, +Fy;- 
DUBS 8B gx, fy, +e SA AOA, [(x,,y) WHA BSG 
Soe OdBBOoD] ety, +29x,+2fy,+¢=0 WOW NBOINAWON, 


| Pp (z,, yO v+y?+292+2fy -c=0 B80 AF oon 
madrevorey az, t- yy, +9(Z+H,) +f (y+y:)Fe=0 SomeThAad. | 


BDU: BAMA, WOW WRN (2, y,) 82 
gp +y?+29x+2fyte=9 3 S,0 ADE SeBON W83ay) 
dy _ 2 10I sorwomen Bee Boadssos 
dx }(Ly» Y:) WAS 
ADIDVAR, NDOAWDID. 
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PART IJ 


Examples 4 

: 

1 Find the equations of the tangents to the circle given 

by the equation x +y*?-+-3a—2y—4=0 at the points where the 


circle cuts the x-axis. | 
The points where the circle cuts the axis of x hay 
their y- co-ordinates zero. Hence those points can be 
obtained by putting y=0 in the given equation. ‘ 
i.e. 2 +3a—4=0 or (x—3) (x—1)=0. f 
+. The circle meets the z-axis at (3, 0) and (1, 0). 
The tangent at (3, 0) has the equation 


7.3 -+y.0-+ = (2-+3)—= -0)—4= 0: 


v.e. 9x—2y+1=0. 
Similarly the tangent at (1, 0) is 5a—2y—5=0. 


2 If the line lat+_my=1 touches x?+ y*=a?, then sho 
that the point (l,m) les on a circle. 


Given that lx-++-my=1 touches 2*+y? =a’. 


”. Perpendicular distance of lc-+-my=1 from the centr 
(0,0) is equal to the radius a of the circle. | 


.. (Ll, m) satisfies the’equation 2?+y?= ba which clearl 
a 
represents a circle. 
3 Obtain the condition. that the line y=mz-+c ma) 


touch the circle 2*+y?=a*. Find the point of contact if thi 
condition is satisfied. 
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Tiapresiesacyat se) 


1 2+y’?+3a—2y—4=0 Adesso AdHAMd 33,0 
A BES SNGR, GB g-VRSeHoson., PeQaos womonivg Aedovwo. 


BS. g-Vgna., SeGAos wows y—arerssnivs so, 
DONTQAOGS, & NomNsa, J 3,8 AdoesdeBQ y—0 vow srino 
SMO FoMwBHwaIDd. 

6088 27+37—4=—0 CGO (x—3) (a—1) =0. 


2 3838) «—egnm, (3. 0) woo, (1, 0) womaag 
BeQxAs .. 


(3, 0) RomMASQ B,S,8, 005 A Broesow Adoesseo 


v3 + y-0 + = (v-+8) — ]. (y+0)—4=0 
VAdo I~g—2y + 1=0. 
Boerodre (1, 0) WoMATYS A SrSeWos AAesOo 5x—Qy—5 =0 


2 latmy = 1 Sesdoo g2F+y%—g? HS,Ha, A SFADS 
(1, m) nome RODD BS,0 BeOTS,D Dow SoeoA. 


la+my = 1 Sebo 2? +y’=a" BS, Bay, A dFAS,3 ows 
BAUD. 


1. 33,8 seo (0, 0) odes Iy+my = 1 SessNdows oow 
Bode 33,0 2% an AwwaNds,os. 


- 1 
008 Tar, = 3 — — + Qa BRde I? +m? al a 
m 
1 


(1, m) mote) a? + y° = a? 


ANKBOLBAY, AO) A0B,G, 
ath 33,0 AaAesrIaar, BS 4B). 

3 y=mr-+e 3e 830900 g+y’= az 3,3, BA, A dF ACD Wewmows 
aeroridossay, Bod, 3 Awowdcdo AO RDO A BFAD, 
RD, De. 
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The given line touches the given circle if the distance | 
of the line from the centre (0, 0) of the circle is equal to its 


radius a. 
Cc 


oe nl 
“.y=ma-+c touches a+y?=a? ife= +47 1 +m? what- | 
ever m may-be. | 


In other words, the line y=mz + AV [+m touches | 
the circle 2?+y?=a? irrespective of the value of m. | 


—=aore =+a/1-+m’. 


Let the point of contact in this case be (a’, y’). 
The radius of the circle through (z’, y ) has the equation 


y =— Eee.” (*.:m is the slope of the tangent). 


mm 


Since (z’, y’) is common to the} radius and the tangent, 
1 ao 

we have y’=—— 2 and y'=mz'+a 2 

Z a y 1a/1+-m 


(4am) ,_ _(£a) 


V1tm /1-+-m? 


-.The line y=ma+aV/1+m2 touches the circle at 


4 ’ 
Solving, we get v= 


( —am a ) 
Vitm Vi+tm 
and the line y=ma—a,/1-+m? touches the circle at 
( am —a ) 
Vitm. V1+m 
Aliter : 


The co-ordinates of points of intersection of the line 4 
and the circle satisfy the equations y=m@r-+e and 
a*—+-y2—=a? simultaneously. 
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“a4 


; 


BS, YS.3 son, (0, 0) Qo Bs,Sesd y=me-pel Adds Low 
CROW HIB 26,8, 4 AmaoDN BE 3 Be 280390 BSW, A OFAS,O. 
, Wem Swede 


=a BS c= +aV1tm 


c 
~ V1 4m 
=m te BS8Dc = +anV/]1 1m? SHAN md WS QSe 
SRO! a Se 2 — gq? a3, DAY, A, dF HIST. 


STarn) y=merta af Vola 1+? Sessodo ms wWesasoo orowee 
SN9, a? ty =aq? B8,nm, Sano 4 d°A8,5. 


0S HOBBS DO A, SE Noo) (x's y’) BSADO, en (x's y’) WNIT 
BWI BMMS H,5,0 5x5 Raovesood y — — 2. (eno? a. DE 
. m _ 
| Sesoso Wks m). 
(a’, y’) Wom 3%, BT, A TFSLBNEN AHNV, WONTIYVBOoS 


y a gg RD, y= mae +QaV/1+m?. 
WAADS ; g’ = — tba) - ye [+ a) +) 
V 1m? V1+m 
Yy=MEL-+-a / 1-|-m? Se s80309 BS, A, 
= 3 : =| NoMnNsQw, 
Vitm V1 1-+m? 


y=mr —an 14m Se sSosoo 33,022, 


i een | Qotasens xorg. 
Vi+m2 V1-+m? 


DOBACSS DGD : 


BSSes Downie BS, 3, 3.n¢ gectieo WoDnes  VNBFedsnvo 
y=mz-+c PARICR Aha 1 y= ae ADKBOLONGAY, NIWOBY x0 
GAONAIS,T. 
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i.e., the -co-ordinates of the points of intersection | 
satisfy the equation a2 -+-(ma-+c)?=a?. ee (Be 
or a? (1+m?) + 2 cma-+(c?—a*)=0. — 

If the line touches the circle, the two points of inter-_ 
section coincide and so the equation (1) should have 
equal roots. The condition for this is, | ! 
c2m?—(1-+m?) (c2—a*)=0 . 

or, c2=a? (1-+m?) or c=+ aV/1+m?. | 
If the condition is satisfied, the sum of the roots of 

(1) is 2x2=—2 cm/(1+m?), ; 


4 ae re ge ee ed 
ee Tal + a VIF a | + (75) 


The corresponding value of y is . 
(—am) | Rin | —am a 
= + + | +ce= + | ———_, +0 Vv : 
Ta | +) im? 1+ m™m | 
pale 8 
VV 1+m? 
These give the co-ordinates of the point of contact. 
Note :—The above discussion shows that for a circle 
there are two tangents parallel to a given direction. . 
Similarly one can obtain the condition that the line; 
le-+my+tn=0 may touch 2?+y?+2gr7+2fy+c=0. (The 
student may take up this as an exercise). 


4 Find the circle which passes through the poi | 
(2, —l) and is tangent to the line x+y+1=0 at the 
point (0, —1). 

Since the circle must pass through the points (2, —1)}- 
and (0, —1l), its centre will lie on the perpendicular’ 
bisector of the segment connecting these points. 

v.e., on the line z=1 .... (i 

The centre must also lie on the line perpendicular te 

a+y+1=0 
at the point (0, —1). 7.e., on the line z—y—1=0.... (2) 
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“. Si NoDons yp dBeessned 
a (me-to)? = a8 ek). (1) 


CRM yz (l1+m’*) +2 cmz+c?—a2=0 Zd0c8dPoRsro 
AQ) ASS. 


BS, Sessoo Bs, BS, Na, 4 A SFABS, ADT Aorido Nomoriv 


BOA D OE, mDMrIBVBO? ° 33 BER ie NOB BDwons ADowon 
ese sors, 3. 


Os, Wes DWoWS ¢2972— (L+-m?’) (c?—a’) =0 
CAH c? — q? (1+-m?) S@S2c= +a Vim. 


Bs QwWoOBAado9 AQ) SoD, ADwsd!D (1)d Bowons Bog, 
2o——2 ae 


CBado 7 — — 2 —am 
© tes | 4 a V1 +m? | + (a) 
ADE, Bods y 3 8S 


ee | as —am 
=m _, Spee rad" aie eed 2 
y | 7 ae a as ; aR aV/1+m 
+ a 
— + ee 


ay) ASDF NomaADS ADressnvay, sowos,c- 


ADS : Bs AdoeOd BOSCONHWIG," wo HS,3, HOS 08,71 
AWWIOSODONGT, DOB A SF SesHNPVS,8 Dow F 3 DIMNG,B. 


eaMcoSosre le 1a Sy Q SesSosoo a? + y? + 29% + 
Qfyte=0 BS,8m, ASFA. BWesVw AwoMAdsA2, eal 
LAR eS (do, a= 0529 IDA, Ceo, ABA, A DRWBWBIMd. ) 


4 (2, —1) WomaS BHwos MM x+y +1=0 


} Sesdodsa> (0, —1) NomaS) 5 drads BS,amy, Aos,nno. 


38) (2. —1) wos, (0, —1) wonony DWNOOS DOCH 


H ciesoncoajO0os, Sad teoG,a) Si Moana, ZeOxs deanenric 


COLWAFED Boe GoUS x=—1 ....(1) 
Sessos BoeG AdoyQOo. 


COG sco) atytl=0 SBA (0, —1) NomoadNgQd.s 


 Oowes Heo Gods z—y— 1=0....(2) 


BesBOID DOWD “AdWVOo, 
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Solving (1) and (2), we get ¢—-1, y=0. 
-, The centre is (1, 0) .... ag 
and the radius is “(2—1)?-+(—-1)? = / 9. 
The required equation is (“—l)’+y°=2 
or 2° +7°—27-—1=9. 


5 Find the equations of the tangents from the origin | 
to the circle «z*-+y’—6x—2y+8=0. | 

The centre of the given circle is (3, 1). 

The radius is / 3? 32-8 = VQ. 

The equation of any line through the origin is y=mz. ; 


This line will be a tangent to the circle if the length of the, 
perpendicular drawn from the centre ,(3, 1) to the line is, 
equal to the radius v2. 
4.€.. 1 _3m—1 seg) ee 
4, 1f + Wie v2 
v.€. if 2(1-++-m?) = (38m—1)* 
or 2+2m?=9m?—6m-+1 
d.e-, if 7m?—6m—1=0. 


1 
or m=1 or— aa 
7 


The equations of the tangents are y=z and) 


I 
= — — &. 
Y 7 


Exercises 6.2 
1 Write down the equation of the tangent to 
each of the following circles at the given point. 
(i) 2?-+y°>—4=0 at (2, 2). 
(ii) a+y?+8e—y=0 at (0, 0). 
(i) 2?+-y?+-52+3y—4=0 at (1, —1). 
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. 


(1) S89, (2) a, Wadd v1, yo acmmmaed. 
", 33.8 d208) (1, 0). 
25, V(F-ie + (lf = vo 
", WesPATS BSG HAoesded (w@ — 1)? + y2 =e 
SH g?+y2—Qr—-1=—0. 
5 v+y—br—Qy18=0 38,8, Dow nomads move 
BMMS A STSLSHNY AQWSCCONGAY, Fo7w¥ofsonod. 
BS, 3,6 teoB) (3, 1). 
WOO NOMAD BOOT HoMdsBems desannond AHoesoer 
y = Me. 
BSB seomQHo BH GeHAWH Gowns H3,0 5%,5, 
FITS , 


CoBS + 3m—l, — V2 8BH2 7m?—b6m—1=0 
V1+-m? 
STHS.T. 
6008 m=1, SGI m= — : CHM y= mx Sess BE 


3 3,an0, 3 dF=3,0. 
yar HH, y= — 3 a Teo Boorwordard az, oz, 

Bde HBr Cesiny Aoesoeaies, 

SH,ANG 6.2 


1 di ber Bats os D2 F380, As, NomaRg aS A5F 
TeBodo ANRECoWAY, WOOO. 
(i) 22+y?—4=0, (2, 2) NomAdQ. 
(ii) «?+y?+8z2—y=9, (0, 0) womaxrg, 
(iii) 2? +y?+52+3y—4=0, (1>— 1) WoTIAQBQ. 
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2 Write down the equations of the tangents 
each of the following circles at the points where they 
cross the co-ordinate axes. 

(i) a?+y?—_16=0. 

(ii) 2+y°+30-+5y+4=0. 

(iii) 2?-+4°+a—2=0. 

3 Fir’ the tangents to 

(i) z2+y?=1 parallel to 3r=4y. 

(ii) 2-+y?=2 perpendicular to x-+-5y=0. 
(iii) 2?-+y*—2a—2y+1=0 parallel to the x —axis.{ 
(iv) 2+y?—62—2y+9=0 through the origin. 


4 (i) Show that y=2z+5/2 touches the circle 
vty’ =265. 

(ii) For what values of k will the straight line 
6x+y=k touch the circle z2*+y?= 16? : 


(11) Show that 5%+12y—4=0 touches the circle | 
xv +y’—6r-+4y+12=0. 3 


find the point of contact in each case. 
5 A circle passes through the points (—1, 1), | 
(0, 6) and (5,5). Find the equations of the tangents which ° 
are parallel to the line joining the origin and the | 
centre. 
6 Find the equation of the circle which 


(i) has its centre at (1, 2) and touches z—y+2=0. | 
(ii) touches the axes and also 3%+4y—1=0. 
(111) touches the axes of co-ordinates and also the 


line ; +; = 1, the centre being in the first quadrant. | 
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2 HEN BS, NeN ws wErvar, Ops omdrivO ads 
| Agedeains Zaoeddtoriea, — \ 


(11) x+y’ + 32+5y+4=0 
(11) 2 +y?+a—2=0. 
(i) a +y=1 8 37 =4yM AdnMosda0N 
(111) 2? -++-y?—2¢—Qy +1=08 x O88, ABRAD0sdaoN 
(iv) 2?+y?—6r—2y+9=0R sowowmad sDwos 
eos 4 Broesnvar, Kod, Sno. 
* So tov? Besos 72 +y%=25 32,802, A OFA 
2 A. 


(ii) kS2 Sns BSA Er +y=k Ses3009 ety=16 
BS, WA, A SFAIS,G 2 
ae ¢ 
(iii) 5a-++12y—4=0 Ser x? + y?~_6x +4y+12=0 
BS, HAY, A SFATG Dow SedA. 
BROS Dj ISHMoHIQS FSF WomnNYa2, Tos, BV’. 


5 wm 83,3) (—1. 1), (0, 6) Sd, (5, 5) wowong 
DOT AMG. B.wWO WoMDND GS,0 seo F, 90 sessri 
ABWRWAMOSODONTDA A SFOCBNIAL, NOT, HVA. 
6 (i) (1, 2) Nong SCOT NTIS, r—y +2=-0 Bead 
OdoNQ, FL SKAIS ; 
(ii) CGFNS, Boz, 37-+4y —1=0 SeBosxy, 5 dF AW ; 
(iii) BoD, BA, Bowes. MBGH Boh, wvarivasn, 
feet ; — 1 Seon, 3,3F°7083, 
a 
BB,F ANeFoMHA2, ALB, HRB, 
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6.3 Length of a tangent from a point to the circle— | 
Let a2-+-y?+2gx+2fyt+e=0 be a circle. Then its} 


——-_—s ———————_- 


Let P (a, y,) be a point not on the circle. Let 2 | 
tangent from P touch the circle at Mig 


Fig 6.5 
Since CT + PT, 1 have 


CP=01?+ 1 P* or CP*=P +1 P* 
But CP*=(2,+9! +(% +f)” 
PRP =(y +99 +Y th 
=(¢+92+9? +f? +292, +2fy,) —(9° +f'—e) 
= ay +) +292, +2fy, +e s 
PP =[ay+yy +29, +2fy, +e]* 
Thus, 
The length of the tangent from ( x,Y,) to the circle 
a +y,’+29x,+2fy, +¢=0 is V 2,° +y,? +292, +2fy, +¢ . | 
Cor. :—Length of the tangent from (z,, y,) to the 
: 1 
circle g?+y?=7° is a2 -+-y,2 12] 
Note :—TP* is positive if P is outside the circle 


TP is negative if P is inside the circle and 7'P? is zero 
if P is on the circle. 
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6.3 WOH WomNNB BBs “cyss 4, BESessos ez 
ee eee ae 


o's 
i a as y® 29x +2y-+c=0 DZ AVUS  FaoesdrvoNco, 
BRO? B80) C=(—g,—f) Hd, 2%, T=V ga Foe. 


P (@, Y,) SWB HIG sees csnamadeocm worm 


a P Noos 2, 3, 5, aes WODD F A, "ZeSessok 3, S,Ha2 T' ood 


Fig." 6°5 
CT 1 PT SAwRAHG 
CP =CP4TP=rtTP? 
380 CP*=(2,+9) +(y th? 
TP =(4,4-9° +h? 
== Ge Py 2gr,+2fy, ZB Gf +f)—-(¢+f- 
ris 2+ y,?- 292, +2fy,+¢ j 
aay +yP+29r,+2fy, +c]? 
GG_005, 
Lz, y,) Dormaaos a2-+y?+2e+2fy+c=0 3B, 3c 
FEF Ces) WO, Veet y? Ty 2 +297,-+-2fy, He : 
ee 


ARTO 2 ee a2 =) 3 eons 
eC. BW). —(%,> 1) oe L +Yy —=7 3,58, 0029 ) oF 


ess03) WG, | (aety, 2 92]? ‘| 

PDE: — P nome 2,3, 3,3 ZPONG: WBS TP? GIsNww, 
Mowe 2, 3,0 T WYN aa. 6 ‘TP? soma, P eocdaey) 
iS, 3,0 B2OD. ‘S [ P? BAB, safes “adoayao. 
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Exercises 6.3 


1 Without drawing a figure determine whether the 
points (0, 0), (1, 0), (—1, —1) lie outside, on the cir- 
cumference, or inside the circle #+y?+4z7-+8y—5=0. © 

29 Prove that the tangents from (1, 8) to the circles 
2+y?+6r—5 =0 and 2?-+y?=6 are equal in lengths. 

3 Find the length of the tangent from a point of the 
circle z?+y?+2x-+2y—8=0 to 2?+y?+2r+2y—1=0. § 

4 Find the points on the line z—y +1 =0, the tangents 
from which to the circle z?-+y*—3xz=0 are of length 2. | 

5 Find the locus of points, the lengths of tangents 
from which to the circle 4 7?+4y’=9 and 92’+9y°=16 are 
in the ratio 1: 2. | 

6 Two circles are such that the length of the tangen 
from a point on one of them to the other is always é 
constant. Show that the circles are concentric. Find the 
difference of their radii. 


6.4 Orthogonal Circles— 


Let S and S’ be two intersecting circles. Let P be a 
point of intersection. Then we define the angle betweer 
the two circles at P as the angle between the tangents td 


the two circles at that point. If this angle is = , we say 


that the circles are mutually orthogonal. From the defi 
nition of orthogonal circles, it follows that the two circle 
are orthogonal if the radii of the two circles through the 
point of intersection are perpendicular. 


P 


Fig. 6.6 
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SWAN 6.3 


1 wu dad, wdosodose (0, 0), (1.0), (1, —1) womens 


Be 445-1 8y 5 = 0 33,0 DOONG, wNS Wado adored 
ee NQrON. 


2 (1, 8) WoWIWNNG 2°+-y’+ 6x—5=0 WS, 7’?+y’?—6 
| (8 S,APADS A, BF Sens ws, ne AMBOD Boedy. ny 


3 «w+y?+2x +248 =0 a ee WoWoaIpowoOows 
a + y? + 2% +-2y—1= 
BSS, AYO A, SF Ge ssos ae weno ? 


vos 
4 +y*—32=0 23,8, = yp Sessoso  BoeOs 
CInadee woWo»nivowd ats ‘Bar dessny [WA 2 CABS S 
NoDonwowey 2 


5 4a? +4y? = 918080," 90?-+ 0y2= 16 BSNen asd Ae 
Bene WGN 35 Ede 1:2 piaees wonong WPACH 2 

6 ada 2, 3 nvQ WOT 2, SB Wwe wWo7I2dd07 ra, Ons, 
Dea 3 Brdess0s “ee a) Sranow WOT 0 A035, enc. 3 
33, Re DB SoD, BS, RBom. Saeod, WANG 3 >, ng 3, Bd, Aaa, 
BOBWBN0O. 


6.4 Cow B3,N% 
ERT Oe) a 


S 232, S’ NG BAS GeO NOW BS,NvoAsO.  Poso 
wot. OTe aombanndo. UN Dow P og “Sadao 3,3, NENTS 
a 3 SFOS BRE SBaAd soedam, B3,Nn¢ SBa8 SALdAad2, ‘3 Tor 3B 
gneaay) 99° eaen 33, reo wos, BS OCowMAS ard, 3 53, ©0w 
Bone ae, 3, onooc, 3, 3N¢ Zonas woods Bo.H08 Hewes 
3 De, no BH, 3 eowsesaies, 33 3 NGI CoWsNdyay Now. 89m 
adds, 3. 
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Let the equations of S and S’ be 
gy? +2gx+2fy—-c=0 
and a?+y?+29’x+2f’y+c =0 
Their centres, say U' and C’, are respectively (—g, 
and (—g’,—f’) 
and PCO*=9* +f?—e, PC"? =9' +f'—e¢' | 
The condition that S and S’ may be orthogonal is that 
PC is perpendicular to PC’ 7 
re Ge Py Bees | 
ten 9g hf GF Ae eae He] 
Simplifying xan we find that 
the condition that the circles z? Ly? +297 +2fy+c=0 | 
and =a -+-y?+29'7+2f’y+c'=0 may cut orthogonally 
1s 299’ +-2ff' =c+c'. 


Examples 

1 Show that, whatever may be the value of k, the circles 
gy? 2¢ +-2yk--3=0 and 

a +y?+-32-+y+tk=0 cut each other orthogonally. 


Here g=13 g =<, jah; fl=s, c=3, C=k 
The two aga cut et other if 


1.€. a 3+k=3-+k 
which is true whatever value k may have. 
2 Find the equation of the circle which has tts centre 


at (—2, 2) and cutting the circle a?+y?+2e¢+ 2y+2=0 
orthogonally. 


Let the equation of the eo circle be 
x+y" + 29x +2fy +c=0 
Then by hypothesis ee je af 2. 


S DB, §’ NF AXIW«sdeony 


x +-y°+-292+-2fy +c=0 (1) 
aoe, attyt2gq'e+2f'yte’=0 (2) ede. 
CAns BonBnss C Ws, CO’ sad (—g —f) »%, 
Y= (—g'. —f’). Bb, PARP +S — POP=g*4 fc 
BSN BOA DS Cowmohdwewmad awows PC 1 PC’. 
6035. CC’2= PC?+ PC’. 


8005 (—g+9’) +(—ft+f')?=9+f?—ce+g?+fr—e' 


AOFCHATIS, 


- 


ety +29x2+2fy+e=0- 
me, ao +y?+29x'+2f’y+c' =0 
OoWN IO) WesoNdos AwoHs Qg9’+-Of f’=e+c’ 


MMOD ONG 


1 kod de cinaicie ends, 
ae +y?+2e+2ky+3=0 33030, 


rtytsatytk=0 32,n% BIAS Cowan 
GeAmoDWay) Dow S.wcda. 


Ee c=3;, c’ =k. 


W 9=1,¢=—) fob, f'- 
B3,N¢ Bos S Cowen CIEAAOD Wes NwoHSdS 
Q-1° 5 +2 a 34+k S@d 34k=3-+k. 

Edo 3S Grande AH AZ.. 

9 ¢ty?+20+2y4+2=0 BZ, BAX, Gowan GeQRosos 
. > Q) womowa, SeoDjwA2,N WE, DS, AKsorosay ROB, 

a. 
eesoNdos BZ _G Adoedde9 
+y’ +2q¢+2fy+c=0 ADO. 
33,8 68 —g=—2; —f=2. 
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Since this circle cuts the given circle orthogonally — 
29.1+2f.1=c+2 
i.e. 2—-4=c+2 or c=-—4. 
“.The required circle is 2*+-y?+-40—4y—4=0. 


Exercises 6.4 


1 Show that the following pairs of circles are mutual ; 
orthogonal. | 
(i) a+y*—4r-++2y—2=0 and 
a +y?-+ 6x2 —2y—12=0. 
(ii) 2? -+y?+42—4y+2=0 and 
x? -+y?+2¢-+2y—2=0. 
(iii) 2?+y?+29r7-+c=0 and 
gy? +-2fy—ce =0. 


2 Find the equations to two equal circles wit 
centres at (2, 3) and (5, 6) which cut each other orthogonall 


3 Find the circle which passes through (1, 0) am 
(—1, 0) and cuts z?7+y?+2x+2y—1=0 orthoganally. 


4 Find the equation of the circle which passes thro ol 
the origin, has its centre on z+y=4 and cuts orthogonally 
the circle 27+ y?— 42+2y+4=0. | 


6.5 Radical Axis of two Circles— 


Let S and S’ be two circles and P be a point. Let P by 
such that the lenghts of tangents from P to the two circle 
are equal. Then the locus of P is called the radical axis € 
the circles. Thus by a radical axis of two circles, we mea} 
the locus of a point such that the lengths of tangents from # 
to the two circles are equal. It will be seen shortly that th} 
locus is a line perpendicular to the line joining the centre 
of the circles. Also, the radical axis passes through th 
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3 33,0) G3, 53 wae, owmon SedrAaoon 
29-142 f.l=c+2 

wodd 2 4=¢4+2 UBD ¢=—4. 

J, BeMADS 33, 
x+y +4¢—4y—4=0. 


CW,ANG 6.4 
1 RBHOBH SB » OSOTIO BOAT Gowaondoyasoms Sweda. 
(i) 2° -+-y’—42+ 2y—2=0; 2+ y?+62—2y—12=0. 
(il) 2° +y?+4a—4y+2=0; 2?+y?+2r+2y—2=0. 
(iii) a? +-y? +290 +e=0 ; 2°-+y?-42fy—c=0. 
by) BAD OoweoA SeQAo2, (2, 3) BoB, (5, 6) woworieg 
$0 rida, ¢, ada Adds ne AaresdrIrvay, Mow, Sve. 


3 (1,0) ®32, (—1, 0) Wom Bwot ADMD Horio 
ety+2r+2y—1=0 BS,Nex, COWDNA GedzAd G,3,Wa, 
RLF, BW, 


4 DOO NOMAD BwOs AMOS, yty=—4 Sesoo axes 
Geo Bay, Boohd.s ms, x’+y’—4e-+2y+4=0 AF Rad, 
Oowsa Wess ANHsSHdAaL, Hos, HVA. 


6.5 add: B3,n¢ aoneng dead 


S mod, S’ Howey aww BS Neo P norwm wom womoyA 
SNd®. P Mod ads HS Net ave Asroesns wa nv 
Zaomonoonos P20. Sh PO Nom AFH, 3,3,NF Dooog 
Bess DoT sosond,e3, Keri adm BSN sxwooag sesodoows, 
(ABB F,ZNON ABHS WG DY, AAFSeAnes SorowmG Wooo 

Roun? ned now CPFANQbov S.cS. ood sews 
(Roto DPQ) 3,S,N¢ BeoT NAY, AcOAD Sess7i CowHoNdos sess 
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; ° ° . . : ° t and ‘ 
f intersection of the circles if they intersect, | 
eee toth of them at the point of contact if they touc 
each other. (See Fig., 6-7 (a), (b), (c) and (d). 


Fig. 6.7 (a) 
T 
va 
Fig. 6.7 (c) Fig. 6.7 (d) 
Let S=a*+y?+2gx-+ 2fy+c=0 mee EL 


and S’=2?+-y?+-29’4+2f’y+c’=0_ ....(2) 
be two circles. 


Let (2,, y,) be any point on the radical axis. Then the 
lengths of tangents from this point to (1) and (2) are equal. 
v.€. v?+y,2+ 29a, +2fy, +c=2,?+ y,?+29'2,+2f’y,+¢ | 

or 2(9—g') m,+2 (f—f") yte—c' =0 | 
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» D,3,n¢o Esler se) SeHass, Aonwo 


BZN BoA o A SFABT, A BF Wooo 
OBae, 5 Seas oi. (3S) 6.7 (a), (b), (c) 2%, (d) Soc@), 


Bs) 6.7 (c) 


SH2?+y42 2+2fyte=0. .... 
Boz, 8 =7?+y74+29'¢+2f'y+e' =0....(2) QOS BS, NVONTO, 
BWR DOCosoe BOs HeOd SHAMBAO won 
Bocosehod! Nae Doma (1) ao, (2) BBnek ada 
ADF OeNY WG NP Hod. | ? , 
ea Ys 1 Oe a + ots P29 te ae 
be) 2(g—g')x, + 2(f—f')y, +e—C=0. 
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But this is the condition that the point (z,, y,) should§ 

lie on the locus 
S—S’ =2(g—g')x+2(f—f’) yte-—C=0. _....(3) | 

This is therefore the equation of the radical axis, and 

it is clearly a straight line. : 


Also, its slope is — g-8'3 .---( £) 
: ff ; 
But, the slope of the line joining the centres is 
ik (5) 
sa 


From (4) and (5) it follows that the radical axis is 
perpendicular to the line joining the centres of the circles. 


Moreover from the equation (3), it follows that the coy 
ordinates of a point which satisfy S=0 and S’=0 
simultaneously will satisfy S—S’=0 also. That means 
the radical axis passes through the points of intersection 
of the two circles. 


We notice that if we have a set of circles all of whick 
have the same two common points, the radical axis of eack 
pair taken from this set is the same. (¢.e. the line passing 
through the common points). We call such a set of circles. 

which every pair taken out of them have the ,same 
radical axis, as a system of Co azal circles. 


Fig. 6.8 
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CBS AD (x,, y,) Womdy) 


S—S 2(9— 9 +-2(f—. ee acted 
et Aa (F—f)y+(e—c')=0 ..., (3) 0 


.. S—S'’=0 rowseo Dod Fe 33039 NAesOlo. cawdso0> 
AOVSeSS NOwWwB x  ,. 
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anid is IF (4) 


_— 


$eoG,Nvay, Aedzs desdod 3 JI" (5) 
93-9; 

(4) S030, (5)O0B, Boog Sesodoo Seow Nvdo, AedzS dead7 
SowanAdicicn 2073 A ) 


| SO ANcsd!d 3 O00, S=O WB, S’= ANNBOLIN FA, 
420, x3 aoe QwFeSsnNso S—S’—0 eee AD, 233,33 
DOWD A BIBS Bovwoogsessosoo 2S, ra Zoro somone 
WDOT ares. GS NoBGe. 


DOB WONG Bov0O8 Faro 33, NY Nedgpona., SAM#s008d 
TSS NeseHoD OAD BNwddwo 3, 3, ne sonegdessoxo> WOT 
ESNTIS,G (Cows, DBS, Romo? wo.0E8 Bem Sessosoe ao 
13S, ie oy oe sovomagde 55) HOWBA, IQ NHvdswHond. 


| WOH BS NedHoD COAT onyeie NOB BSN wove 
\ WOOF Ses30d0=9, BHD DT Ness, Dd omg & aS, ne 
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We also notice that, if S=0, S’=0, S”=0 be three 
circles, the radical axes of these circles taken In pairs are 

S—sS’—0; S’—S’=0; S’—S=0 which are clearly 
three concurrent lines, as the sum of the left sides of these 
equations vanish. We call such a point at which the 
radical axes of three circles taken in pairs meet, as the 
radical centre of the three circles. 


Fig. 6.9 


Examples 


1 Find the radical centre of the sets of circles 


gty?toert2yt3=0, 
e*ty*®+2r+4y+5=0, and 
x +-y?—7¢4—8y—9=0. 


Denoting the equations of the circles respectively by 
S=0; S’'=0; 8”=0; we have the radical axis of first tw! 
as S—S’=0 or 2+2y+2=0 (1) | 
and the radical axis of the last two as S’—S” =0 

or 9x2-+12y+14=0. (2). 


The radical centre is the intersection of (1) and (2), @ 
the radical axis of the first and the last circle should als! 
pass through this point. : 

Solving (1) and (2) we get 

2 


4 —_— — Fs 


3 — 3 
“.(—3, —#) is the radical centre. 


2 
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Bie >: 
- , 


S=0, S’=0. S”=0 2ow:s) Add DSN, Bs Dood 
BSN SBOATD B90 Con? DWOOOENYD S—S’=0; S’—S”=0 
S’—S=0 SAWS. B&B Anoesdans awyonn¢? WO.) Bow 
DorvyBOos, Si AQoesdeorvo ACwaTds desing Horo somos 
NFO AW AMs,5. Dod ASB AvQ adsgdds2, sAdosrows 
ABFOAD DwOos Seny Aoris Nothsa2, my Y Dod os ny 
BxwWIE Seo, zy, 3,33. | 


3S) 6.9 


MMDBOBNGS 


1 etytat2y+3 =0. 2+y?+2¢%+4 y+5 = 0, 
ws, g?+y’—Tx—8y—9 =0 a BS, NED BOOT 1 Seo 3 302, 
TO) &30000. 


Bg, ANQo.esdendaz, Zaoson S—0, 8’ =0. 8S” =O AoW. WIG, 
BNDSTAd BSNS B.wTogsess S—S’ —0 CRs g+2y+2—0 (1) 
oso, soso Ad BS,NY Boose 8’. S"— 0 SHH 

97+12y+14=0 (2). 


Sadesos aos, aedoh ABte maemogay ase 
SoWEODERGDOON KoMosaoriveTaNDAaoon Boxosogx 80,3 (1) 
ozo, (2) d HOM Qo DomaNwewMoMAad. 

(1) 2032, (2) 2, WALBS y= —2, y= —F.. 


1 (3p — 2) Noose BOF B00, 
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2 Prove that the two circles 
g?--y?-+2ax-+ce= 0 and nit y?12by-+e= 0 touch uf 
1 age 3 
7 ale > Saige 

We use the fact that if the radical axis of two circles 
touches one of them, it touches the other also, and the 
circles touch. 

The radical axis of the two circles is 

2ax—2by=0 or ax—by=0. 

This will be a tangent to one of the circles, say the 
first one if (distance of the centre (—a, 0) from the line is 
equal to the radius Vg?—¢). 

Vae+b? == Va rs 
v.e., 1f at=(a*—c)(a’+0’) 
v.e., if a*b’=c (a®+6?) 

1 1 i 
Bie Ee ee = 


C a? 


Exercises 6.5 
1 Find the radical axis of each of the following pairs 
of circles 
(i) 2*-+-y’—4a—2y—11=0, 2?+y2—2¢—6y+1=0 
(il) 4a" +4y?—16y+5=0, a +y*+y—1=0 
(i) #+y?+ar+bytc=0, 22+-y2-+ ba +ay+c=0. 


2 Find the radical centre of each of the following 
sets of circles. 


(i) +y=9, « +y’—20—2y =5, 
Me oy? +4¢+6y=19. 

() a +y°+4a+7=0, 2a°42y?+3a+5y+9=0, 
x+y’ +y=0. 


(11) x? TY. +2-+2y+3=0, «+7? eo oe 
x +-y’—Ta—8y—9 = 0. 
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2 w+y?+ 2ar+ce=0 82, 22+ y?42by + c=0 


l 1 1 2 
UE + mp BH A SFA) Now SoeOA, 

NOB BSN DwodgHay wos) BS Wad, A dF ABS, Bo3.0,0052, 
A SEAN. BoM H3,NG BOA D A SF As,s3. 


33, BSne sooog ded ar—by=—0. 8 eso 33,8, 
A SF oe BONNWeTIVS BoD) (—a, 0) 200, & SeHMHATD COOWDOS 
B20 SB, Vqr—c 8, AcaorvesoroAao. 


30038 


eas at=(a°—o) (a°-+0%) 
Caray) a°b? =c (a? +6’) 


eee Se es eorvsenartonieo. 
3 


C 


CMO, ANG 6.5 


1 msn 33,0 Cone Bowedogs Sessoson2, sow & C0000. 
(i) 2? +y’—4x—2y—11=0, x +y’—2r—6y+1=0. 
(ii) 40%+4y’?—16y4+5=0, 2 +y+y—l1=0. 

(iii) 2 +y? +ar+by+c=0, ix +y’+be +ay+e=0. 

Q mss 32, neori¢ BIW BoD WAI, Bows %f30000. 
(i) #+y=9,- a? +y°’—24—2y = 5, 

ety’ +4x-+6y=19 

(ii) ot y? +40+7=0» 20° +2y'+ 30 +5y+9=0, 
a’ +y° +y=0 

(iii) ety +xr+2y+3=0, a’ +y’+2r+4y+5=0, 
a? +y’—Tx2—8y—9=0 
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3 Show that the circles 


e+ty=l1, 2’+y’+20=0, 2a’ +2y?+6r+1=0 
are such that the radical axes of them taken in pairs are 
identical, (7.e. the circles are co-axal). 


4 Show thatthe circles belonging to each of following 
pairs touch each other. 
(i) ety=2, v+y—6br—6y+10=0 
(ul) 2 +y’=25, 2a°+2y’—42—3y = 25 


(iii) 2’+y’—47-+6y+8=0, 
x +y’—10z—6y+14=0 ' 


Find the point of contact in each case. : 
5 Show that each of the circles i 
a’ +y’+4y—1=0, v’+y’?+6r +y+8=9, 
xv +y’—4a—4y—37 =0 
touches the other two. 
6 If the two circles 


a’ +y’+29¢-+2fy=0 and 
x’ +y’ +29'4+2f'y=0 
touch each other show that f’g=f9’. 
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$ w+y=l1, aty?+22=0, 224-2? +6¢+1=0 
BSNCO GHASa Sridrsoom a.woog Sesdcsoaiy BOW BBD 


CB woBe GAT AaB (GODS BSNS ows DS NVANBA™) Does 
SOON, 


4 BIW 8s, DOMNGH wow. BS.) sw,odA, A SFA 
BB Nom BoedA. 
(i) a+y?=2, 2 +y°*—6xr—6y+10=0 
(ll) 2+y?=25, 22°4 2y?—4a—3y=25 
(ill) 2°-+y°’—4¢+6y+8=0, 2’?+y’—l0x—6y+14=0. 
BH, BSDoWdErD A Brvorsaay, soTko’ov, 
5 w+y+4y—1=0, 2’+y’+6r-+y+8=0, 


ve +y—4e—4y—37 =0 BENQ BIH SW WAS) 
BSN, J dFAGG Now SOA. 
6 xty?+2gx+2fy=0 22, 
ia? ty+2q'a+2f'y=0 &® SND KOA A SAWS 
f’9 = fq’ DOM SyeOoR. 
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CHAPTER 7 


71 Trigonometry— 

| The word ‘trigonometry means measure- 
ment of a triangle. In ancient days man had felt intui- 
tively or otherwise that a certain relationship existed 
between the sides and angles of atriangle. In some of the 
special cases he was even able to calculate an unknown 
side or angle of a triangle. This process inevitably led 
him to the definition of certain functions of angles which 
are called the ‘trigonometric functions’. To day the word 
‘trigonometry means the study of the properties of these 
trigonometric functions. 


7.2 Rotation and Revolution— 


If an object spins round itself like a top it is 
said to rotate. This motion is called rotation. If an 
object moves round another object, e.g., a mile runner in a 
round track race, it is said to revolve. This motion is 
called revolution. We say the earth is rotating about 
itself and revolving round the Sun. 


7.38 Direction of Revolution— 


Consider a point P moving on the circum- 
ference of a circle of centre O. P can move in the direc- 
tion either PORP or PRQP. Though the total effect 

we ty when it revolves once 
round O is the same, the 
directions of revolution 
are different. In the first 
case P is revolving in 
the anti-clockwise direction 
and in the second case in 
the clockwise direction. It 
is customary to denote 
the former motion as 
positive and the latter as 
negative. 
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PART II 


: 


7.4 Angle generated by a revolving Straight Line— 


In the previous example let the straight line 
OP revolve from the position OP to the position OY. 
In this process it is said to generate the angle POY. Itis 
measured by the amount of revolution of OP from OP to 
OQ. Thus a straight line revolving about a fixed point 
on it generates an angle at that point. 


7.5 Let X’OX be a fixed straight line in which , 
O is a fixed point. Let a revolving straight line 
start from OX revolve about O in the positive direction | 
and assume the positions OP, OQ, etc. The angles, 
generated by it are XOP, XOQ, XOR, XOS (all measured 
in the positive sense). When the revolving line coin- 
cides with OX’ the angle generated is 180° or a straight 


angle. 
Z XOX’ = 180° 


y 


LXOY'=270° 
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Z XOY'=270° 
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When the line returns to OX after one revolution | 


the total angle generated by it about O is 360° or 4 right | 


angles. | 


If the straight line revolves further it will be gene- 
rating angles of the form n. 360° -+-?" where n is a positive | 
integer. indicates the number of revolutions and ¢° 
is the angle measured to the present position of the | 
revolving line from Oz in the positive direction. If n | 
is negative we shall still reach the same position (OP) 
but after completing » complete revolutions in the 
negative direction. [Fig. 7.3 (2)] 


nr positive urvteger 


7 


Fig. 7.3 (1) 
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Fig. 7-3 (2) 
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7.6 Measurement of an Angle— 


The height of a person can be measured in 
meters or feet or in any other convenient unit. Each. 
system has its own purpose to achieve and may have | 
its own special advantages. The angle generated by 
a revolving line about a fixed point on it in one complete | 
revolution is divided into 360 equal parts and each part | 
is called one degree. One degree is divided into 60° 
equal parts and each part is called one minute (of arc); 
and finally, one minute is divided into 60 equal parts | 

' 


‘ 


and each part is called a second (of arc). | 


x degrees are written x | 

. . ‘ 
y minutes are written 7’ 
2 seconds are written 2” 
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70° 15’ 44” means 70 degrees, 15 minutes, aa 


seconds. | , : 


77 The above system of measuring angles is 
termed the sexagesinal system. Another more con- 
venient system for measuring angles is the radian — 
system. It will be explained in paragraph 10. | 


7.8 Two important properties of a Circle— 


Consider two concentric sircles C, and C, of 
radiir, and rf, respectively. Mark mn equal arcs 
A, A,, A, ee pee ae , A, A, on C;,. Produce the 
radu OA,, OA,,. . . . OA, to intersect the circle C, in 
the points B,..-B, .. .. Bos eenen Boe ne 
Bn B, are equal arcs on the circle C,. From the similar 
triangles OA, dA, and OB,B, we have 

ra 
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= dachbiaaiaty 


70° 15’ 44” a0dd 70 GA sive, 
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ADRS SOANVAL, MdSA. OA,, rie: OM. ] 2 NGO Ci PARC 
On, B,, Ba..... By, womonvg sone BOX on BB, 
eB. B,,:, B, B, 9 C, 28,0 BDLOTD n ee OAM POM ea). 
OA, Ae Sd, OB, B, DH, D HDGODW SF WoRUNVoD 
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és , 
we, 7.4 
A, A, OA, _ "1 , aot 3903003 ,,€2 
B, B, OB, oP 


oe Ads *, Age ae 
Similarly, BB, = BB, Sees egies 
A,A,+A4,A,+ Wass +AnA, 
if Ts B,B,+-B,B, + oe + BiB, 


perimeter of the polygon A,A,... Ax 
perimeter of the polygon B,B,... Bn 


Let us now choose the successive pointsA,, 4,,... An 
as close to one another as possible. in the limit when | 
the number of points tends to infinity the polygon; 


A, A, .... An becomes the circle C, and the polygon 
B, B,.... Bn the circle C,. 

t, circumference of C, 

r, circumference of C, 


— 


., circumference of C, o r, 
circumference of C, 7, 


Hence the ratio of the circumference of a circle to its 
diameter is a constant, the same for all circles. This | 
constant is denoted by the Greek letter x. ; 


The circumference of a circle of radius r is 
equal to zd or 2x7 where d is the diameter. | 


7 1S an wrational number. Its value cannot be | 
expressed as a fraction, but approximate values can be _ 
given. The Greek mathematician Archimedes gave the | 

cc 


22 
approximate value se ca A more accurate value 


aS: 1416 was given by the Indian mathematician _ 
Arya Bhata (499 A.D). To eight decimal places 
w7=3.14159265 
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er = 3.1416 “ID AH,HQ, ANKDADONG; BIH a 


 BeROSoe Booms BoOand__ 


SiN, WOMNASS IWe,om) woos Ay, Ag... > An RODDNA2, 
HOS D SHR, TDxTAo Ios vOsncea. wordy adanaH* xsd, 
SNozs, NdmeN A, A, .... A, Werbowy C, 3S WOMB wosd, 
B, B, .... B, “Rynwey C, 3S OTRADD. 

_7, ©, 33,8. 800 

““t, C, 33,0 0 

“. C, 38,8 B00 «x, 


—s se , 
C, B30 WOD cc 15 


VD 00H WOM) HSH HOH BBW, BANG THN woo 


S = 3 
AD AD. - WAS DSANINS® wode GAD. BWAGD As oor 
rea) 5? oO e) — Q 4 a 


op ABB ALS HOBeSOHOG AwsAOoNT. 


Toxo oka y 3% DOIG WOT RR) WOO ad BAS Zar (d 0820 


3 
BBG WF) DoD SSoNIQOd 


q WOT VAONOW, HOss, OoRNG. "DO WUODoA, WOM wa 
TISOH) TAB woowhv MFAQ; SHS AHxwo werva, sow 
Warts. few MEISE CSF DOBEADO 7 O59 AA OBS 22 EMAdons 
Gao.  wedseOd Nees 80,383, (499 3. 5.) RAW WS 
2 ’ z @ 


aw 2S 3614159265 BACB. 


7.9 Inthe erg circle C 


of aA a .1An, A, are n equal chords# 
=ty 4429 £°2)9 3” 
It is clear that 


0 A, A,, O A, A;,.. O An A, aren equal triangles | 
in the circle. If A be the length of the altitude of a 
one of them, we have 


795 
WO. A Ane, ook 
ry O A,A,=% A, A. r 
A O ArA,=3 AnA, Pa 
Adding — 
2 AO AAS she Aye 
.. Area of the polygon A, he aget as ae 
=—* Ri natae ter of the polygon A4,d,.... An] | 
Now increase the number of chords indefinitely. ; 
In the limit the polygon 4A,A,... « 4, coincides with the | 


circle C and becomes ‘he eras r of the same circle. 
Area of the circle, C 


r ~ » a ‘ 
Ns [circumference of the) 
circle, O] 


Oe = 


i s 
ae _ Ti — 7 
Z 
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oa 


—=.9 ABdR0HAGS C DD, oy 3,BQ A, A 9) AS A,, 
‘ i , A, ay n HOLD a, NS. ecomoce OA Ae OA. Ao; whe 
3 04,4, WY BT Be ayNGos n R2XRD 3 edoeerisay ed AW. d 


wad Seto 08K wots 8 YOR Cowes, 263M. 3, 


%, 
eee Tb 
ra 0A,A,=3- A, As. x 
A OA,A,=3 Ag A;- i ‘ 
A 0A,A\=4-4, Ay 
A, Agsiice A,, BBYNRG FeSO 


bed [A, Ae Ay WRYHRA Ws, FS] 


Sar wa,Ne Fos 5, 030902, DIZHIQUHS NOA DODIIDH A, 30909 
th Ae... Ax Swaeus C 33, BmoO7nr 28 saris sf 8030, y wcie 
5308 3%, T eToWoO. 


a? 33,6 geste = — [0 33,0 BOO] 


) 


7.10 Radian— | 

In the adjoining circle an arc AC is taken equal | 
to the radius r of the circle. Then the value of the angle } 
AOC is called one radian. A radian is the angle subtended © 
at the centre of a circle by an are whose length 1s equal to the | 
radius of the circle. This definition implies that the radian | 
is independent of the size of the circle. | 


711 We know that in a circle the ares are pro ‘ 
portional to the angle they subtend at the centre and wice ; 
versa. Hence in the figure no. 7.6 we have 


of a right angle 


Fig. 7.6 
Z AOC arc AC r . 
ZLAOB ~ arc AB ~ 3} {circumference of the circle]! — 
4r 2 
Dak ie 
2 
1 radian = 4 AOC = =. £2 AOB 
2 


= constant 
Lhe radian is therefore a constant angle. 
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. Se Boro 
 RBSL0HAads BIBQ wad SuyrR xAdndmoNdd 
wos AC s0ADaD, HooS3 SOONG. AOC Baedssar, wots Se@ooa® 
ee BOOS, eS. wom BIB I, De ¢ Os, AWD WHO 
OAD) SBS5 Seo BQ owsA0s ne) Som ce@cba®, <3 


2, 55,089 BS Sao Senodars WS BIW MBH, CHOoWAY vow 
secsoaa. 


| if i. WOT BSOUS soars Ly seoWHQ swans seeded 
BB cdsOsoioons ADS AGocmA Seon 3890s. wABOon 
% rae se, 39 


( oe 
% b 
ws; 7.6 
ZAOC RAC _ r 
7AOB XAAB }[8,3,3 ZOO] 
oer. 4 ae 


9 
- 1 deBodon® = f AOC 2.8 7 AOB 


T 
_ otis Badass | Ade Hos 
Tt 


— WOW A ro) 70 35, 
esioO0T Seon” 20030 4 S SDCdwoN. 
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712 A radian is usually written as Ir. Its value is 
given by 


<x 90° = 57° 17’ 45” (approximately ) 


*@e = 180° 
x radians are equal to 180° 


This gives a relation between the sexagesimal and the 
radian (or circular, as it is called) system of measuring: ay 
angle. | 


7.13 Length of an are of a Circle— 


Let an arc AP of a circle subtend an angle ¢® 
at the centre. If the length of the arc be /, 


are AP | 7 4r 
arc AG. LACE 
ie 
oe ¢ 
ieee I 
Note that ¢ should be measured in radians. 


Fig.7.7 
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T-12 wows Se@odoaxo, DONT, DN le now. woosod esd, 
330 8S 


2 
1¢= — x 90°=57°17'45” (Ae Oda/) 
= @ 


D) 
aoces,. - Lo aa ee x 90° 
Tv 
ee = 180° 
q CCB NS. 180° AsDdAz. 
BH BeVS, RA 05 Bos, SeBooa (VPxo Bd, Veonons 
BesoWaB) arene S snenaar, 233 Drews amanen BOA S 
Row07 aS 


7-13 BS, S080 WH, 
AP AWD WOT BB,805 80D, BO He saedsar, ovsTO. BoA 
TOD | DODDS, 
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7:14 Area of a Sector of a Circle— 


Let the area of the sector AOP (angle 6°) bé 
Then, since in a circle the areas of the sectors ar 
proportional to the angles subtended by them at the 


centre, we have 


sector AOP _ 
quadrant AOB 


bo] 3 |= 


2 l : 
Area of sector AOP, S= 20 ioe — r20 


Note that @ should be measured in radians. 


Exercises 7.1 


1 Express the following angles as fractions of 7~ 
(a) 15°, (b) 22° 30’ (c) 45°," (d) 75°; (e) 97° 30% 
(f) 150°, (g) 210°, (h) 300°, (7) 390°, (7) 420 
(k) 442° 30’, (1) 637° 30’. 
2 Convert the following angles into radiar 
4=3. 1416)— 
(a) 25° 50’, (b) 37° 30’, (c) 82° 30’, (d) 68° 4 
(e) 157° 30’, (f) 247° 30’. 


3 Convert the following radians into sexagesimg 
measure— | 


(a) Se (0) Se A ven (ea i 
32 Qn l7z 
(f) 7? (9) io” (h) 72 


7-14 QgHad, CeBodasQosre VISHNBWebs QowsAay, NawoxArses 
wo RCFE Doles ges b BO 

B,S,DeS AOP (Roes 9’) Bes) 
33,5 D S,D0BNs ses sors ve 3, 


xO G aods®. x0md 
) S 
Bwrdd Foeans VW BS, OIQHQBo0os, 


3, DOwNY seo BO 
is OR 


AOP 33,08 


AOP MDB > 

33.00 AOP od sesso, S= 29 =H 

aa. ee 
=| ee 


=) Dao, SeBodoasgQgoine SYSANBBWes Norway, MBOAsedo, 


‘2 


1 & SAS Boeanvgag, ~ So Hd, dvdNgaN wood — 


(a) 15°, (b) 22° 30’, (e): 45°51 May B75" 5 
(e) 97° 30’, (f) 150°, (g) 210°. (h) 300°. 
(i) 390°, (j) 420°, (k) 442° 30’, (1) 637° 30’, 


Sya,anvo 7-1 


2 3s 89nd soednvan, SeBdosoa A BOHIrs —(7 = 3-1416) 


(a) 25° 50’, = (b) 37° 30’, (c) 82° 30 
(d) 68° 45’, (e) 157° 30’, (f). 247° 80’ 
3 si eens ceAnoa nda, Ra 08 Bd oA DOsIFA— 


3 Vx Dar 
(a) Dy (b) gee (c) +s 
5. 7 3a 
(d) 48 (e) &% (f) =, 
2 a 1 Tv 
(8) oe (bh) +5 


4 A pendulum 20 feet long swings through J 
angle 15. Find the length of the arc traced out by its 
extremity. Find also the area of the sector described 
by the pendulum. 

5 The perimeter of a se tor of a circle is equal to” 
one-half the circumference of the circle. Find the angle | 
of the sector in radians and in degrees. 


; | 
6 Findthe radius of a globe such that the distance 
measured along its surface between two points on the 
same meridian whose latitudes differ by 1° 10’ may be | 
1 inch. 


7 <A wheel of radius 3 feet rotates 10 times per 
1 second. What is the length of the are described by 
a point on its circumference in 5 seconds ? 


8 The three angles of a triangle are 2°, y° and. 2" 
Prore that 
7+y=180 [ a =| 


T 


9 A train moving on a circular track of radius one 
mile turns through 7° in 11 seconds. What is its speed 
in miles per hour ? 

10 What is the area of a sector radius r and length 
of the arc 1? 


7.15 Trigonometrie Ratios— 


Consider a _ rectangular co-ordinate system 
Ox, Oy. Take any point P(z, y) in its plane. Let 
OP=r. Let £vOP measured in the positive sense be 0. 
Draw PM perpendicular to the w-axis. PWM is called 
the opposite and OM the adjacent side for the angle @é. 
OP is the hypotenuse of the right angled triangle OM P. 
The usual signs to the sigments OM (=z) and MP (=y) 
and MP (=y) are assigned. OP the hypotenuse is 
always considered to be positive. The trigonometric 
ratios of 6 are defined as follows : | 
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4 20 S&B WAG wom. Geeosy 15° oxy, Beds, ev00, 
OMAR. CA $2803 OwsAD BosD WB, war, sowoc Sta0d00. 
CweOswy Sexo ORS b, DOWD Fes Ly FODSL, $0200. 


5 wom DoBS HIS. & BT,B DOH vHrs, 


and. 33, oa Snedaian, SeModa'sQaine aN r¥doine 
BoMosoBo0od , 


GB WoD) TASS SxOH woWe Ay, Seo (Ses2050) 
QHD HOB. NoDon¢? se gona BOO ] WOM GAD, S ozo, 
Bteics Nomons SFoo0sny 5,32, rt eal 8 SID, 88 Racsa 2%, 250) 
SOT) &&00.5. 


7 3 668 37%, HOS WD) ws ay Ado 10 AO SHS ASH. 


CBO DOH SOBs 20 Weds 5 ABomNGO GwAD sors 
WB BA, 2 


8 wot BS Fedd drxo0d soesned x, y? HS, 2°, 


£-Ly = 180 1 =| WOR ADA, 


ZB BoeS wWWS,co8 5,Od Wow 
3 


9 WOT 2,09 HBAS B 
©> wood sen Totsriaiy, 


oS 
11 | BSODINGO Toss. BOATS SG. 
C~ — 


10 2%, 7 Soe, sonics evr, | tbat aoc agnou ges, 


OY ARB LOW se la i WOT BAO, wOdSeCOR 
SAd Awsgong P (x, y) rcaaie WRBDIDWOLOD) + NoWHA, 
Sichéne,, OP =r a0dod. CHAR (Gare, 8) agod?) 
XOP %2 Sea 8 g noQde. Pic, D- 2088, Sows ager, 
Q@ now soon A »-P M2, DNBOd Bore eats OM, BS,O woweso@veo 
Eonee O Poo ‘OM P ambos 38208880. OM(=2), 
M P(= y)i% (90%) DG Cos Heandoessoor? =Qbo3 SH, NA, 
eanyg pe WOOD Sedo. OPS (89, B)) AD BAe, saanooa) 
Bom fib 3 B.2eL9DI2E009 ZB Bmconsae, gent S20a0 
Se Sood BHOAS ces, 
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Aad) 
14! 


} 
| 
: 
| 


v3, 7°8 


_ Opposite side 
hypotenuse. 
=sine ® or simply © 
sin ®. 


M 


x 
POLY) 


— sine Qc) SHsd AIOWDAA gin (Pp 


149 


~ 


OM 2 _ adjacent side 


OP r hypotenuse 
=cosine ® or simply cos? 


Opp. side 
L adj. side 
=tangent or simply tan @®, 


OM _ « —<pdj. side 


MP y opp. side 
=cotangent @ or simply cot ® 


OP _ r _ hypotenuse 
OM & adj. side 
=secant @ or simply sec 
OP _ r _ hypotenuse 
Fe opp. side 


=cosecant ® or simply cosec @ 


7.16 From the definition the following properties 
of the trigonometric ratios follow — 


(1) For a given angle @ its trigonomitric ratio 
are constant. 


For, take any other point P’ on OP (see fig J 
and draw L’ M’ perpendicular to the x-axis. The 
from the properties of the similar triangles it is clear tha 


MP =) Mae ies 
OF rae 


OM’ OM - 


“OP “op COS @, etc. 
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ae 
e. 


OM x _ 38,0 ye 
r 


OP =.= a = cosine CWA AoW. cos 

2! ee =f t hb S@do DMOWvoh 

te a re > ‘ 

OM 3 3B. wwe angent PD ROWAN tan PH 
eS t t PYBweo Saon 
= commen RHOWD 

MP ya. we en ° “coth 
oP t 8G, secant p GBH RowaA 

ee = ¢ C PWD AIOWAO 

O G Benes sa e Spee 
OP r si0) 

a %  —cosecant © SHH AMOYwWadIA 
“uP Sree :p cosec® 


7.16- SSet@aQoSecd DAWONY so,55,000008 Si ses 
Meany, 290305,¢39-— 


(i) WoT MAT,G Bees h NowWwAT SBermMoIecs DywIe9 

NY A, SaoAD. H8od, OPO Ae P! AWW Wedwom noma, 

Sfichen8 . (3S, 1 s2e@) P’ M’ 32, x- Sas, Cows HPoHd. 
57 cae &) aeeony MLNLTon, 

MP ie MP = sin® 

OP’ OF 

OM’ OM 


—* _ 2 = cos 850.8 AW oN. 
OP “haere 7 aati 


gt 
2 Eo: eae 
(8) ten = ee © aeog 
r 
. ee ig ee _ cosh 
is pea Se sin 
1 
3 Se ee 
ae ¢ ” “5 Seam 
1 
aU 1 
AP Oa peer Bp peta ts 
cosec ae <r A 


(iii) OM?+-M P?=0 P? 
a? ty? = 7 


ey s(t) 
r r 
(cos ©)? + (sin @)? =1 
It is customary to write (cos)? as cos? @, (sin ®)? 
as sin? and so on. 
cos?) + sin? @=1 (7.1) 
Dividing throughout by cos?@ and sin*@ in turn, we get 
1 + tan? d= sec? @ | (7.2) 
cot? @ + 1 = cosec? @ (7.3) 
These three relations are true for all values of ® ; 
They are therefore called the three fundamental identi- — 


ties of trigonometry. If one of them is remembered the — 
remaining two can be easily deduced. 


15] 


| 


(11) tan @ = 


je 

\| 
= 
Ss 
i 


coU. = a = : = EE SY 
7] tane sin ~— 
r 1 
ict me 1 
Lo cos 
r 
cosec cd = vel =— Me == : 
Y 7] sin = 
Pe 


(iii) OM? + MP? = OP? 
2 + y? — 


2 2 

(=) Ts (7) - J 

3 r 

(cos -—)? + (sin)? = 1 

(cos @)? &2, cos? @ Dom (sin )? a2, sin? © 
DOTA BowoFah WSWWw.Ay\Ad wWoas. 
- cos?@ + sin? d = 1 1G 
sin? @® ANP BWIA BoeOd 


cos? p =, 
BarEOOAAd, oNAayAo DIOS 1 -!- tan” se sec” @ 7 2 
cot? @ + 1 = cosec*®..., 7.3 

Gp B2cna Be) VENOND Bi Dodd AowWoHMnvys 


Bega HOON WQ. Sok. 
FS, Dons. 20:000R VANYA2, 2 BVLlINITIA,G WO) WOO 
— 6 a” ° — ~ 
Qe, naocsoconvo amots ECOHEANG. VANYQ woHAr, WEIYESO 
~ onl ~ 2 


$.n0Gd wwead@an, & 932Wa0T. 
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Exercises 7.2 


1 Prove the following identities— 
(1) cos 8 sec Otan@d =1 ‘ 
(ii) (sec2A—1) cot? A =1 
(ili) cosA VeoPA+1 = Vv cosec2A—l1 


secA a tandA 
(lv cosA cota 


(v) tan?@—cot?6=sec?0—cosec?4 


2 Show that— 


: ‘ 2 ° 2 E 
(i) Pale Bsc) 2 
1+tan? 7 cota 
(11) cot29, S°c9—l 2 aitt, sin?—1 _ F 
1 +secd 1 +sin@ 


(i) (sec?a-+tan?u) (cosec?a +cot?a) 
=1+2 sec?a cosec?a 
(iv) (sinacos8 +cosa sing)? 
+-(cosa cos8—sina sin3)?=1 


v) sec? « tan? 8—tan*® a sec? 8=tan? 8—tan? « 


Sead L=COSu COoS8 cosy 
Y¥=CoSa coss siny 
z2=coSa sing 


os sin a 


Show that 2?+y?+2?+-2=1 


a ee 
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CWO, ANG : oe 


1 BH SPAD OS, AQoesseonvay, AOA, 
(i) cos@ secé tang = 1 
(ii) (sec? A — 1) cot? A= 1 
(ili) cos A Veot? 4+1= vcosec? A — 1 


secd  tanA _j 
cos A cot A 


(v) tan? @ — cot? 9 = sec?6 — cosec? ¢ 


iv) 


2 aA, AOcIoM. FOHA — 


tan* a & 1 —- cot? a 


A alls = sin? a sec?u 
+ tan« cot? a 


(1) 


apo <a 
1 + sin @ 


t BO ott 
secté sin 1 


i 


(iii) (sec2a + tan®u)  — (cosec* a + cot* au} 
— ] + 2 sec? a cosee*a 


(iv) (sina cos 8+ cosu sin B)> 
+ (cosa cosp — SMa sin@)? = | 


(v) seca tan?g — tan*u sec?3=tan®8—tan?y 


3 g7—COS a COSH COSY 
= COs a COSG siny 
z—cos u sing 
t—sin a ROTTS 
> d 9 
g? + yre+etP= 1 Doms BacdXO. 
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4 Show that 
3 (sin «—cos x)*-+-6 (sin £+€0Ss zy" +-4 (sin’ z 
+cos’ c)=13 
5 Show that 

l i; pee I a 
cosec A—cot A sinA sin 4A_ cosec A-+cot dA q 
6 Prove that — : 
sint A—cos* A=(sin® A—cos* 4) (1—2sin’ A cos? Ap 
7 Show that a 
: 1—sin 6 

(1) / 


= sec 0—tan @ 


1-sin 0 
as 1-tcos @ tan 0 
(it) AY po tee 
1—cos 0 sec 0—] 


8 Eliminate « from the following equations— 
(i) r=acosat+bsina, y=acosa—bsma 
(i) z=acosat+bsina, y=asinu—Ob COs «a 
(in) s=ctanu, y=cseCa 
7.17 Signs of the trigonometric ratios— 
By definition of the trigonometric ratios 


Yu 


Fig. 7.9 (1 


4 RQr0— 


3 (sin x-+-cos x)* + 6 (sin «+cos x)? 
+4 (sin® x + cos® x 2) =13 


5 AAO 
l ies 1 l 
cosec dA—cot 4 sinA sin A cogec A +cot A 
6 O25 — 


sin’A — cos 4 = (sin? A —cos?A) (1—2sin?A cos?A) 
£) Se ApD_— 
i = 
(}) in sin 0 = sec 9 — tan @ 
1+ sin @ 
(11) 8 0 g tan @ 
l1—cosg sec 9—1 
8 Bi SPAS AQLsSIINGoG 4 Bay, DAVAO — 
(1) w=acosu+Osina, y=acosa —bsina 
(ii) c=acosa +Osina, y=asinu—b cosa 
(lil) c=ctanu, y=Cseca 
T.17 JSaclIMseN DB AVINY BH, No 
3 2 SALCINBEW FB TD WIWOONE Dod DB Wood 


y' 
(2) eS 7°9 (2) 


L 
sn®@ = , Pcos = — 
r y 
tan @ = Jt cot @ = ; 
re y 
\ ; 
sec@ = _,» cosech = — 


In the first figure @ is inthe first quadrant. Here both 
xand y are positive. Therefore allthe trigonometric ratios 
are positive. 


In the second figure @ is in the second quadrant. Here 
xis negative. Therefore cos @ tau @, cot@and sec @ are 
negative. 


In the third figure ® is in the third quadrant. Here 
both « and y are negative. Therefore sin ®, cos 0, sec @ 
and cosec ¢ are negative. 


In the fourth figure @ is in the fourth quadrant. 
Here y is negative. Therefore sin@, tan@, cot@ and cosec 
@are negative. 
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IB SOS Date 


es r 
sec d¢=-, cosec ¢=- 
2 Y 


WOBAOI SBS o WON MDHQS. AD x W3d, y NOB 
BAS, FIONA. Scsciood aL &, Bnetgdoseods x J waseortie aos, 3 
aos. 


ABBAS GS ,AQ g ABBSe DAA. Ay DIS, SION, 
BMDBOG cos ¢, tae $, cot ¢ 3 sec ¢ norsog, Samo Ns5. 


Dowdso US BD yg Bwdse WAGQS, AW g WH, y 
NVOSM WoMS ,, STN, C8739TIOOT sing, COSH, secg, _ od 
cosec sored, sDOND. 


RIO, HOD WS BO O WY, de MBGQYS. IQ y Wows, oon. 
ecioidos sin +, tan ps cot > B32, cosec P M27S, SION. 
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The adjoining figure gives the summary of the above 
discussion. 


y' 
Fig. 7.10 


The student will easily write down for himself the 
signs o the remaining trigonometric fuctions, viz cot 4, 
secg, cosecd? in_ the several quadrants, from their 
definitions. 


Exercises 7.3 


4° Tf Gino = 2 snd ea ae 
sin ge OS een <—-— 


calculate the value of the expression 
7 cos 06 — 6 tan 0 
4 cot 0 -+ 3 sec 0 
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AWWOMCONDS 23,3) soeOs aresoosd ATLIHA2, AcoQard., 


y 


y 


3S, 7.10 
“AAY,LB J SOecdNe0 MF AAW cot g, sec %, cosec ?, 
Wane wes Wed MANY DHOWBAY, wane wo, 3, 


RNY 


NGoD Oya 3° JWI. 


Q39 
Sy, ANG) 7.3 
2. a, < 0 <7 SC 


7cos9— 6 tand agg Sodoaa, sowosoBord 


4 cot @ + 3 sec 8 
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[Here OM « 12. Since it is in the negat ve directicn | 
of the z-axis m‘nus sign should qua'ify it. Therefore 


¥ 


find the values of the remaining trigonometric ratios of @. 


—3 
3 If tan? = and 5 < 0 < x ca'culate the value 


5 sin 6 + 6 cos @ - 
7 cot 6 — 8 sec 8 


ages 
4 Ifsind = re Show that 
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[SQOM « 12. et g vas ohms s Asody 
128 &075 oeoe8s wdese2ezo. ae « ahaa: 


ay 


y 


| 7 ae = 
5. Gos ee ee Oe Pee fp Std 
AES Y BoeceIdoScOds DWWCONYag, Fowotolovod. 


3 tan @ = —3a2, Z<¢ < _ ead 


4“ 


5 sin @ + 6 cos ceteste wodox9, 


Qi SE SOT %f30000. 
7 cot @— 8 sec é@ 


2 2 
e re Ais corer 
ne o= ee 8 GHO 


(p? + @*)? 
6 = eS eee 
a Bigl o8 2nq (Pp? 7°) 


m2 +- 2mn 


5 Ifsndé = —~———_—, 
m + 2mn + 2n? 
prove that 
2 ' ie) F 
+ 2mn 
fan 0 se 


2mnn + Qn? 
7:18 Trigonometric Ratios of some well-known angies— 
We now proceed to calculate the trigonometric 
values of 0°, 30°, 45°, 60°, 90°, 135° and 180°. In all the 4 
cases P(x, y) is a point in the Ox, Oy plane such that Z OP 
in the positive sense is the given angle. OP=r, is always | 
positive. PM is drawn perpendicular to the z-axis. 
(a) To find sin 0°, cos 0°, ete. 
When Z cOP = 0°, P. concides with JW and so, 
z= OM = OP =r, y=MP=-PP=0 


:<pin:.O* —4—9, cis 0° 2 2 4 
‘8 T Yr 
> ° 
ough oa ae iad) J <a 0 
cos 0 1 
3 
| 
| POY? 
} 
; { 
x Le 


y Fig. 7.12 
1 


tan @ + cot 6 = eee 1) HOWIA, AAO. 
2pq (p- — q*) 
m? 2 mn 
m®—-2 nn +2 n? 
tang — Maem DowoDay, AHA. 
2mn +2 n? 
"7-18 S05) DwOws Bocas Sdaecadoseor at aivecortys 
: aowen 0°, 30°, 45°, 60°, 90°, 135° 3033, 180° 
a S BACH SCO BD BICINGAL, BoWrtioSBosoOo sooowowoos weed 
©Q ABYBENIFOOd.O P (ax, y) DX YR Ox, Oy AWSOBY WOH 
os WoSd, 7 xO P&>: > 83 3 380 aso?) as. Sedans. 
OP=r BRmno® Bay, Sade, 3. PM a, 1-238, 
Oowaah AFosor3esd. 
(a) sin 0°. cos 0° Rw05aWosA, BOM ABOWNE, 
ZxOP=0° Saar Pox MaQ ne mVAdAB.. SMGooD 
z=OM=OP=r, y= MPF) 


sin 0°= Y — Q. cos 0° =t=t= 1 
; 


5 sin 9 = 808 


sO... <0 
(OC ane —-= 0 
cos Of il 
| Ptr, ¥Y) 
| 
Soc ; 
0 M I 
Sy 7 18 
yy’ 


cot 0° = 1 _ infinitely great 


tan 0° ; 
l l 
0° = —- —=-—1!1 
eo cos 0° 1 
l 


cosec 0° = — , infinitely great 


o| 


(b) To find sin 30°, cos 30°, ete. 


In this case we have 


MP =y=~andOM=2= Vf 7-0 


tan 30° = 


— cot 30°= 7/3, 


sec peated , cosec 30°=2 
V/3 


(c ‘To find sin 45°, cos 45°, ete. 
In this case, x=y and so 


¥ 
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45 


tan 30°: =, cot 30°= V3 


rey? 
o 


sec 30°= ay cosee 30°=2 


? 


Bi xontraO, »—y. wcdoon 


E 


83) 7.15 
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(c) sin 45°, cos. 45° BoooTowHsay, sowoAoove, 


f= V 92 +2? == V2. L 


ens ie means SS 
r / i J 2 
cos Bee ©. * ees 
/ V2 


tan 45° = 1, cot 45° = 1, sec 45° = V2 
cosec 45° = V2. 


(d) To find sin{60°, cos 60°, ee 


Fig. 7.16 
In this case, x= = 
V2 
Y — V fp? — x? = oe r 
sin 60° = J_V3 cos 60° = oa 
r 2 ey 


ee een a ae eae Oe ER, 


ie, a 


ee BET bi toe — 
T= 4 gt 4? — V2.4 


sin 45° = VRS 
7 V2 
cos 45°=2 =_* 
ee 


tan 45°=1, cot 45°=1, sec 45°= 1/9 


cosec 45° = /2 


(d) sin 60°, cos 60°, *0Sotedso, ow wBosnn#, 


Y 
| P (2,4) 


tan 60° = 4/3, cot 60° = cade nec 60° =a 
V3 
2 
cosec 607) => e== 
Vv 3 
(ec) To find sin 90°, cos 90°, e 
In this case, OP coincides ae +e y-axis. There “ore 
M coincides with 0. ‘ 
OW = 2=). MP = on. 
sin 90° = 4 =1. 
estys af 
6090" = Ses ae 0 
‘ YT le 
tan 90° = -, infinitely great cot 90° = 0 


i 
Q 
sec 90° = * infinitely great,cosec 90° = 1 


(f{) To find sin 135°, cos 135°, etc. In this case 


numerically 
OM = MP -. S&S Y. 
But OM is negative. 
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tan 60°= /3, cot 60°= 


eee. 60° = 2: 
Vv 


wo] 


2 
Sosec 60° — 

V3 7 
(e) sin 90°, cos 90° WN TIDIBAY, BOMIWABWIAT. 
a reckirsg OP®s>2 OY- GIBO NE mrAq. wAoDddoa 


" ML. OQ a8 moroaao, 


SOM 26 MP=y=OP=r 


sin 90° —7 = 1, Gas. 00°26 
ae 

tan 90° = » GRR S,, cot 90°=0, 

sec 90° = CAORES,. cosec 90°=1 


) sin 135°, cos 135° B»woBoDosro, someoBosnas. Ss 


RCnAraD OM, MP NP ABU AdORADAS. «| g = y 
h=[aje) OM oes, BOND. 


y' 
#3, 7.17 
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Frit, 
<Sn, 


Wa 1. gf pels y2 4+-y° =F 
og? = 2 re 
1 je 7 
t= ——.~, Y = —— 
V2 V2 
sin 135° = Meet ti , cos 135° A ee 
r a / 2 
tan 135° = — 1, cot 190° eee] 1 


sec 135° = — V2» cosec 135° = V2 


(g) To find sin 180°, con 180°, etc. 
In this case OP coincides wi 
tion of the z-axis. 
Therefore PM = 0 
Re oe ae 


th Ox’ the negative direc | 


— r (OM is negative) 


Fig. 7.18 
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. OM? + MP2— op? 
e+ 2% = y+ y2 — 2 


r f 
“oy — —, y= + rs 
V2 V9 
‘ é 1 
em 135° — # = ee, cos 135 a © ee 
ie V2? i V/2 
tan 135° = —}], eot 135° .— —ih 
Boe ia V2, cosec 135° = V/2 


(g) sin 180°, cos 180° BnomamHar, somwAcsnoé. 
Bi AOWWEABQ OPos OX'dsd (x~-S30 WOES, & Q3) 28, 
mY. CHGS PM =0 -.c¢= —r (OM d0zFS, f) 
yaa 


33, 7.18 


PART Ii 162, 21 


x 
al a | 
r 


sin 180° = = 0, cos 180° = 
i 
tan 180° = 0, cot 180° = = , Infinitely great 


sec 180° = — 1, cosec 180° = F , infinitely great 


7.19 A summary of the previous results is given here- 


below. 
Trig. 0 0 0 0 | 0 0 0 
avy 0 30 45 60 90 135 180 
; l /3 | 1 | 
Cc 1 v3 | i 1 0 wll 
ce 5a ae la RA Se, 
] = 
tan 0 we ] V3 oe —Il 0 
i 


Exercises 7.4 


1 Calculate the values of the trigonometric ratios of the 
following angles :— : 
((i) 120°, (u1) 150°, (iii) 210°, (iv) 225°, (v) 240°, 
(vi) 270°, (vil) 300°, (viii) 315°, (ix) 330°, (x) 360°, 
(xi) 930°, (xii) 1380°, 


one 5a . Tar ll . 9x 
(xii) aa (xiv) "3 $ (xv) a (xvi) = 5 
ee A .--. L3er 
Vil) ——, (Xvill) — 
(xvii) [*, (xviii) = 


= sin 180° —= — 0, 


Y 
r 

cos 180° = 4 1 
r 


tan 180° — 0, cot 180° = — exonrs 


1 


sec 180° = — 1, cosec 180°= a SAO D, 


¢ 


7.19 deOd POSoosNG ADODSAAdY, AQ Ss Bewmoond. 


Oy,ANG 7.4 | 
: 1 o 88NS saedre BS BoeeodoSeod WywWCoONGa, sow 
220200 


(i) 120°, (ii) 150°, (iii) 210°, (iv) 225°, 
(v) 240°, (vi) 270°, (vii) 300°, (villi) 315°, 
(ix) 330°, (x) 360°, (xi) 930°, . (x11) 1380°, 


i) 5 7, (xiv)? S, (xv) 112, (xvi) 9 2. 

(xiii) 5 a (xiv) 7 * (xv) 7 (xv1) 5 
a vss T 
(xvii) 21 as (xviii) , 13- 
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2 Evaluate 
(i) 2 sin 30° cos 30° cot 60° 


=) J 7 2 7 20% 
(11) 5 cosec me + sec rm 2 cot 7 | 
(iii) cos 60°—tan? 45° +? tan? 30° 
+cos? 30° —sin 30° 
BY ig 
6 
(v) sin 120°-+cos 225°—tan 330° 
yg Tr 


. . “a 
am — cos — — sec — 
(v1) 1 - 4. - m 


(iv) sin =z + cos + tan 


8 Find z from the equation 
2 ° ° ~o 
cosec? 45° cosec 30 


4 Verify the formula 


sin 2A = 2tan Ao 
1+tan? A 

tan 2A = 2tan A when 
L—tan A 


(a) A=60°, (b) A=120°, (c) A=300° 


7.20 Use of Tables— 


While solving problems in trigonometry we often’ 
come across trigonometric ratios such as sin 35°14’, 
cos 47°11’, tan 80°13’, etc. In all standard books called 
‘““ Mathematical Tables ’’ pages with the following headings 
can easily be located—Natural Sines, Natural Cosines, ete. | 
and Logarithmic Sines, logarithmic Cosines, etc. 


From the natural sines page we get, 


sin 35° 14’=0.5764 
0.0005 add 


0.5769 
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j 


2 BS Som&KBKooo__ 
(i) 2 sin 30° cos 30° cot 60° 


(11) } cosec? = + sec? 7 —. 2 cot? 7 
3 4 5) 
(111) cos 60° — tan? 45° + 3? tan? 30° 
+ cos? 30° — sin 30° 
, Qe 4 5 
Gam: — + eo 2" tan — 
Iv) 3 5 ae 7 
(v) sin 120° ++ cos 225° — tan 330° 
= < T 5x Tr 
Shame -1- Coa «— sec ee 
es 6 “8 


3 Be SSNS AdoesdH9QHG geo, sowtoCsod0o0—_ 
cot? 30° sec 60° tan 45° 
cosec? 45° cosee 30° 


4 (a) A=60° (b) A=120°, (c) A=300° Sma 
SSAA ADT Nd AOORAD now AHA—- 


x sin 30° cos? 45° = 


: 2tan A 
a eee 
ape 1 + tan? A 
2 tan A 
ye ica 
tan ie Sy, 


7:20 ewer s wwooen 

2 BDCINISOHQ TB, NVR, Qaxoden gin35° 14’, cos 47° 11” 
tan 80° 13’ sBwosn  BswerIdoBeowd Downes, Ven 
aoa). Mathematical Tables 200 @x0dIN ag 
GSS BWA, SNGOW. Sona ded SNeHdS WRUNGaL, OWA 
Todo 35WeG2—Natural Sines, Natural oth aZd,O. 
Logarithmic Sines, Logarithmic Cosmes, “2,0 
Ratiiral Sines BWEIQOD Son Bodo DAO, 

sin 35° 14’=0-5764 

0.0005 s2@A0. 


— 


0.5769 
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sin 35°12’ is first observed and then from the nel 
difference column for 2’ the corresponding value 0.0005 1 
added. 
From the Natural Cosines page we get, 
cos 47° 11'=0.6807 
0.0011 subtract 


0.6796 


cos 47°6' is first observed and then from the mean 
difference column for 5’ the corresponding value 0.0011 is 
subtracted. 


Similarly from the Natural Tangents page we get, 
tan 80° 13’=5.7894 
From the Logarithmic Sines. Logarthmic Cosines and 
Logarithmic Tangents pages we get, 
log sin 35° 14’= 7.7611 means 
—1+0-7611 


log cos 47° 11’= 7. 8323 means 
—1-+0.8323 


log tan 80° 13’=0.7634 


7.21 We meet yet another type of problems. Given — 
the value of a trigonometric ratio, to find the angle. 


Ex : sin 0=0.7345, find @ 
From the Natural Sines page it is easy to see that the © 

value of the angle satisfying the above relation is 47° 16’ 
Ex: cos 6=0.3639, find @. 


From the Natural Cosines page (mean difference to be | 
subtracted) we get 02=68° 40’ : 
_ Similarly when log sin 6= T .7085, from the Logarithmic — 
Sine page we can easily get, 02=30° 45’. If log cos 02=1-3061 | 
from the Logarithmic Cosines page (mean difference to be — 
subtracted) @==78° 19’. 
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BRB sin 35°12! ae wes wdado 
> mean differences 
MOSH 2'S v3 09-0005 SoxQ, AHS, Bo@xArewo. 
Natural Cosines B8008 saxon Bodosos de, 
cos 47° 11’—0-6807 
0-0011 S¥ov%Dd 


0-6796 


BLBOD cos 47° 6’ IBS BS wD mean difference ® 
MOO 5’S BS 0.001 10a, wOosd sdosozsexd. 

ae OeS03© Natural Tangents Q803, 

tan 80° 13’=5-7894 aoa 39ono3 _es3. 
Logarithmic Sines, Logarithmic Cosines 32, Loga- 
rithmic Tangents Denison 
log sin 35° 14’= 7.7611 ¥033 
—1+0.7611 
log cos 47° 11’= 7 :8323 Youd 
—1-+0-8323 
log tan 80° 13’=0-7634 20% 890%03,¢23. 

7-21 VBL, wT AGS DS, dar wOoomAa : S,8oeco 
DSO DWI wWSoHa, sotwsw,1 S toedsay, somdo@AcdsoQao 
TRB, se 2 

WSS: sin O6=0°7345. 9 WAY, 50W&H3009. 

Natural Sines DW8HoG Bs ANQo.esoovAa2, Booms soedd 
(9B) 38 47° 16’ Dom Mowe BPoowHD. 

Mess: cos 9@=—0°3639, PRAY, BO@I%R0. 

Natural Cosines 28°00 (mean difference®:, &¥03° 
eet) Si ANoesdrwWay, Bows Besa (yO) 38 68° 40’ aoa 
8900093 ,055. 

eye Oc30HY log sin O= T°7085 20002,0 Logarithmic 
Sines Qo g=30° 45’ ae 

SPOONS, C25. cos @= 7.3061 SBWe ogarithmic 
lpeetebee fori differences2, B¥o0oses) g—78°19’ 
HOT 39035293, ¢35. 
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Example 
Simplify : sin 33° 15’ x cos 42° 19’ 
tan 27° 39’ 
Let the given expression be equal to z. 
log x=log sin 33° 15’ +log cos 42° 19° 
—log tan 27° 39’ 


1.7390 _ 1.7192 
1.8689 


1.6079 
1.7192 


1.8887 
0.7739 


& 
I 


Exercises 7.5 


1 Calculate the values of 
(i) sin 63° 37’ 
(11) cos 43° 54’ 
(1H) “HE oo So, 
(iv) sin 438° 13’ 
2 Simplify 
cos 36°.13’ cos 43° 43’ 
‘sin 49° 15’ sin 54° 56’ 
3 Determine given (i) sin 06=0.7237 
(ii) cos 02=0.6941, 
(iii) tan @2=1.7107 
(iv) cot 0=0.8146, 
(v) tan 6=0.6666 
(vi) cos 06=0.4444 
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WHdBs 


AOBens, gy ; SIN_33°15’ x cos 42°19’ 
tan Zo aoe. 3. 
OS, WI 3.3) x AoA. 
log =log sin 33°15'+log cos 42°19’ 
— log tan 27° 39’ 
== fae 2300 
T . 8689 


T. 6079 
3 Ry a RY 


T. 8887 
“+ Rael oo 


— T. F192 


Cyd, ANY 1-5 


1 WENA, TOMI WBODO_ 
(1) sin 63°37’, (11) cos 43°54’ 
(111) tan 33°33’, (iv) sin 43°13’ 


bes 36°13" cos 43°43’ 
sin 49°15’ sin 54°56 
3 89NX AODUrNenmMoMAAN, g Woo. Wewovod 
(i) sin 9=0°7237 (11) cos 6=0°6941 
(iii) tan @=1°7107 (iv) cot 6=0°8146 
(v) tan ¢=—0°6666 (v1) cos 0=0°4444 
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CHAPTER 8 


Rightangled Triangle 
8.1. Solution of the Rightangled Triangle— 


The three sides and the three angles of a triangls 
are together called its six elements. Given three element 
of a triangle, which are not all angles, the remaining ele 
ments can be calculated (without measuring them) by th 
help of these elements and the use of trigonometric ratios 
This process is called ‘‘the solution of the triangle’. 


In the case of a right angled triangle one element if 
known (=90°) and a simple relation exists between th 
sides and the hypotenuse. Further the ratios of pairs o 
its sides can be expressed as trigonometric ratios of th 
angles of the triangle 


A B* + BC? = AC? 


AB 1 

a0 sin C= cos A 
Oa Ai 

at sin A = cosC 

A 

B Cc 


Fig. 8:1 


OW g 


VoWsen g ) JRvoces 
8-1 Oowsoed SS FeeDa, wasoas— 


WOH) S Feces Mrocdd wut Broo soedniveo wad wd 
WMOOSNG. WINGO D.wd. A weoosNivo ABs momon (wsoxp 
SRLANVOATWOD) wevsaAniva, es Anwd ag, Bwoosni¢ 
WS, S FaecIaN Sed DAWRWOONY ABIIHNOT SomMIwAcowHI. F 
B dA, ‘* S FccwWBN@Ans”’? ow sdosnsg, ee. 


WOT GOowsoesd B Boeresg wom Hod 03.5 ( = 90°). 
soso, Bd wundrin td Be, wor HowoWas, wode vad ada 
Wows AX Som, S Seed secany Sy BMCEONISEOID Dw IED 

NYO AWwsAWBDd. 
| AB? LBC? <8" AC 


AB — ginC = cosA 
AC 
BC — ‘gin A’ =‘ cos € 
A 


As a simple illustration let us solve the triangle 
ABC in which Z B=90°, BC=2, £A=60°. } 


It is clear that Z2C=30°. 


AC ; 2 4 

BC ane V3 /3 
AB 1 2 
=. tan OR a ees oe) Mee een 
BC sis V3 V3 


Exercises 8.) 


Solve the following triangles :— 
(1) -4=3 b= 4,7 A=90° 
(2) 2A=90° £4 B=37°3’, a=4.7 
(3) 2 A=36°, 2 B=907, c=3 
(4) (C=90,, ¢=8, c=7 
[o) .2 B=00), 612, ¢20 


8.2 Heights and Distances 


In many simple cases the calculation of the height and | 
distance of an object leads to the solution of a right angled’ 
triangle. 
_ Consider an object P at a height h above the horizontal | 
line through the observer ‘O’. The angle MOP is called’ 
the angle of elevation of P as seen from ‘O’. If a horizontal: 


P 
N 
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WOW CMW Z B=90°, BO=2, 4A = 60° Wo 
WSS WOTD S D BCKBAY, WAAoecs 


ef) =a) a ), BB Ax DN. 


A 4 

. = sec 30° = 2 oo AC fe tasse 
BC / 9d vo 
AB 1 2 
aa tan 30h es’. oA 
BC “ /3 V/ 3 


CWo,ANT 8-1 
BH isns STROMA, WEA — 
CL). a, = sh b— 4, AA = 


2)' PAIS 90% iy Duss: w@tioay 


Odes 5 RODWFNGY WOM BAAD ATS BoB, HLOBAY, sow 
HSRIWSNS BB Oowswed S Fee sae, veaxad aoe eBOowadd, 
| O Dow AcssesS S8wdess (OM) Mos h vZ,BOQGHH P aow 
§ Da0,Da, DBodseOs. MOP beeddsay, Odo wMraHos Poss 
Os Sénedalows sdotod,cs3, Poros PN am, sIndesods, ead 


2 


0 M 
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# 


line PN is drawn through P, angle NPO is called the 
angle of depression of ‘O’ as seen from P. Therefore the 


angle made by the line joining the observer to the object - 
with the horizontal is called the angle of elevation or — 
depression according as the object is above or below the | 


horizontal line. 


8.3 A simple illustration. 
A vertical flagstaff stands on a horizontal plane. From 


a point distant 100 feet from its foot the angle of elevation | 


of its top is found to be 60°. Find the height of the flagstaff. 


Let AB be the flagstaff, height 4. Let C be the observer 
on the horizontal plane through B. Then in the right 
angled triangle ABC, ACB=60°. 


a = tan60x=V3 +. h = BC V3 = 100 V3 feet. 
A 
h 
‘ a Fig. 8.3 


too 


Exercises 8.2 


1 A person standing on the bank of a river observes 
that the angle subtended by a tree on the opposite bank 
is 60°. When he retires 40 feet directly from the bank 
he finds the angle to be 30°. Find the height of the tree 
and the breadth of the river. 

2 The angles of elevation of the summit of a hill from 
the top and bottom of a tower are 30° and 60°. If the 
height of the tower is 100 feet: find the height of the hill. 
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aA 


BLS NPO sAdBa, Poros wennos ONS eBdssnedsond 
BSOSNS,c5.  GHBOS DAcssdao, wows Bx,OA AcOzw desdosn 
GOwoe DOS 0OF dwAs soedwao,, Bao,B gswdessNos ag0ae 
BO WS, Stoeisode, 3) IQA S vAsssoedson. sdosog,es3. 


8.3 WOT ADOY wmmonos— 


) wo ASesdovd @ %A,0% AMDB, BG SOD aoeS 20803. 
CAS wWBHoS SoD aes 100 GS DLTdAQHs wom NomAa0d 
BRA, 090 SDD ws, Béoeda) 60°. @ WA,0WD DST FoMdeo&ovoO, 


AB &3 3 WA, OMaTONTO. DS Sh 20OdO, Con @ 5 e3A,0WD 
WS BW AWsoOD weOds AcssdoAdo. en ABC Low 
BOLD SSB 7» ABC=60°. 


a 


FRE BCV3Z—100V3 wands 
ten BOO cs «/S v3 3 


BC 


SyD,ANSO 8.2 


1 wom Besos Bowoo aoe Nos 22) wore, QTd 
Mocdods ees wots add eAsQ G0° sotasa,) cussAaoN 
NspfdoSa B. Bd 40 V@ WD ABH Swoon & Bld 30° DOM 
bos mernGd Bd a3,0 she, Badod eno aay,” 


92 words AremdD wBHoD Dos, SdH, %0%o 283,03 
Did s,s soedreo Lawn, 30°, 60°., S RarWIG 98,0 
(00 Sancoad 2563.3 aF,dam2, Borm%o.Borv0d, 
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é 
4 From the foot of a post the elevation of the top of 
a clock tower is 45°, and from the top of the post, which 


is 30 feet high the elevation is 30°. Find the height anc! 
distance of the clock tower. 


5 A tower casts a shadow 200 feet long when the 
sun’s altitude is 30°. Find the height of the tower. i 


6 From the top of a light house 200 feet high th 
angles of depression of the top of the mast of a ship anc 
its reflection in water are found to be 45° and 60° 
respectively. What is the height of the mast ? 


7 At the foot of a mountain the elevation of ité# 
summit is found to be 45°. After ascending one mile¢ 
towards the mountain up a slope of 30° incl nation the 
elevation is found to be 60°. Find the height of the 
mountain. 


a, 


8 From the top of a hill the angles of depression of 
two consecutive mile-stones on a level straight road 
running through the foot of the hill are found to be 30° 
and 60° respectively. Find the height of the hill. 


9 The horizontal distance between two towers is 100 
feet. If the angle of depression of the top of one towey 
from the top of the other whose height is 150 feet is 30°. 
what is the height of the former tower ? 

10 There are two posts of equal heights on either 
sides of a road such that the line joining their feet is 
perpendicular to the road. An observer stands on this 
line and observes the angles of elevation of the top points 
of the posts to be 30° and 60°. Find the height of the 
posts and the position of the observer. 


8.4 Related angles 


For a given angle ¢, angles “tre +9, r+¢ and 27+ F 


are called related or allied angles. We shall now see how 
the trigonometric ratios of these related angles can be 
expressed in terms of those of ¢. 
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} £ 30 ©8 3,0N003 wods sows wBOon ads, wad 300 
Hod Nasnd Roegospond SNID WHS soeanido 8 ewwan 45° 


dd, 30° SA Boerw3.5. NBosnd Roewoed QS, WB, Goda, 
Jomo’ Add. 


5 AWTS Ws,80d 30° SHoN nom Reeda) 200 08 
0G, a) Sova, esneoaao. B Reoegds o3 dvay, sord%oBovd, 


. 6 200 S&S AZ,0H wom AeHs 0B dsNdHod Sncacon 
WOM BBAS Bos 03 SD3B Wo3d, 880 NOIOYS DB IHOS eowWo 
DS CHAS Boesnvo FaowoA 45° =03o, 60° ens. S BOD Wd 
QS, OAR, z 


T WOW WHD wWBHD CBS S5Hdd wsI,Ssoed 45° SA 
BLOND. dNdBar 30° %8&3 (QTd) Adds madod®) ®OTd 259,09 
BES BeS WH, S008 G0° SA Tey. wy 23,0889,8008" 
& 30099. 


8 BwOTM WY DB SNTHOD Noe CHS wBwHod AaTha 
20m) «= DDOC*D Ho COds ada TARWANS wo, BQons VAs 
BoMCANS. 30° 222, 60° SA ~ SOLD. “83.0. QS,dAR2, 


Q DOB Aoewons sas Goss (§38W~H09) 100 VAN. 
BEANO 150 ©@ avg Reewss SNsHoD We odd 30d 
Gnas B0ens) 30° GUS DIBA Aoegss 2B,ovx, ? 


| 10 wots 3H,0o ad WANGOD WOE HF,dH DOW sow 
BNea, Bane wanda, ACOAS 3e33 OW ,059 wOnenr OOWADoA. 
Bi Cesdodo soeG 200 wd DoS soehaon gowns doors WA,S Foe 
Ming. 30° Bod, 60° SN sod sown 28D ws, Acgzos mp Sada, 
B S00 20030000. 


~ DoW BS GOS, — + p> "oF +¢ WIS, ae +o eQQyNso 
BOWS Boeaneann. B3 HOWOMS Soenn?y 8 3 BACEDEANISEOVD @ e3IOE9 


Reo, p 8288 382 DEEDDISLOD TD ~WREIMPA WSO Beriowo 


# PART II 170 22 


In all the following discussions OP bounds the angle 
measured in the positive sense. 2 is the point (z, y) a 
QP=r which is always positive. OP bounds the relate 
angle. OP’ is taken equal to OP (=7). P’ is the poi 
(a',y’). PM and P'M’ are drawn perpendiculars to 

y z-axis. Care shot 
: be taken to assig 
| proper signs to tf 

segments. [For ft 
sake of completene; 
a full discussion” 


all possible valu 
of ¢. The stude 
may, however co 
fine himself to # 


(a) To connect t 
gonometric ratios 


— with those of «¢ : 


are congruent 
construction. 


dae i 
(in magnitude only 


@) 
Fig. 8.4 


> ae 
‘YG 


my, ToS ATTA! OP desdods 


fh BACHHAY , 8B 3 TIS E9 


QSOHO SwAWRo.  Poso (x, y) WOM WB, OP = r SNdAD. 
y ADS PAS, BOAT ADd. OP’ SeBxx.» AowoHs BOCISA, 
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OwADo. OP’, 
OPR (=r) ABRsooN 
SABO ON. re 
wom (x, y’) SAB. 
PM 3, P'M'x, 
v-S3s, OoWNPYaA agysés 
CODODA. QB, edEneni 
ANS, We NGA, won 
DOTSONIOD ADeWwwes, 
[Rotors Ba, Bows 
WB CSHB 1S) dp O00, 
QO BONIS A,C00A0 
BOSS WBA, WBA 
CoN. Stale: QO, 
AF oso> p>, G93 AOOW 
BSWND GIO Foes 
DAY, HVS) DOSCOADS 
ADB). 

(2) — po, Ssaeed 
WSS. BD Ilona, 
p ©, 3 BCedIDNoBeoso 
WjWIOONIPIA WBS 
Woo. 


As OMP 32, 
OM'P’ dwSdSodo073 AG, 
AENDonNIWA00D M 
Ws, M'N> OB, samo 


JQ. 


. MP’=MP (89 
BILBO BRS )) 
As me eS a = 2 


my ae ee > veel” NY. ~ ee See) Wy he ff OA! SS eee a 
pgs PARE sige Apogee rat ahr 
a vaeil ae ‘ et 4 

AG ee 


~ 


m 
_ 
6B 

a 
I| 
\ss 
ll 


isn 


—“== —sin ¢ 


~ 
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S 
7 
Te 
| 
= 

i 


= COS 


~ 


ct 
© 
j=) 
“f 
> 
~~” 
I 
tf 8 
I| 


ie a 
ch tan ¢ 


8 


*, cot (—¢)= —cot¢ 

“. sec(—?)= sec¢ 

*, cosec (—~¢)= —Cosec o 
(b) To connect trigonometric ratios of a —g¢ with 


those of ¢. 


[In the 2nd figure let ¢=90°+ x. 
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rerw , 
i 3 7] : 
(— 9) ss aot p 


cos (—¢) = < =< = COS¢ 


ee eee 
tan (—4¢) a 3 tan ¢ 
*,cot (—?)= — cot ¢ ”. sec (—¢) = sec ¢ 
cosec (—¢) = — cosec ¢ 
b) 7 —¢g od, SBoerdseoh BD awconsay,” > oo, § 3 Bacco 
DISHI B, pone WOOSDA)D. 
y 


P (*,%) 


es, 8°5 


[ad@sios 2,59 = L2OP =90°+ x 20809. 
172 


fe eae ae 
r el hae ee 


OP’ is drawn such that Z M’OP’ (—ve sense) is Xx. 
Then / 2OP’ (--ve sense) = 90°—¢. 

Because Z cOP’ (+ve)= 360°— x 

=360°—-(¢—90°) 

= 360° +(90°—¢) . 


360° being equivalent to one complete revolution is 
omitted. The same argument can be extended to the 
remaining figures also. | ‘ 


all the figures, 
1 OMP=7 OMI =9s- 
Y POMS TOP LY 
ZOP=OP'=r 
.. The triangles OM P and OM’ P’ are congruent, 


: reer pa bin magnitude and direction 


ae Z=y', mead 


- “gi 0t A y’ ed ee 
( o) : f ~ 
cos (90°—,) = x’ a sin 
( o) 2 : o 


tan (90°—¢) =f = 


x 
== SIGOG 
x y ? 


cot (90°—¢)=tan ¢ 
sec (90°—¢)=cosec ¢ 
cosec (90°—¢g)=sec ¢ 


(c) Lo connect trigonometric ratios of : +4 with those 
of %- 


it3 


£M'0'P = x (sts3, 8 Ooi) wrdsod 
OP’ a0, AFOOOOA, 


Sn 7 20P’ (-+-ve Q3)=90°—¢ 


QOS, / rOP’ (+ve 3) —360°~ x 


60° wom 


= 360°—(¢—90°) 
= 360° +(90°—g) 
Red WOY moanrmyAckoon WAR, wb3 wea rd, 


THe DODBSA, WLS WS Ne 23 2 DAWA]. 


HO WS NFOR., 


ZOMP= /0M'P’=90 

ZPOM= /OP’M' 
OP— OP’ —f 

*. OMP XB, OM'P’ 2 gnccons AO, Rao. 


_ e ay ; BORNE Dow, ASNIdADoine 


x ay", y= 2 
er os, ae 
sin (90°—¢) = cS tp eee 
cos (90°—¢) = ely 2 sIn 
Pee 
OS Be y — ~% = ¢ot 
tan (90°—¢) = oar COU ¢ 


cot (90°—¢) = tan ¢ 
sec (90°—¢) = cosec 
cosec (90°—¢) = sec ¢ 


iad Ccly). 


(3) 


For example in the 3rd figure 
let ¢= ZxOP=180+ xX, say 
OP’ is drawn such that 


Z xOP’ (+ve)=270° + x =90°+(180° + x)=90°+¢ _ : 
Therefore OP’ bounds the angle 90°+¢. It is true in 


every figure]. 
In all the figures, 
LOM P= 2 OM’ P’=90° 
ZL POM= Z0P'M' 
OP=0Pi=7 


.. The triangles OMP and OM’ P’ are congruent. 
“. OM= M’ P’ in magnitude and direction. 


M P=OM' in magnitude only 


sin (90° +9) =2 = <= COS ¢ 


a’ 
cos (90° 9) = hee = 2 
tan (90°+¢) =e = = = 


cot (90° +9)=—tan ¢ 
sec (90° +-¢)= —cosec ¢ 
cosec (90° +¢)= SC db 
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| 
| 
| 


hee 


— 


ee ee 


ee ee ee ae ee eT ee 


g= ZtOP=180° + x , 20O0. 


cOP’ (+ve 8) = 270°4+ x emxos OP’ X, 
AVGOIODAT. 


4g ipa 

Z2OP’ = 270° 4- x =90°-|- (180°+ x)=90°+¢ 
a OP’, (90° +4) B&Q, BBASGS. DB swows wI,GQ Aa 
DQ WS NFQH!, 

LORE 7 OM Pe 9e 

ZPOM= ZOP'M' 

OOF =r 

-OMP, OM'P’ 3 ,saccoriss ad, Add. 

- OM=M'P’ OBxnld DB, OSV. 

MP=OM' O0BNHBO DNS), 


eae 1) 4 
Yat 

° y £ 
sin (90°+ ¢)= aS COS ¢ 

Z — 2 eee oe 
cos (90° +¢)= = 

‘ x 

tan (90°-+¢) = 2 papery —cot 


cot (90°-+¢) = —tan 
sec (90° +¢) = —Ccosee 
cosec (90° +4) =see ? 
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(d) To connect trigonometric ratios of t+ wih 


those of ¢. 


¥y 


(d) w+ Sd, SSrcrrdmo.seod B Sneoniiao, p%, BBoeed 
NSE) BD WW Woon. 


y 


P(v'y') 


Pay’y 
pm 


~ 


(C4) J 


3S, 8.7 
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In figure 4, for instance, ¢= £20 P=270° 4-x, say 
oF ‘ drawn ‘such that’ Z2z2OP°=90 +x - The 
Z2OP’ =90° +¢— 270° = — 360° +(180°-+¢). — 360 bein 
one revolution (in the negative sense) can be omitted. The is 
fore OP’ bounds 180° +4]. | 

In all the figures, POP’ is a straight line. 

1 OM P’= ZOMP=90° 
{/MOP=2 OF 


OP’=OP=r. 

:, The triangles OM’ P’ and OMP are congruent 
ze piece sa ; in magnitude only. 
_e=—2 

oe , 4 

”. sin (180° +¢)= Me a. Ee d 

r r 
cos (180°+4)= ~ = — ~ = —cos¢ 
r r 
tan (180° +¢) 7 = an @ 


cot (180°+¢) cot¢ 
sec (180° -+¢)= —sec¢ 
cosec (180°+-¢)=— cosecg. 
(ec) The trigonometric ratios of the angles 27'+'¢"@ 
more generally the angles 2n7 + ¢ where n is any integey 
positive or negative are the same as those of the angles +¢ 
This is because 2n 7 is equivalent to mn full revolutionz 
oLOP. 
Thus sin (2n 7+ 4)=sin ¢ 
cos (2n 7+ 4)=Ccos ¢g, etc 
sin (2n7— g)=sin (—¢)=—sIin ¢ 
cos (22 7—¢)=cos (—¢)=—os ¢, etc. 
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o , 
= ee =~ eat a ee ec i 


SS 


[WMRBsBMN, 480 wWs,BO, = /x0OP=270°+ x, 
a0d3O. / OP’ =—90°+ x SNddxos OP’ odar, avodhoaAd. en 
2 cOP’ = 90° + g—270° =— 360° 4 (180°+ 9). —360° WOT 
BOw Bors (BHgeQsog) GAMBA CHA2, WES] WBWHIAD, 
esmo008 OP’ (180°-+ 4) Bao, dwsAdd,]. 


aY Ws NeQod~, 
ZOOM?’ — ZOMP =90° 
fs M'OP' =MOP 


OP’ =OP=r 
-. OM'P’ 332, OM P2sectond> AD ABD. 
- OM'=O0OM Be 
ni 30 = 
M'P’=MP be DBNLBY BS). 
g’ = —2z 
yy 
sin (180°-+-¢) = fof —— sin 
cos (180° 4 9) == =—— =—00s gp 
: a eels re 
SS i re AS 9 
tan (180°+¢) i soe an ¢ 
cot (180° +9) = cot 
sec (180°+¢) = — see ¢ 
cosec (180°-+ ¢) — — cosec p 


(ec) 2r+¢ Beane SB W2, MBDA, nae koh 
(n aryWa wore ean GS poo 08) Boece 2 Bde faDoSeos> 
Be 6 omeaiy btactinaeech acne ee. 
Onn Bards OP Hn WE ZOy worsen AdndaToNd Boos 


¢O 
SOS DEVE AwWDTHAD. 


in —o) = in —¢) = — sin 
cos (2nn — >) — OOF (—¢) = Cos g, “2,0. 
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8.5 The above results are summarised as below. 


: | 
trigono 
. T T 
‘metric: 9 |e oe die ae a—0 ar t+6 | Qn 
ratio ! 
' gin |—sin @ cos @ cos @ |sin @ —sin9 4 
| Equal 
cos | cos@ | sin@ —sin @ | —cos 8 |—cos@ __|trigone 
metric 
tan | —tan6@| cot @ —cotg@ | —tan@| tané@ ratios” 
of ang 
cot | —cot @j; tané —tan @| —cotg¢g coté + 6 : 
sec sec 0 cosec @ | —cosceé| —sec 8 |—secé : 
cosec|—cosec 6] sec 6 sec @ cosec 6 |—cosec@ 


8-3 Exercises 


1. Express in the simplest form :— 
(a) cosec 225°, (b) sec 225° ; 
tan 240°, (d) cot 240° 
(f) tan (—450°) ; 
( 


h) cosec (—2) ; 
6) 
() seo(“52); (3) cot (—¥) : 
(k) tan ( 180°) sin (90° 1.4) sec (90°—A). 
2. ‘Show that :— 


sin (180°—A) cot (90°—A) cos (360°—A) __.. 
tan (180°F-4) fan (00F4) ~sin (=a) = 
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ee ae oe Pere) eee 


i WeOs POsosnis MODI TAAY, SIR sowoona. 


sin | —sin @ cos 6 cos 6 sin@ —sin 0 
cos cos 6 sin 6 —sin 0 | —cos @ | —cos @ 
. + 6 SaCed 
tan | —tan@ cot @ —cot 9| —tan@| tand@ |N¢3 sect 
: DBE 
cot | —cot@| tan@e | —tané@ | —cot@| cot 6 | By. 
NEN Doo 
sec sec @ cosec 8 | —cosec 6| —sec@ | —sec 0 
vosec |—cosec 6|_ sec @ sec @ cosec 90 |—cosec 6 


Syo,Anv 8.3 


j 
(2) cosec 225°; (b) sec 225°; (c¢) tan 240°: 


(d) cot 240° 
(e) sin (—300°); (f) tan (—450°); 


on —8-), 1 (22) 
(7) sec (=). (j) cot (=). 


(k) tan (180°-+-A) sin (90°-+A) sec (90°—A) 
sin (180°—A) cot(90 °—A) cos (360°—A) 


——__.. ——o =sin A 
tan (180°-++-A) tan(90° +A) sin (A). 
DOD) AOA. 
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‘PART Ii 


3 When a= oe find the numerical value of 


sin24—cos’4 +2 tan a—sec?a 
4 Prove that— 
cot A-+ tan (180°+A) + tan (90°-+ <A) 
+tan (360°—A)=0. 
5 In a triangle ABC prove that— 
: sin A=sin (B-+-C) 


cos A=—cos (B-+C) 
sin A cos B+ 
2 2 
tan a= cot BC 
2 2 
6 If 7 A=18° prove that cos 2A=sin 34 


7 Simplify :— 
sin (—120°) cos 240° tan 450° sec 300°. 


8:6 Periodicity of Trigonometric Functions.— 


In the last chapter we have seen that 
sin (2m7 +9)=sin( +9), 
cos (2n7+0)=cos(+6), etc. 

The values of the trigonometric functions are thus see | 
to repeat whenthe angle (+6) isincreased by 2nz or an‘ 
multiple of 2x. For this reason we say the trigonomet “is 
functions are periodic. In the case of siné@, cos@, sec! 
and cosec 6 the period is 27; but for tané@ avid cot» 
the period is 7 as tan(z+6)=tané and cot (++6) =coté 

The changes in the values of the trigonometric func 
tions can be conveniently represented by a graph. Her 
the #—axis measures the angles—so it is called tk 
@—axis. The y—axis measures the values of the tri 
nometric function. on 

By a reference to the Tables (Natural Sines, Nat 


Cosines, etc.) the values of all trigonometri onl 
, ce functior 
can be determined. These are tabulated as shown below! 7 
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: 


eo Ole scans 
4 Q 
sin?~a—cos"a+-2 tan a—sectg Bd Wor, sowd%o&000, 
4 cotA-+tan(180°-+ A) +tan(90° +A) 
+ tan(360°—A) =0 acts mDHao, 

5 ABC 2ow Sse AHAO— 

sind =sin (B+() 

cos A =—cos (B-++C) 


sin A = cos PEG 
2 yi. 
tan A = cot Bae 
ve Zz, 


6 sA=18° SBS cos 2A=sin 3A HOD AAO, 
7 MOBWOOAS, 32, — 
sin(—120°) cos 240° tan 450° sec 300° 
8-G SBIecIdoSeo MWS 8,N¢F CaQaccow 


ODD VA, OOOQ 
sin (2n ++0)=sin (+6) 
cos (2n + +0)=cos (+8) 
nom Boos AwcAw ew, 
goer BaenB (+4) Bob, Bir CBHo Qt WVaywon 
Bmods RSZQS Bw AToN ByF.e2ddN93e009 WS 8,N¢ WNP Wado 
BSraraw, we aot COB es. St TOdeHoD Beeetododeod 
MWS B,Ne BRAIDING) (VHQWHS) Dom Bess,ec3. gin 
cos Q, sec 6 32, cosec 9 WANY CHO 2x; 8238 tan 9 add, 
cot 6 ng? COQ -z- DHEoBS tan (+-+6)=tan @, Wd, 
cot (x +6)=cot @- 
3 BMCeIDSeOo9 MF .S,Ne BONY SHS BBWANGa, HOB 
DN Typ” Ww Barugwne. © c—CRX soedndsy, oF 
edowao—moBoos Ax, — By DOD BSNS LS. y— CF 
& BmecaDdoSe Oso WF, 3,0 Gososr, VIA. 
EewO® 72, SOC@ (Natural Sines, Natural Cosines 
aZ,Q) D2, S ) BALLADS Od MANE BONTA?, BPoHWwWAID. 
eAneay, Gon BoesARoS Wes, DIOBOONE. 
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(i) y = siné 4 
90° 150°. |18¢ 
It may be noted that— 
(a) sin 120°=sin60°, sin 330°=—sin30°, etc. § 
(b) The maximum value of sing is +1 and the 
minimum value is—l. 


(c) There is no break in the values of sin@. 


= Orit. 30° 45° 60° 120° | 135° 


0.8660) 1 |0.8660/0.7071 |0.5000 


y =0°|0. 2558]0.5000 lo. 7071 


The graph of y = siné is as shown below. 


J! 

‘ 

Seg he 
ome ke = 


8; 


Fig. 8.8 


It may be noted from the graph that (a) the sine 
function is positive when @ is between 0 and 180° ; and it 
is negative when @ is between 180° and 360° ; and 


(b) the curve repeats itself after every 360° and so 
the period of sin@ is 360° or 27. 


(ul) y = cos 0 | 


I= | 0 15° 30° 45° 60° 90° -{ 12071 isa 150° § 
Hy = 1 40.9659 \0.8660 |0.7071 |0.5000 0 ee —0.8660 


It may be noted that— | 


(a) the maximum value of cos@ is +1 and the 
minimum. value is —1: 


(>) there is no break in the values of cosé ; 
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(i) y=sin 0 


i es oe We ee ty Se 
210° 240° | 270° 300° 330°} 360° 


— 0.5000 | — 0.8660 —1 — 0.8660 | —0.5000 0 


Bi DWN, ABodxeJe¢o_ 
(2) sin 120° = sin 60°, sin 330° = —sin 30°, 933,0 
(6b) sin @ B nOw 5 WS 41 DB, Baw, WS —]. 
(c) sn 05 ssrivs NWIS (Ssotsari008) AQ. 
Y=Sin 0 IO NWA, 2a© Socdzooned. (S20 &. eporics 
8S) 8.8) 
MY WD BLOhWRMB vosngo— 


(a) 6% 0° Boe2, 180° BQ, woe gine W358) Bao 
) SSM ; BoSd, 6x 180° S032, 360° DG, adam sored, 8 
MADRID. 


(b) sine 3 a 8 Se sono DS 360° Sddosd DBaoodd,s 
Rov, SB. GBBOG sin 0 BD LB 360° EBD 2c. 


/ 


(ii) y= cos @ 
180° | 210° 225° 270° 300° 330° 360° 
—I |__0.8660 —0.7071 0 j; 0.5000 | 0.8660 1 
Cosine-Graph. 
R, Ft Bie x 
“ R, x 


BH DRONA, NaHoarwets— 
3 oz xz 33 
(a) cos 6B NOB, BS 4] 089, SAH, WO—]; 
(b) cos 0B BEND AWS, AY; 
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(c) the function is positive between—90° and 90°, 
and 270° and 450° ; and negative between 90° and 270°. 

(d) the curve repeats itself after every 360° and 
so its period is 360° or 27°. [See fig. 8°9 Kannada] 


(ili) y = tand. 

Before we tabulate the values of tano for different 

values of @ we shall note the following. facts about the 
function— 

(a) It has no finite maximum or minimum value. 

(b) In the vicinity of 90° and 270° tan@ suddenly 
shoots to infinitely large values. 

(c) As @ approaches 90° from below tané takes 
positively large values ; at 6 = 90° tané is infinite. 

(d) when 6 is slightly greater than 90°, tan@ is 
negative and its magnitude is large. As @ increases the 
value of tan@ increases from negatively large values to 0 
and so on. 

(c) thus at 6=90° and 270° there is a break in the 
graph of y = tan@ 

(f) the period of tané is 7°. 


bea iL -| 


Fig. 8.10 
0 15° | 30° | 45°} 60° | 89° 0° | 91° 120° 
= | 0 | 0°2679 |0°5774) 1 p-r9a1 51°29 | 6 |—sr2s 17s 
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ee ee ee 
Ro ow ah yaad ae . . . bit . 


wal terrine n> 


1351 


—— 


__ (©) cos 8% —90° B08, 90° wR, Bos, | 270° 220, 450. 
WE, PAS, BION, 90° Bo, 270° soG, WoFS, Bsa alae 


(d) cos 0 B Bs Besos BB 360° wRxosd WRIA S 
Tres 3,8. SMdBOo cos 9 B GAO 360° SBaxD 2.,°. 


(id) y=tan 0 


O Bars Wed ed Sot tan OS eked wed sends, sey, 
DRBAYSS Hosoo tan 6 Har, HOS ss xorkoridao, radzesed. 


so = ear WO. Ba 2 ©) 
(a) S08, Boo,S, NOX, SRao Do, B, ede, vdeo. 


(6) 90° 3, 270° DAK, OO 
TD, WENN AHDADd. 


(c) S@ed Breed g B 90° oda, AdQe2awoy tan 9B 
Qo SDO..D WSNFa2, BOomAa: g=—90° Yoon tan. aad 


a 


(d) @ ® 90° Nos HO Bez WS Ben tan oY DIETS, B 
WTB: Ds2, OHS WS GS Bw Noyes. 9 ¥ He os 
tan 9 Q 95289 SHOW. B, WONG YQ WoW HO Dose, worW2HO0I0 


ww. 


(ce) &e7? 9 = 90° BB, 270° YorMy = tang Wo 
3 


("207 AP MIND 2S) 8.10) 


(f) tan 9 @ GSO =<¢ 


= 


150° = J10° | 225° | 269° | 270° 271° | 360° 


0 hase 1.0000] 57.29] o 


—57.29 | 0 


y= |-o.srr4 
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Exercises 8.4 


1 Draw the graphs of 


(a) cot@; (b) sec@ ; (c) cosec @ when @ changes 4 
from 0° to 360°. . 


2 Calcuate the periods of 


(a) sin 20; (b) sin3g; (c) sinn@; (d) tan 20 ; 
(e) tan 30; (f) tan né@. 


3 From the graph of y = cos@, find the values of @ — 
satisfying y = 0.7000. 


8.7 Orthogonal Projection : 


Let AB and CD be two straight lines inclined 
at an angle u to one another. Draw AL, BM perpendi- 
culars to CD. Then LM is called the orthogonal 
projection (or simply the projection) of ABonCD. We 
observe that 


Fig. 8.11 


LM = ABcosa. 


Therefore the projection of a given segment of a line 
on another given line is the product of the length of the 
segment and the cosine of the angle between the lines 
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we, AN 8-4 


1 6% 0°08 369° adsvar WHOaMaN Ss ssAs Wz, a, 
ne MH AMNs2, YAO 


(4) coto; (6) sec@; (ce cosecg 


2 WINS SHOrda, com*sAd0o_ 


(2) sin 26; (6) sin 3 6; (c) sin n @; 
(qd) tan 2e;3 (e) tan3@; (f) tanne 


3 y = cos d 2d TPO, HBX AD nd werner 
y = 0:7000 SmABGoas soTseets00s0, 


8-7 Cowases 


AB WS, CD xXagdesnso BoA IO BOTA, 0830 
DWBA DOB Fo¢dessreondo, AL, BM>2, CDA Sows ae 
O20. Nn LMx, CD& SxS ABoxo oownged (CHWs AoOwaa 


DFCD NODd) gdos023, eo. LM = ABcosa HOWWBAY, NOAA 
See. 


#3, 8.11 


Do BS, SeMoDoaa 
BBO wom BE Sesdoso wor Aveo 

DEY YG SeDoDoBa 0G, D230, pire BOVEBNY Sa.ds 
22026 Cosine ABNF N20, 6, AaoweN 
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Fig. 8.13 


8.8 Consider the broken line ABCDE. The 
projections of its segments AB, BC, CD, DE ona given — 
line 1 are LM, MN, NP and PQ respectively. 
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L M oN P 


Pe 
ws, 8.13 


. 8-8) ABODE acw srt Sesdosoan, BOROA, CHT Ec 
neoe AB, BC, CD, DE WAN? AZeTNY (| Dow WS, Sessos. HKG, 
gxomnn LM, MN, NP 22, PQ ess. 
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Now LM+MN+NP+PQ = IQ (fig 8.12) 
IM+MN+NP+PQ=(LM+MN-+NP)—QP 

—- LP—QP =1Q, (fig 8.13). : 

But the projection of the line A# on / is also equal to 
Therefore the projection of any straight line on an , 
given straight line is equal to the algebraic (paying due 


attention to the signs of the projections) sum of the 
projections of the segments of the same broken line. i 
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=n [TM + MN + NP + PQ = LQ (23) 8.12) 
LM + MN + NP + PQ 


= (LM+MN +NP)—QP=LP—QP=LQ 
(3) 8.13) 


SMO Jones 4 Hoo axemAx LQ SAa. 


BTHBOD ONWABMBoOom DY, Added. Does we2,00o 
BS ,AGTSe Soa H¥eWA CHe Addesdos> Somos desos. Howie 
DFCGNY (QFWNY QSNEN Nawarcoowedd) WU ws Hos,s, amos. 
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CHAPTER 9 


9.1 Compound Angles— F 1 


If A and B are two given angles A+B and 
A — B are called compound angles. There are certain 
relationships connecting the trigonometric ratios of these 
compound angles with those of A and B. : 


9.2 We shall now prove— 
sin (A-+-B) = sin A cos B-+cosA sinB 
cos (A+B) = cosA cosB — sind sinB 


Lins i ep Aa as = SE 


_ Let a revolving straight line start from OX, revolve | 
about O in the positive direction through an angle A 
and assume the position OL. Let it further revolve - 
through an angle B and assume the position OM. 


yee tein Pom 


a) z 
Fig. 9.1 
L LOL—s. 
Z LOM=B so that 
4 XOM=A+B 
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OMe sO) 9 


%00320F. SOCARS 
9.] wocddos, deoednso 
AMR, B aww oo As, soednvsnd 44+B ws, 
A—B AVNVSQ, Aon], BoedsNom. sod, Ss Aookws, 


BOHN iP » Bnetsdoseck z d eoocarida, AWd, B “eaagng B 3 ssneonen 
DWMCAAID HOWODNVA, 


9.2 dan SYAS AowoWNnsay, AoHAvoeea.— 
sin (4+ B) = sin A cos B+ cos A sin B 
cos (A+B) = cos A cos B— sin A sin B 


tan A+ tan B 
t Ado eee 
see 1 — tan A tan B 
WOT BOW, NDoAD Adsdessoo. OX 2B Dd,Ooyar, O vd 
AS,O OB 3 ges Be _4 BCdnay, WOW, WA O IL DOW AOS, 
200, an O03 Bo2000s, B Sedan, Bow ar OM Boe 
ADE, WoO. 


ae ae Fo 


Take any point P on OM. Draw PQ perpendicular 
to OL. Draw ON parallel to QP. ‘ 
f 


Now, projection of OP on OY = Algebraic sum of the 
projections of the segments of the broken line OOP. 


-- OP cos (90°— A— B)=OQ cos (90°— A) +QP cos A. | 
-- OP sin (A+B)=OP cos Bsin A+OP sin B cosA 
-, sin(4+8B)=sin A cos B+ cos A sin B 


nes ag a 


1 
Again, projection of OP on OX= Algebraic sum of the + 
projections of the segments of the broken line OQP. ; 


- OP cos (A+B)=O0Q cos A—QP cos (90°—A) - 
=OP cos Bcos A—OP sin B sin A ¢ 


*- cos (A+8B)=cos A cos B—sin A sin B 


sin A cos B-+-cosAsinB 


A to RY ee ee er 
cca adaas cos A cos B—sinAsinB 


sin A cos B-+cosAsinB 
cos A cos B 
cos A cos B—sin A sin B 
cos A cos B 


tan A+tan B 
I1— tan A tan B 


9.3. The following deductions may be noted. First 
we rewrite the three formulae :— 


sin (A+B) = sind cos B + cos Asin B (1) 
cos (A+B) = cos A cos B — sin A sin B (2) 7% 
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ee penninate 
ee ee ee 


OMS B38 P aw WONAMAG ov nomosAg, SAAB 
- PQ 2X, OLR onsen AOD. ON 2 OP A RaseOBIeoN 
QV. 


Bn, OY S283 OP od Neo — OOP B0BaB desxos Dow 
ng NFCBNg eS, Bs Bog, 
". OP cos (90°—-A —B) =0Q cos (90°—A)+QP cosA 
*, OP sin (A+B)=OP cos B sin A+OP sin B cos A 
sin (A + B) = sin A cos B + cos A sin B 
Was. OX Boe OP od aeea — OVP 0D Sessod> Dow 
RE Deans 8,288 aos, 
OP cos (A+B) = OQ cos A—QP cos (90°—A) 
= OP cos B cos A — OP sin B sin A 
cos (A+B) = cos A cos B — sin A sin B 


t ALB _ sin A cos B + cos A sin B 
 ) cos A cos B — sin A sin B 


sin A cos B+cos A sin B 
cos A cos B 


cos A cos B—sin A sin B 
cos A cos B 


— tan A+tan B 
. | tan A tan B 


9.3 B& 8A Sedacmon wa woeoonvay, WodeOArses, 


BABO Doda) Brod. Bos NER, DBds woosoess, 


sin (A+B) =sin A cos B+cos A sin B (1) 
cos (A+B)=cos A cos B—sin A sin B (2) 
186 24 


PART IT 


_ tan A-+tan B 
heated): = 1—tanAtanB (3) 


Change “B*. to. "sate 
sin (4—B) = sin A cos (—B£) + cos A sin(—B) 


= sin A cos B— cos A sin B (4) 
cos (A—B) = cos A cos (—8)-— sin A sin (—B) © 
= cos A cos B + sin A sin B As) 
__p, — tan A-+tan.(—B) 
tap Ae A) 1—tanAtan (—B) 
_ tan A—tan B 
1+tan A tan B (6) 
In (1), (2)-and- (3) put B= A 
sin24 = sin Acos A + cos Asin A 
= 2sin 4 cos A (7) q 
cos 2A = cos A cos A — sin A sin A 
= cos? A — sin? A 
= 1— 2sin? 4 (8) 
= 2cos? A — 1 (8) 


tan A + tan A 


ban 2) A. 
a 1—tan A tan A 
2 tan A 
=" a (9) 
In (1), (2) and (3) put B = 2A 
sin 3A = sin A cos24 + cos A Sin 2A 


sin A (l1—2 sin® A) + 2 sin A cos? A 
sin A—2 sin? A + 2 sin A (1—sin? A) 
= 3 sin A—4sin® 4 7 (10) 


| 


187 


tan tee = A-+tan B 
de —tan A tan B / (3) 


< OA, <a . WH. 
sin (A—B)=sin A cos (—B)-++cos A sin (—B) 


=sin A cos B—cos A sin B (4) 
cos (A—B)=cos A cos (—B)—sin A sin (—B) 
=cos A cos B+sin A sin B (5), 


tan A+tan (—B) 
1—tan A tan (—B) 
— tan A—tan B 


tan (A—B) = 


- 1 -Ltan Attan B (6) 
(1), (2) 22, (3) 0 B=A DOD) WHOS. 
sin 2A=sin A cos A-+cos A sin A 
==-2 sin A cos A (7) 
cos 2A =cos A cos A—sin A sin A 
—cos? A—sin®? A (8) 
=|, — 2 sin? A (8) 
— 2 cos” A—1 (8) 
— tan A-+tan A 
a ee 1—tan A tan A 
ea 2 tan A : (9) 


“1—tan? A 

(1), (2), (3) og B=2A 082 WOO9 , 

sin 34 —sin A cos 2A-+cosA sin 2A 
—gin A (1—2 sin’? A)-+ cos A 2 sin A cos A 
—gin A—2 sin?A+2 sin A (1—sin*A) 
—3 sin A—4 sin? A (10) 
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cos 3 A = cos2 A cos A—sin 2A sin A 
~ (2cos* A—1) cos A—2sin? A cos A 
— 20s? A—cos A—2 cos A (1—cos* A) 
— 4 cos? A—3 cos A. (11) 


(1) 4--(4) and.(1):—= (4) give 
sin (A+B) + sin (A— B) = sin A cos B+ cosA sin B 
4 sin A cos B—cos A sin B = 2 sin A cos B (1 
sin (A + B)—sin (A—B) = 2 cos A sin B (13) 


(2) + (5) and (2)—(5) give 7 
cos (A+B) + cos (A— B)=cos A cos B—sin A sin B © 
+ cos A cosB + sin A sin B = 2cos A cos B (14 
cos (A+ B)—cos (A— B)=—2 sin A sin B (1 

- cos (A— B)—cos (A+B) = 2 sin A sin B (15) 


In formulae (12) to (15) we put A+B=C, A—B= | 
so that 


dee: Cae Pee, 
2 2 
sinC + sin D = 2 sin ae em (16) 
sin C — sin D = 2 cos gl sin — (17 
cosC + cos D = 2 cos — cos on (18 
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cos 3A=cos 2A cos A —sin 24 sin A 
=(2 cos°A—-1) cos A—2 sin?A cos A 
=2 cos’ A —2 cos d —2(1—cos? .4) cos A 
=4 cos’ d—3 cos A (11) 
(1) + (4) 8032, (1) — (4) 2@Nv0B 
sin (A+B)-+sin (A—B)=sin A cos B+cos A sin B 
+sin A cos B—cos A sinB 
=2 sin A cos B (12) 
sin (A+-B)—sin (A—B) =2 cos A sin B (13) 
(2) + (5) S022, (2) — (5) anivon 
cos (A+B) +cos (A—B) =cos A cos B—sin A sin.B 
+cos A cos B+sin A sin B 
=2cos A.cos B (14) 
cos (A+B) — cos(A—B) =—2sinAsinB (15) 
- cos(4— B) — cos(A+B) =2smAsinB (15) 


(12) 00% (15)5 SdAS AoOZNeQ A+B=C, A—B=D 
DOT WOBS 


he Se. tte ee DOTIONIBB, 


2 
Bes 8 
sin C + sin D = 2 sin cos br (16) 
—D 
sin C — sin D = 2 cos +P sin = (17) 
D C—D 
cos C -+ cos D = 2 cos ot cos —> (18) 


cos C — cos D=—2 sin sin 


C+D — 
2 2 


= 2sin 


04D apie : 
Ci os (19) 


Formulae (16) to (19) are called the sum and product — 
formulae as they express the sum (or difference) of two : 
trigonometric functions as products of trigonometric 
functions. 


1 Prove independently (from the figure) : 
sin (A—B) = sinA cosB — cosA sinB 
cos (A—B) = cosA cosB + sind sinB 
tan (A—B) = tan A—tan B 

1+tan A tan B 


{ 
| 
Exercises 9.1 ; : 
: 


2 Prove the following identities : — 


(i) sin 24 = 2 tan A 
1+tan? A 
a eee, oo 
(ii) cos 24 = 1—ton?’ 4 
1+tan? A 
(iii) tan 24 = 2 tan A 
1—tan* A 
(iv) tan 3 4 = 3 tan A—3 tan? A 
1—3 tan? dA 
sin 24 
0) EE 
(v) 1+cos2A — 
sin2 4 
Vv = % 
1—cos 2A ai 


ae siya ae 


(16) 003 (19)SSdNS = SAT Nvd = QU). DF oerdDHo2eod 
WE SNE Bos, CHa D,5o,AdAaY, BFoceadoSeod Ws SNe Meso 
Bae, woorkweom AoW Awawdood eaies., Hwy, os, 
MHIOW, AOS NGS DoH Bs02S,cH. 


SB, ANVG 9.1 
1 A,Soe WA AWOAO (ws 3) AMIOINQD)— 
sin (4—B)=sin A cos B—cos A sin B 
cos (A—B)=cos A cos B+sin A sin B 


_ tan A—tan B 
eg eadaiea fe 1+tan A tan B 


Q snd d8,AdvesdeoNay, WOAO— 


See 2tan A 
2A = ——___— 
exe 1+tan? 4 
- 1—tan? A 
2A = ——__— 
yy cos 1-tan® A 
a 2 tan A 
greet 24— 4 Aan® A 


pen A] stele 


(iv) tan 3A= 74 tant A 
sin 2A 
i Pr eeeee — UL A 
(v) 1-++cos 2A 


(vi) 


1—cos 2A 
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7 ibe 
iviy tors A Pe 
2 cot A 


(vill) (sin A + cos =) = 1+sin A 


22 
A 2 ; 
(ix) ( sin 5 008 =) = 1—snA 


3 ——- 
(x): cot3:A = cot? A — 3 cot A 


3 cot? A—1 
-.- cos’ A — cos 3 A sin’ A + sin3 A 
oy cos A * sin A 
% sin 3 A cos 3 A 
ul = 
cH sin A cos A 


-.,  sin3 A + sin’ A 
RAN) tee ee ee ah 
ps cos’ A —cos3 A 


3 Prove that 


(a)¢ ain 157s ==: Cos Ta ther. 
2/9 
e ees Vv 3 dw 
H).8mn. 75. = conus = 
(11) as 


(iit). tanl5° = 2 =~ 77% 
(iv) tan 75° = 2+ V3 


4 Prove that :— 
(i) 2 cos = SATE IS LS 
(i) 2 cos 11°15’ = Vo Vga 
(ili) cosec 10° — “ 3 gee 10° = 4 
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fon) cot 24 =. 
2 cot A 
he's 2 
(vill) (sin = + cos 7 =1-+sin A 
2 
é a 1 A \D 
(1x) (sin 5 — 008 S| = 1l1—snaA 
is\ cot 3A = cot°A — 3 cot A 
3 cot?7A—] 
-. cos'd—cos 3A sin’A +sin3A 
Bi enki on auc i 2 in Dem ig 
ang cos A ; sin A 3 


(xii) sn3A _ cos 3 A a, 
sin A cos A 


; ee 
sin 3 A + sin® A ee Pee 


7) cos*® A—cos3A 


aoe neopvnO 


idee es 7 
(i) sin 15°=cos 75 = wre 


ii) sin 75°=cos 15° = = 
(11) sl 2/5 
(iii) tan 15°=2—V/3 
(iv) tan 75°=2+ V3 


4. AOHAC— 
(i) 2 cos = = V¥24+/72 


(ii) 2 cos 11°15’ = V24+V7 24/70 
(iii) cosec 10°—V3 sec 10° = 4 
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(iv) sin 18° = v5—1 


(v) cos 36° = a 


(vi) sin 18° + sin 30° = sin 54° 
(vii) cos (30°+A) cos (30°—A) — 
sin (30°-+-.A) sin (30°—A) = 3 
(viii) sin (60°— A) cos (30°+-A) 
+ cos (60°—A) sin (30°-+A)=1 


Hint for problem number 4 (v) : 


Let 36°=z2z 

5 = 180° 

3 = 180°—2z 
cos 3x%=cos (180°—2xr) = — cos 2z 
4 cos? x—cos z = — 2cos*x +1 


”, 4y3+2y?—3y—1=0 where y=Ccos x 
(y+1) (4y2—2y—1) = 0 


y¥ = — Lereoss = — Pore = 180° 
which is not the case. 


.. 4y7 — 2y—1 = 0 

g= 2 ees Bae v5 
8 4 

36° is an acute angle. 

*, cos 36° is positive. 


‘. y =cose = v5+1 But « = 36° 
. cos 36° = V5+1 
4 
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(iv) sin 19° =< 9! 


(v) cos 369 = Me 


(vi) sin 18° + sin 30° = sin 54° 


(vii) cos (30° +A) cos (30°—A) — sin (30°-+ A) 
sin (30°—A) ==} 


(vill) sin (60°—A) cos (30°+ A) 
+ cos (60°—A) sin(30°+-A) = 1 
VAD,A 4 (v) Ws, ALws— 
369 = x nondo® 


52—180° 
32= 180°—2x 
cos 3a =cos (180°—2x) = — cos 2% 
4 cos*z—3 cos x = — 2 cos*z+1 


4y3+2y2—3y—1=0 “Qy=cosz 
(y4 1) (4y*—2y—1) =0 
y=—1 YB cos c=—1, VHHP t= 1809, ao AQ 


4y°—2y—1=0 
PtJ/4+ie  1tv5 


=__-lCUlchl 


rN 


360 of29 OP. WeBHING. 
cos 36° 22 Gas, sone. 


bo fous V/5+1 
es oe 4 
°4T30 a = 36° pes ig 
5 +1 
cos 36° = 


cot g—l 
(x) 4 (cos? 10° + sin? 20°) = 3 (cos 10° + sin 20°) 


(x) cot (F—8 | Bij Une 


5 Prove that 
(i) sin (A+B) sin (A—B) = sin’?A — sin? B 
= cos? B — cos? A 


(ii) cos (A+B) cos (A—B) = cos?A — sin? B 
= cos? B — sin’A 


(iii) cos6A — sin®A = cos 2A (1—sin?24) 
(iv) tan 3A — tan 24 —tanJA = tan 3A tan 2A tan A 


1 1 os 
‘ tan 3A4-+1 cot 3A+cot A 


(vi) (2cos A + 1) (2cos A — 1) = 2cos 2A + 1 


i 
cot 4A 1 
i 


6 Prove the following identities by using the sum andl 
rroduct formu!ae— 


(i) sin (a +8+y) + sin (a—S—y) + sin (u+6—y) 
+ sin (a—B+y) = 4 sina cos@ cosy 
LHS = 2 sina cos (8B+y) + 2s8in « cos (F—y) 
= 2sin u [cos (B+y) + cos (B—y) ] 
=: 2sin a 2 cos B cosy 
= 4sin a cos 8 cosy = RHS 


————EOEO ——— ee ee 


ee 


(11) cos (a+8) sin (u— 8) + cos (8 +y) sin (8B—y) 
+ cos (y +8) sin (y—d)-+cos (+a) sin ($—a)=O 
LHS = } (sin 2 w—sin 28) + 3 (sin 28—sin 2y) 


—- i (sin 2y—sin 25) +. L (sin 2,J—sin 2a)= O= = RHS 


| 
i 
4 
1 
192 | 
4 
[ 
; 


x 


(ix) cot (F-6) ae cot O+1 
. cot 6—] 


(v) 4 (cos? 10°-+-sin® 20°) =" 8 oe 10°-++sin 20°) 
5 AAO | 
(i) sin (A+B) sin (A— B)=sin? A—sin2 B 
=cos*? B—cos? A 


(ii) cos (A+B) cos (A—B) =cos? A—-sin? B 
=cos? B—sin? A 


(i11) cos* 4—sin® A=cos 2A (1—sin? 24) 
(iv) tan 34—tan 2A —tan A=tan3A tan 2A tan A 


i: 1 
a eh ee ee ae ee 
(v) tan 3A+tan A cot 34 +cot A 


(vi) (2 cos A+1) (2 cos A—1)=(2 cos 24 --1) 


= cot 44 


6 Bos, mB, Mrow AosAva, wwsoeha BAS aS 
5 
ADIMSOLONGAL, AQAO— 
(i) sin («+ 8-+7) + sin (a—8—7) +8in (a8 -Y) 
+sin (ec—S+y) = 458in a cos 6 cos ¥ 
aay = 2 sin « cos (8+y)+2 sin a cos (B—Y) 
= 2sina[ cos (8+Y) + cos (8—Y)] 
— 2sina2cos B cosy — 
= 4 sin acos § cos y = WON 
(ii) cos (a+) sin (a—8)-+¢0s (8+y) sin (6--Y) 
4+ cos (y+6) sin (y—s) + cos (6+u) 
sin (d—a) =0 
awn = 1 (sin 2u—sin 2§) +4 (sin 28— sin 2y) 
+ 3 (sin 2y —sin 26) +4 (sin 2d6—sin 2u) 
=()— wowen 
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(11) cos? (B—y) + cos’ (y—ua) + cos? (a—) 
= 1 + 2cos «—f) cos (8—y) cos (y—a) 


LHS= 1 — sin (8—y)+cos* (y—«a) +08? (a—B) © 
= 1 + [cos? (y—a) — sin? (8—y)] + cos* (a—B) 
— 1 + cos (B—ua) cos (2y—B—«a) + cos? a—f) 
— 1 + cos (a—8) [cos (2y—8—a) + cos (a—8)] 
= |] + cos (a—8) 2 cos (y—B) cos (y—xu) 

— 1 + 2cos (u—f) cos (8B—y) cos y—a) 
= RHS 


(iv) If d+B+C= 180° prove that 
cot A cot B+-cot B cot C +cot C cot A=1 


A= Bs C= Tee. 
A AR 2 18 
tan (A+B) = tan (180° — C) = —tanC 


tan A + tan B 


pee ee een aan 
1 tan A tan & 


Dividibg throughout by tan A tan B tan C 


| 
. 
tan A + tan B + tan C = tan A tan BtanC ‘ 
cot A cot B + cot Bcot C + cot C cot d=1 


(v) {4+ 86+4C= -x’* prove that 


Cos 


cos Z + cos — B tee 


LHS = a cos 


A+B Sea ay RS 
4 2 


(iii) cos® (8—y} + cos® (y—a) + 008? (a—8) 
=1-+-2 cos (a—§) cos (8—y) cos (y—a) 
aeien = ] — sin® (8B—y) + cos? (y—a) + cos? (a—f) 
=1 + { cos? (y—a) — sin? (8B—y) ! + cos’ (a—f) 
=1-cos* (a— B)-+cos (8—a) cos (2y—8—a) 
=1-—+cos (a—) {cos (u—f) +cos(2y— B—z) } 
=1-+ cos (a—) 2cos (y—8) cos (y—a) 
=]-+ 2cos (a—8) cos (6—y) cos (y—a) 
— WON, 


(iv) A + B+ C=180° BAGS mQAO— 
cot A cot B + cot B cot C +cot C cot A=1. 
A+~B--C = 180° 
A+B= 180°—C 
tan (A+B) =tan (180°—C) =— tan C 
tan A -+tan B 
1—tan A tan B 


tan A-+tan B+ tan C=tan A tan B tan C 
tan A tan B tan C M08 weansoan 


cot A cot B-+-cot B cot C+cot CO .cot-4= 1 


=——tan C 


(v) A+ B4C=7"° NGS AHAO— 


a—A Hef St 
cos & + cos B+ cos 5 = 4 cos cos = dag Tae 


Aww —2 cos A+B cos —]— £603 Sa 


ae 3 
A+B te + sin —~—— 


= 2 cos r m1 
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(vi) tan 20° tan 40° tan 60° tan 80°=3 


sin 20° sin 40° sin 80° ye 
LHS = cos 20° cos 40° cos 80° © 
fe (2 sin 20° sin 80°) sin 40° 
: * (2 cos 20° cos80°) cos 40° 
(cos 60°—cos 100°) sin 40° 


ee (cos 100°-L-cos 60°) cos 40° 


—fsin 40° ao, 
V3 | +_cos 80° sin 40° | 


2 
° 
—cos 40° cos 80° -008 = 


. 
— 


V 3 [sin 40°-++sin 120°—sin 40°] 
~ cos 40°— (cos 120°+ cos 40°) 


| 
x 
o| 


== 2 cos 


= 2cos TY | cos 4B + sin ad 


22 cop | cos a + oo +S) 
4 


= 2 cos ~a¥ : Zcoatt = 7™—B 
4 


— 4cos © 


(vi) tan 20° tan 40° tan 60° tan 80°=3 
sale 20° sini 40° sin 80°. |.8 
OE won = ans os eS 
cos 20° cos 40° cos 80 
V3. (2 sin 20° sin 80°) sin 40° 
oA (2 cos 20° cos 80°) cos 40° 


/3, (cos 60°—cos 100°) sin 40° 


(cos 100°-+-cos 60°) cos 40° 


/3 ($-+cos 80°) sin 40° 
(—cos 80°+4) cos 40° 


_ /3 [sin 40°+2 sin 40° cos 80°] 

cos 40°—2 cos 40° cos 80° 

/ 3 [sin 40°-++sin 120°—sin 40°] 
cos 40°—(cos 120°-+cos 40°) 

v4 


= 3 = WOOM 


Noe! — 
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7. Prove the following identities by using the sum ane 
product fornulae.— 
(i) cos « + cos 8 + cos y + Cos (a+ +y) 


at cos at cos Y4 


= 4c0S 


(ii) sin (a—f) + sin (8—y) + sin (y—a) 
tp “Spd toe eae 


ae oe Ss] a—P 7 sin 
4 sin 5) sin 5 5 


(ili) cos* (a—@) + cos’ (8B—y) + cos’ (y—a) 
=1 + 2cos (a—£) cos (8—y) cos (y—a) 


sin (a+ 8) — sin 48 a—3B 


OY) cos (a8) + cosas — "2B 


(v) cos (; + )- cos (Z —.)= = 72; sin a 
(vi) cos 12° + cos 60° + cos 84°=cos 24° + cos 48% 


] 


(vii) cos 20° cos 40° cos 60° cos 80° = 7 


(vill) cos* (45°—a) + cos? (15°+-a)— cos? (15°—u) =} 
(ix) tan 6° tan 42° tan 66° tan 78°=1 | 


8. In the triangle ABC prove that— 
(i) sin 24+sin 2B — sin 2C=4 cosA cos B sin 0 | 
(ii) cos2.A +-cos2 B—cos2C =1—4 sind sinB cos | 

A 2 C 


(ii) sind +sinB-++sinC=4 cos > cos — cos = 
(iv) sin? 4-++sin? B—sin? C=2 sin. A sin B cos C0 
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7 Bos, Dodd, MEOW, AnD nvso, evrodiocha & és 
QS, ANoesoeorisay, ADQAO— | 
(1) cos a+cos 8+cos y+cos (a+8-+4y) 
—4cos 218 cos BY 
2 


—EE 
- 


(11) sin (a— 8) + sin (B—y) +sin (y—a) 
Y-4 
2 
(111) cos? (a— (8) + cos? (8—y) + cos? (y—a) 
= 1+ 2 cos (a—8) cos (8—y) cos (y—a) 


.. sin (2+8) — smn 46 _ 2 ~ 38 
OY). cos (a +6) + cos 46 we ( 2 ) 


(v) cos (Gta ) — cos G fa) Ne sin a 


(vi) cos 12°-++cos 60° -+cos 84°=cos 24° +-cos 48° 
bes 

16 

(viii) cos? (45°—a) + cos? (15° +-a)—cos* (15°—a)=4 


(ix) tan 6° tan 42° tan 66° tan fe = 1 


sin 


‘ —68 . a 
=—4 sin 25" sin B—Y 


(vii) cos 20° cos 40° cos 60° cos 80° = 


o7 ABO 3 BWCIBY AOQRO .— 
(i) sin 2A-+sin 2B—sin 2C =4 cos A cos B sin C 
(ii) cos 2A -+cos 2B—cos 2C =1—4 sin A sin B cos C 


; A B 
(iii) sin A+sin 6+s1n C=4 cos 5 008 5 cos 


(iv) sin® A+sin? B—sin? C=2 sin A sin B cos C 
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(v) s in?  +sintS a —sints ey eee A B 3 C 


2 COR — COS — 518 — 
2 2 PA 


(vi) sin (B+2C) + sin (C-+2A) + sin (A+2B) 
. BC . C—A . A—B 
=4 sin ae sin a 


1 + cos A—cos B + cos C B C 
7 A SS ee t — — 
ey 1 + cos A + cos B—cos C a ee 2 


(vill) > a = > tan A—2> cot A 
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pee: | eee 3 : 0 A F : eae & 
=) Sin’? — = — sin? — a = sd a 
(v) 5 +sin ao sin l 2cos- cos = sin 5 
(vi) sin (B+2C)-+sin (C-+2A)-+-sin (A +2B) 
C4. Cau sj A—B 
2 


sin in 
2 


—4 aie 


‘.. 1 +cos A —cosB+ cosC _ B C 
we) Y= eosed | cos B—con0 a yn 2 


= Stan A —2> cot A 


et. tan A 
aa = tan B tan C 
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CHAPTER 10 
Simple Equations 


10.1 To solve equations involving trigonometric 
functions certain working rules are now suggested. 


Solve the equation— 
(a) sin 6+sin 7 6=sin 4 0 


.“.2 sin 46 cos 3 6—sin 4 ¢6=0 
*,sin 4 6 [2 cos 3 gB—1]=0 


“sin 4 0=0 | 2 cos 3 @=1 
é=0 cos 3 0=4=cos 60° 
* 3 0=60° 
O7 =n x 9—90° 


(b) /3 cos 6+sin 9= /2 
Divide throughout by . 


V (o/ 3)?-+-(1P?=2 


: .Y3 cose 4s sin 9= 1_ 
2 af 2 
Now sin 60°= _ cos 60° =1 
2 2 
sin 60° cos 8 + cos 60° sin @ = a 


sin (60° + 9) = = — sin 45° 


as. GO + 6 — 45° 
6 St is” 


OGO,00d 10 
Roz RMesdeoredo 


10.1 AOy AXoesdeonss 
SPAIN WANS Advoesdervss, NAS soy 


DONS, IQ. Avorszod, 053. 


88NS FAxoMa, NAL 
(a) sin 6+-sin 76=sin 46 


- sin 60° cos 8 + cos 60° sin@ = wa 


2 sin 40 cos 3A—sin 44¢=0 
sin 46 [ 2 cos 30@—1] =0. 


| 2 coseap—t 
= sim 40 =0 | cos 30=4=cos 60° 
. aay | -- 30=60° 
CAM O=nxr | 6 = 20° 
(b) 3 cos @ + sin 6 = V2 
a, (v3 4+ Uy — 2 ABd0D wWvAA. 
“= cos 0 a se = = 
mn, sin 60° = - , COS 60° = 
1 = sin 45° 


- sin (60° hE: ee sin 45° 
60° + 6 = 45° 
a 15° 
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Solve the following equations— 


1 
2 
3 


(c) 2 cos’ x + 3 V3 sin z—5=0 


(d) tan @ + sec 2 6=1 


2 (1—sin? z) + 3 V3 sin z—5=0 

2 sin? s—3/3 sin « + 3=0 

2 sin? z—2V/3 sin x — /3sinz + 3=0 

2 sin x [sin 2/3] —v 3 [sin z—V/ 3] =0 
(2 sin 2 — V7 3) (sin z—v 3) =0 


3 sin = / 3 > ] 
ae Pee Therefore this solution is 
r= 60" inadmissible as sin z } 1 


i ra 
cos20 — 
1 tan? @ 
tan 6 + > sat | 
tan 6 (1—tan’ 6) + (1+tan? 9) — (1—tan? 9) = 

tan 6— tan? @ + 1 + tan? 6—1 + tan? 9 =6 

tan? 6 — 2 tan? 6 — tan 0 =0 
tan @[tan’ @—2 tan 6—1] = 0 
| tan’ g—2 tan g—1=0 


tan 0 + 


tan @=0 . ‘As ee 

2+ 7414 

@6@=0 or nz tan 6 = 2 RA 
=l+ v3 


Exercise 10-1 


cos 0 -+ cos 26 + cos 30 = 0 

sin 2 6 — cos 26 — sin @ + cos 6 = 0 

cos (3d +a) cos (30—a) + cos (58+<a) cos (50—«) 
=Ccos 2u 
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(c) 2 cos? x + 3V3 sin z—5=0 
2 (1—sin’z) + 3V3 sin a—5=0 
2 sin? z—3V 3 sin 2+3=0 
2 sin? e—2V3 sin a—V3 sin 2+3=0 
2 sin x (sin z—V3)— V3 (sinz—V3) = 0 
(2 sinz—V 3) (sinza—V 3)=0 


sing= v3 sin z= V 3>1 
2 sin ap 1 SAGood F Ws,0 
z— 60° MSY. 


(d) tan @ + Poe = I 


1 
tan 0 eo | 
ay cos 20 
1-tan- 0 
tan 6 oi Biababes ee a | 
© 1— tan? @ 


tan 6 (1—tan? @)-+1 4 tan? 6—(1—tan*@)=0 
-. tan? 6—2 tan’ 6—tan d=0 

”. tan 6 (tan? 6—2 tan @—l1) =0 

tan? g—2 tan 9Q—1=0 


tan @=9 eae 
G=0 tan @ =7 = ae 
CDW — . 


eye,A 10.1 


SNS DAoesseaNnag, 29630 


1 cos 0-++cos 20-+¢os 30=0 
2 sin 26—cos20—sind + cosd = 9 


3 cos (30-+a) cos (39—a) + cos (50+) cos (50—a) 
= COS 2a 
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4 sing+cos? = VQ 

5 %3sin6 — cos 6= V2_ 

6 ‘cos 20'=— cos’ 9 

7 2sin @tan 6 +1 = tang + 2 sin 0 
8 5tané+ 6cot @ = 11 

9 sec? 6 + tan? 6 = 3 tan 6 

10 3sin @ = 4 cos? 6 

11 6sin?.6— llsiné? +4=0 

12 3sin? 6 + 5 sin 6 = 2 

13 cos 3 8 — cos 4 6 = cos 5 6 — cos 6 @ 
14 V3sec?a = (V3 +1) taw6 + (V3 — 1) 


10.2 Some Properties of Triangles 


There is a definite relationship between the sides and 
angles of a triangle. Indeed, this is the basic concept 
behind Trigonometry. 


Before we go to enunciate and prove some of the 
formulae let us acquaint ourselves with some of the ~ 
standard symbols used in the succeed ng arguments. | 


10.38 The six elements of the triangle 4 BC will be — 
denoted as follows :— 


i BAC=A.. AUBAS> BS ACB 
Side BC (Opp. to A)=a, CA=b, AB=c 
Circumcentre of the A ABC—S 
Circumradius of the AABC=R 
* SASS BeSC=F 
Semiperimeter of the A ABC, 
atb6bt+e 
2 


Area of the AABC=A 


pri 
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4 sinOd+cos0= /2 

5 3 sin 6—cosd= V2. 

6 cos 2@=cos?é 

7 2sin 6 tan 6+1=ten 642 gin 4 
8 5 tan 6+6 cot 6-11 

9 sec*@+tan2é=—83 tan @ 
10 3 sin 6=4 cos26 

11 6 sin?0—11 sin 04+4=0 
12 3 sin?é+5 sin 0=2 
13 cos 3 @—cos 4 6=cos 5 @—cos 6 6 
14 V3 sec?9@=(V3-+1) tan 064 V3—1 


10.2 &soccony sos Noeenso 


WOW Sse oUnene, secsnene HDD Aowo® 
BRON. MA, ADA, ase SBoeewo8os &ss, SosOcoe DOO 
toa. 


BH ANS NGA, WD) AQAA BLDG) Say 90, Acsesnvay, 
Mey) WOWOIAF WOT) BIwoDMIDOO IRA HWS a9. Woo 533 wos ascs 
OO AYNYS, WLAIS,c23. 


10.3 wots SSnctn So HwdosINsar, Bi Yi GATOS 
AAS C33. 
LBAC=A, LCBA=B, ie ACB=C 
aoe BC (A oe DDT) = 
CA=b, AB=c 
5 Ban BOscow,—_ § 


3, Se C£OT) DOS % i R 


7 dag 
SA=-SB=SC= R 
_) 2 a -b C 
8 t.ncced eprzs,¢s — ore 2% 


10.4 Sine Rule 
In any AABC show that 


In fig. (1) Z A 1s acute, 

in fig. (2) Z A is 90° and 

in fig. (3) Z A is Obtuse. 

Join BS and produce it to meet the circumference at 
JonCD 


in 


3 
Z CDB=A in fig. (1) 
Z CDB=180°—A in fig. (3) 
Further BD=2R, 24 BCD=90° 
*. In figures (1) and (3) from the A BCD, 


B 
a sin Z BDC=sin A .. [sin (180°— A) =sin 


BD 
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0.4 Ane QOISeE5D 


l 
~woBsod USA » A CHPoboew 
DISA US,GBQD 7 A Amo.s2e8 
DWTSOS) USB 7 A CHE bees 
BSay, BXBA BOGS Ba, D now Norwasg Gedmaos © 
QO. CD oar, Heer. 


Cea) 


LCDB=A_ (%% 1) 
ZCDB=180°—A (*= 3) 
Gene BD=2Hh, £ BCD =90° 
2» womeeds cows, Bovwdvo0 ge NEO Bsneed ACD W003, 


.= sin Z BDC=sin A [*s sin (180°— A) = sin A] 
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sin A 
BC QR 
1S) (AS SS ee 
a fig (2) sin a sin 90° 
- In all the cases —~— = 2R 
sin A 
ae 2 ae 2 © te 
ny ee ot ee 
= 0 — ; 


ae —— ae 


To prove that =~ 
a=b cos C+e cos B 
b=c cos A-+a cos C - 
c=a cos B+) cos A 
Draw AD perpendicular to BC + 
Fig (1) a=BC=BD-+ DC 
A 
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1 
DOGaCz BSG ms. a ica A ————4 2h 
sinA sin 90 l 
ay mayrivdobe * oP 
sinA 
® }, a: 
BeOS “ _ —2R, mm, °° OR 
sin sin 
oo = C 


— = — = — = 2R 
sinA sinb sinU 
a=b cos C+e cos B 


b=b cos A+a cos C 


c=a cos B+-h cos A, 2002 OAD Dd. 
ADR, BCR coma 296220. 


3S, (1) a= BC= BD+DC 


~ A 


= C 
2 acute 
A 
: "ha - 
B Cc ; tietcte * 
B eS 
eee ee" on 7 ae 
2 
eOBERCD 
ZL B=90° ZLB Oe 


201 


BD DC 
= ade CA 
BA Sef CA 
= ccos B+b cos C 


Fig (2) a= BCO= “F CA = b cos C-+¢ cos 90° 
=c cos B+b cos C (208 90° = 0) 
Rigsig)e= BC=DOe DRL ae a 


AC AB 


= bcos C—c cosZ ABD 
= b cos C—c cos(180°—B) 
= bcosC+c cos B 


Thus in all the cases 
a=b cos C+c cos B 


Similarly the other two formulae can also be proved. 
10.5 Cosine Rule 


a=b cos C-+c cos B (1) 
b=c cos A-+a cos C (2) 
c=a cos B+b cos A (3) 


Multiply (2) by 6, (3) by e¢ and (1) by @; add the 
iirst two and subtract the last. 
b?-+-c?-a?=b [ce cos A+a cos C] +c [a cos B 
+ b cos A] —a[b cos C+ cos B] 
= be cos A+ba cos C-+ca cos B+cb cos A—ab 
cos C—accosC 


= 9 bc:cos A 
. 2=? + c + 2bc cos A .. cos A= OP -re—a* 
OTs 2 be 
Similarly, 
b?=c*?+-a?—2ca cos B cos B= Tee 
2 ca 
o? =a?-Lb?—2ab cos C oon O— SS oe 
2 ab | 


These results together are called the cosine rule. 
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RD DEC 
eu to 
=c cos B+b cos C 
83, (2) a = BC — BC 0 
4. (2). == BC = a CD = bcosC + ¢ cos 90 
=¢cosB+bcosC (*: cos 90° =0) 
De DB 
ws) (3 =BO— DO—DB= -™.. eerie 
4 (3) a aa AC aR AB 
=b cos C—c cos ABD 
=b cos C—e cos (180°—B) 
=6 cos C+-c cos B 
Ser 2O AHODYWE NFO. 


a=b6 cos C-++c cos B 
Ae Oe3 wo9Hd@ x03 2 NPHA, AQAWHID, 


10.5 sea 1? VOSA 


a=bcosC + ccosB (1) 
b=ccos A + acosC (2) 
: c=acos B+ beos A (3) 


(2) %, b Noa, (3) BQ, ¢ W90 WF, (1)A, q@ Woo MoaedAXO; 
BOSIBR, SOA Fosododay, s¥osd. 
b?-++-c?— a? =b [ce cos Aa cos C] +c[acos B+b cos A} 
—a [b cos c+ccos B] 
=be cos A--ba cos C+ca cos B+cb cos A 
—ab cos C—ac cos B=2 be cos A 
a? =b? + c?—2bc cos A 
rae Oc 80309, 
6? =c?+ a2—2 ca cos B 
c2?—a?+b%—2 ab cos C 
BH M0d. POS SNA wt A SOA 0 DOWN) BA. 


© II 202 26 


An independent geometrical proof is given 
below. 


(1) 
B ay 
8 acute 
Fig. (1) A?=AB?+ BC?—2BC. BD 
2 FP=¢ +e°—2.a. —— 


—c’?+a?—2ca.cos B 


i 


(2) 


(3) 


9 

ao 
1-7] 
0 
£ 


Fig. 10.4 
Fig. 3) AC?=AB’+ BC?+2BC.DB 
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WOT DWjS.c8 Wo, NScd. MWABS cdosa ser Fowoond, 


A 


(1) 


3 
ae: D 3 
atute 


ZB OPrsb0e5 
AC?2= AB?+BC?—2 BC. BD 
BD 
b=c?+a?—2a. a7 BA 
—¢24a%—2 ac cos B 


(2) 


2 c 
D [B«90° 


AC? = A B?+-BC? 
Pe + at—2.ca cos B 
(-" cos B=cos 90° =0) 


a4 
(3) 


D ’ LB ob base 
Be, 10.4 
Z B SOS NOME) 
AC?= AB?+ BC? +2 BC - DB 
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P=?+a?+2a. ae 


—?-+a?+2ac cos Z DBA 
—@+¢?+2ac cos (180°—:B) 
=—¢?--q2+2ca cos B. 


Thus in all the cases. 
b2--c? +a?2—2ac cos B 
Similarly the remaining two formulae can be established. 


Exercise 19.2 


1 Prove that A= +4 bcsin A=icasin B=jab sind 
Hence by making use of the sine rule or otherwise 
show thatabe = 42 A 
A 


2 From the cosine rule by writing cos A = 2 cos? re 


5 


and 1 — 2 sin” 4 separately obtain the following formulae 
Fs 


A s (s — @) 
a) cos — eS ty NS 
2 V be 
A 


_ ,/ (s—b)(s—C 
(5) sin gore) a 
A A ee) ee) 
c) tan - = ay treeeeres A « et 
te) 2 V s (s — a) 
3 Prove the following results in a triangle 4BC— 
B—C b—c A 
(a) sin = cos — 
2 2 
B—C _ b—e A 
(6) tan a Roe cot = 


(c) b? sin 2C 42 sin 2B = 2bc sin A 
(d) (6 +c) cos A + (¢c + a) cos B + 
(a+ b)cosC=a+tb+e 
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b?— ¢? 2 ¢ DB 
+a@+2a TB AB 

=c?+a?+2 ac cos 7 DBA 
=c?+a?+2 ac cos (180°—B) 
=C+a?—2 accos B 

&eN DQ AOBYBrneOodre 
6b? = c?+ a2—2 ca cos B 

eae OS WLR Avs NIso, MOSwWRBdD. 


SHA 10.2 


1 A= be sind=} ca sinB=} ab sin C 20 
AQQAD. 

00d, AN Dobaoasy, wextect evga Bean, 
abc—4R A. 20%) HHA. 


2 BAAN NINO cos A =2 cos? —], 832, 1—2 sin? = 


DOT DS.cSIoN WIG Bi SVAS As Na, AHAO— 


(y) oe = | See 7 
C 
(6) sim = \/ oa. (Se) 
G 
A jf (sO). (s—c) 
t So / Beh aa, 
(c) tan : \ a 


3 wots 3 soceo ABC od & SYNOD POBDOSNVA, TOQARO— 
aw. O-cr A 


t (a) sin 


a 2 
peu (Oe A. 
(5) tan oaee Pe cot. 


(c) 6? sin 2C+c? sin 2B=2be sin A 


(d) (6 +c) cos A+(c+a) cos B+(a+6) Saou, 
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@ sin (B —C) b? sin (C — A) 


¢) sin B + sin C sin C + sin A 


csin(d— B) _ 


sin A+ sin Bo 


(f) ?+B+e=2 (be cos A+ca cos B-+-ab cos C) 


(g) @& cos (B—C) +08 cos (C— A) +c? cos(A— B)=3 a be 
(h) (b—a) cos C-+e (cos B—cos A) 


= csin AB cosec A+B 
2 2 
tan Ae 
(2) ns Sige 
a—b ae A—B 
2 
4 Prove that in each of the following cases 2 C=9f 
-» B c—a : 
2 — 
(1) -sin ae 
-. @—b A—B 
(11) ais as tan 3 
(iii) ( oo ecatg ORE Ss) 2 “Oa 
2 2 C 
(iv) tan A any alli 
2 b+e 


5 Given (a+b-+c) (b+c—a) = 3be, find A 


6 IfC=60° show that 


Bg oa 3 
ac bt+e a+tb+te 


(e) a’ sin (B—C) 


peer et ee aS 6* sin (C—A eo es 
wpe! ( ) ,@ sin (4 Bye 


sinC+sin A sin A+sin B | 
(f) a+b?+c?=2 (be cos A--ca cos B+ab cos C) 
(g) a cos (B—C)+8' cos (C—A)+¢ cos (A—B)= 


3abe 
(h) (b>—a) cos C-+e (cos B—cos A) 
- A—B 
=csin 5) cosec =~ 
A+B 
. a+b 3 tan : 
a—b tan oe 


4 SYND BD, PHB AoBwr BQ. / C= 90° How AXHYAO— 


(i) sin? > = a 
(ii) a en ae 
(iii) (sin 5 + cos 4\- ate 
(iv) tan 2 oa — 


ie eo oy Otc — a)i— 3 be acORienn Abwon 
Bo&Bdrd. 
6 C = 60° San 


1 1 3 


Se Dom AoA. 
atc b+¢c¢ at+b+e 
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A 
7 Ifa, b,c are ir A.P. prove that cot 5» cot 


cot 2 are also in A.P. 


[a, 6, c are in A.P. 
*. (a+b+c—a), (a+b+c—), (a+b+c—c) 
are in A.P. 
* b-+c, ct+a, a+b are in A.P. | 
sin B+ sin C, sin C + sin A, sin A + sin B ; 


are in A.P. 
sin 2 een ae CTA cos C—A 
2 2 2 2 
sin 2B a cos a are in A.P. 
A BG. ea ae G 
cos al cos = cos > + sin = sin al awsceei 
are in A.P. 
Dividing throughout by si 
wih A B C 
omitting cot ei cot a cat "5 from each 


A B CG : 
cot —,cot—, cot — are 
= : co : are in A.P. 


8 If a. b, c are in A.P. prove that cos A cot 


B 
cos B cot = cos C cot ; are also in A.P. 


9 If a,b,c are in H.P. prove that sin? = sin? —9 


‘ & : 
sin? 5 are alsoin H.P 


7 a» b. c RBIOSO 3 KQcwOaoaon cot A , cot B Prt cle 
3’ g 
ADOT 5 LBOs DOD) AOHADO. 
[a. b. c AiR0Ss BGs, 
a+b6+e—a a+b+c—b,a+b+ec-—e 
Aamosd 3 cQodoas, 
-. b+0.c+a, a+b ABR0Sd 3 cGogs3, 
“. sin B+ sinC, sinC + sin A, sin A +sinB 
ZAR0SS ZB 5 KGW. 


eee iy Oe i eae ROY, kere A sin A+B 
y 4 2 y/ 


sin A sin B sin 2 R00 4woh*r> Woz, B20 > 


BDOLINOBO.}D cot cot 2 cot 2 O2, SSCIOON 


a 


cot A cot Be cot 
2 2 


; é A 
8 a, b- c Rawcsd BGoHwgsa t cos A cot ae 
B } 7—_ 227s =, eQonOs DOO> 
cos B cot a cos C cot z: AS AOWOZ GLEWGwN wow 
i ODA. 
'? ae) C BOS, % 3B QOOGGS 
: sin® B sin? a 
sin eae, 9) F 2 “sy 2 


Ze Boos & BK QOHWDeS Hows AOHAO. 


10 Prove that 


se 
(a) cot A + cot B + cot C = easel 


4A 
(6b) > asin (B-—-C) = 0 
(c) (a2—b?-+1c?) tan B = (a?-+b?—c?) tan C 


(d) A= 2 (cot B + cot C) 


10.6 Solution of Triangles 


We have already seen how a right-angled triangle 
can be solved under certain given conditions. We shall 
now proceed to explain how any triangle can be solved 
when any three of its elements (not all of which are angles) 
are given. In the succeeding discussion we confine our- 
selves to simple cases. 


(a) Given three sides, to solve the triangle. 
In simple numercial cases invloving small integers the 
cosine rule can be conveniently applied. 
a=4 
Consider the case when a =4, b = 5,c = 6. 
a® =b*+-c?—2be cos A 
16=25+36—2.30.cos A 


A=41° 25’ (natural cosines page) 
6b? =c? +a?—2ca cos B 
25=36-+16—2.24.cos B 


. BGs 26" 
ce C=180°—(A +B) =82° 49’ 
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Tt)“ AOQAC— . 
Xa? 


4A 


(a) cot A+cot B+eot C = 


(6) > a sin (B—C) = 0 
(c) (#&—?+ cc?) tan B = (a° +62?) tan C 


oe ae 
OR 2 (cot B+cot C) 


10.6 SSaLcsons WAAIAS 


BOW BS, AoMBiPd.or wom. onsoed I soeeosay, 
BEN WAAWBG HowHar, doy) HMMGe COsded. wom Sse 
£9 WAGE DWT. (CNOA Toennigaiszwdao) Bowoo.osnvo Az, 
TON FS S Facts, WAxAr.\G Heri aowdar, sit HVOmds eH. 
WD Woods AASB Avo wvqoswowNvas, Ans, BOdeOAoord 
Woo. 
(a) Dowd WouNys GS, momN SBoctdMay, WRAY. 
SOC. AOD NPD TOW w SDOBNGO BOA, NIDA, 
AOBAOA BD ,WeAAWBID, 
a=4, b=5, c=6 BATS WHIBTBWIN, DODOA, 
a2 —bh* +c? —2be cos A 
16=25+36-—-2°30 cos A 
45 3 
cos A = nar = 0-7500 
A=41° 25’ (natural cosines &) 
b2 — c? +a? —2ca cos B 
95 = 36-+16—2°24. cos B 


PAG g eAOE 
B= ean a a oe eS 5625 
cos 48 a 
B=55° 46 


C=180°—(d +B) =82° 49° 
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(b) Given two sides and the included angle, to solve 
the triangle. | | 


a=6, c=7. Z B=60° 
BRa=a?+e—2ac cos B 
—36-+49—84 cos 60° 
—36149—42=43 


b=V/43 
ol See anes © 
sin A sin B sinC 
ee i ee 
"sin A sin 60° 
a ee 6.sin 60° 
Vv 43 
-, log sin A=log 6— $ log 43 +log sin 60° 
=0.7782— 994 7 9375 
= 7.8989 
*, A=52° 24’ 
.. C=180°—(B+4A) 
— 67° 36’ 


. (c) Given one side and two angles. to solve the | 
triangle | 


a=7, B=40°, C=60°. 
A=180°—(B+C)=80° 


0 in ca eae ee | 
sin A. Bie Ss) eS | 
7 eRe OP ee c i 
sin 80° sin 40 sin 60° 
< dipes 7sin 40° 
sin 80° 
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iid MTN TS age EL, 


(b) ABB. wurde wx weheoads seedy Gy nomen 
3 3.acdWAr, WBA? TO, r 
a6. C7. f= 60— 
2—g*-+¢?—2ac cos B 
= 36 +49—84 cos 60° 
= 3614942 =43 


{ 


b= V43 
a b 4. C 
sin A sin B sin C 
Ga W483 
sin A sin 60° 
j 6 sin 60° 
ain. As 
J/ 43 


log sin A = log 6—2 log 43 ++ log sin 60° 
07782 —- Bars 4 7. 9375 


— 7. 8989 


A = 52° 24° 
(= ¥80° — (B+-A) = 67° 8U- 


(c) 008d YRwAP AIS SaeRNGe BZ, women J Bocewsay, 


DWBARWDD. 
Qa 1s B40 5 C=60° 
A=180° — (B+C) = 80° 


a Came ant 6 
Stay 6A iss. a WD sin C 
7 S58 ee OC 
sin 80° —- sin 40" ~ gin 60° 
_7 sin 40 
Sein 80° 


Hint for problem number 13 
= 26, b= 23, A=40° 


Bas RO eae 
snd  snB sin 
1 pe 8s 
Si AO + eb 


Dy aed Ye 
re B= —gin 40 
sin 36 8 


‘og. sinB = log 23 + log sin 40°—log 26—1.4156 
-—] .3617 
47.8081 


T -7548 
- B=34° 39’ or 180°—34° 39’=145° 21’ 
since sinB=sin (180°—B) 


*y BueeSae 30k B,= 145° 21! 
A= 40°, A= 40° 
- C=105° 21’ C=no admissible value. 
20 gee Me c =u c 
sin 40° sin 105° 21’ sin 74° 39’ 


.. log c=log 26 +log sia 74° 39’—log sin 40° 
= 1.4150 —T .8081 
+T -9842 
1.3992 
T -8081 
c= 39 
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4 
t 
| 


ee ee 


ARE NER Sie pica Fah, Ot & AI 


1380 CHAS, Does 
a=26, b=23, A=40° 


fae 2 b C 
sin A sin ie sin C 
; 26 23 
san 40° sin B 


gee 28. ee 
“sin 5 brig 40 


log sin B=log 23 +log sin 40°—log 26—1.4150 
= 1.3617 
++ .8081 


1.1698 
1.4150 


T .7548 
*, B=34° 39’ O@S2 180°—34° 39’ = 148° 21’ 
sin B=sin (180°— B) SAT2BBO00 


A sa B,=145° 21’ 
A=40°, A-—40° 
* C==105" 2)’ C= BMS 8S ay 
yA: eee c a c 


sin 40° sin 105° 21’ sin 74° 39’ 
*, log c=log 26-++log sin 74° 39’—log sin 40° 
=1.4150 egos 


+ T .9842 


1.3992 
T .8081 


1.5911 
c=39 
27 
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Hint for problem number 14 


a=—47, c=13, C=15° 


a ee oe Ms 
sn 4 sin B sin OC 
fet Li dS. ies Fee o ain 15° 
sin A sin 15° 13 


log sin A=log 47+log sin 15°—log 13 


= }1°6721 — 1.1139 
T .4130 
Es 1.0851 
L239 
aueetia 
A= 69° 22’ or 180°—69° 22’=110° 38’ 
A, = 69° 22’ A= 119" 38’ 
C=15° 00’ C=15° 00’ 
Bye 95° 38’ =e B= 54° ee 
47 2 b, a: is 
sin 69° 227’ — sin 95° 38’ sin 15° 
. 5 Aye Se Se ee = rabies sin 84° 22’ 
sin 15 esa Bi: 1S 
log b,=log 13-+-log sin 84°22’—loz sin 15° 
= 1.1139 —T .4130 
+7 .9978 
i oe SE iy 
T «ateG 
1.6987 
*, b= 49.97 
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—— ee a 


1480) Geo AB, Hows 
a=47, C45, C==165° 


a ae b te Cc 

sin A sn BB ginG@ 

49 sae 13 ie 47) ea 
Ae ie sin A = om 15 
log sin A = log 47 + log sin 15° —log 13 

= 1G72 1 

+ 7.4130 —1-1139 
1.0851 
1.1139 
Ee tl? 

A=69° 22’ SBD 180°—69° 22’—110° 38’ 
A, =69° 22’ A,=110° 38’ 
C=15° 00’ C=15° 00’ 
B,=95° 38’ *. B,=54° 22’ 

oe eS 
sin 69° 22’ sin 95° 38’ sin 15° 
p, —18 sin 95°38" _ 13 gin 4° 99! 
sin 15 sin 15 


log b,= log 13-+-log sin 84° 22’—log sin 15° 


1 1939 
4 7 .9978 ma fe 
1.1117 
T .4130 


1.6987 
b, =49.97 
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b, meee 
sin 54° 22’ ~ sin 15° 
log b,=log 13+ log sin 54° 22’—log sin 15° 
=i 1439 
+T .9100 
1.0239 
T .4130 
1.6109 
b, = 61.09 


— T.4130 


The second worked out example is the “ambiguous case”’ 
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b, mes, 18 
sin 54° 22’ sin 15° 
log b,=log 13+log sin 54° 22’—log sin 15° 
ae. 1 130 
+ T .9100 


—— 


1.0239 
T .4130 


—T .4130 


1.6109 ° 
b, =61.09 


ABBSOD Crp, 5a) “AON, BOA 3’? WOM PVMIDO. 
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ANSWERS 


Exercises 4°1 Pages 50-51 


A=(2,5) B=(—4, —6) C= 4, —7) D=(-—6, 4) 
E=(5, —2). 


(c) TL (a2) IIL (ee) IT (ww) IV. (ce) IV. (vt) I 
(vit) I (veer) IT. 


(i) y—axis (i) c—axis (wz) Origin. 


Origin and points on the axes do not belong to an 
quadrant. 


Exercises 4°2 Pages 54-56 


(7) |a,—a,| (%) |Yi—Yat 
(i) Vg (m) 18 (102) 2 Va? +b? 


eee i 6 
(ww) a (t—-t,)¥ (,+6)7?+4 (%) 2a sin —?. 


V 41 
nS 
P=(0, 4) or P=(8, 4). 

— 46 —14 
(2, 2) or ( 17’ m7): 
Ly Le+Y; ¥2.— 9. 
(3, 2). 


=— 


bo 


w 


Exercises 4:3. Pages 62-64 


(i) (4, 3) (ii) (4,3) Git) (6, —7) (1) (—1, 
(v) (1.1) (ve) (—2, —8). 

(i) (3 =) (ii) (0.6) (iii) (= = 

( 2a+b a+20 ) 


_—-_~ 
-_ 
< 
~— 
ae Tern te 
ool 
C2) CO 
he eS 


ad (5 x) (04) 


(> 9 fr i tox 15 —5 
ae ao: 
(i): (1,2) (i) G4, 12)” Ga) {a, 5): 
Ratios are: ¢ we See 
3 5 

Points are (F> ° ) si 0 ) 

5 4 
BV5 
a ag 
5, V37, V52 
(4,2) 
B = (—7, 4) 
P=(2, —4), Q@ = (14, 26) 
A = (3,8), B = (12, —2) 
C = (10, 11) 
A = (—14, —10) 
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rm wD = 


Exercises 4.4. Page 66 


(i)e@= +4 (ii) y= +4 
x+y" —10z —8y +32 = 0 

a |» 

3x” + 3y? —20x— 22y + 47 =0. 


Exercises 5.1 Pages 72—73 
(1) 


(i) a=—1, (ii) a=—7, (in) a=—5 


Oot 


Ger (i) ka ; (v) = 


(Errata: Change (0, a) to (a, 0) in the pbm) 
“()-5 G4 (ili) 2, 


Slopes of the sides: —2, L. 2 
2 5 
Slopes of the medians : -5 —14, = 
25 
10° 
Exercises 5.2 Pages 76—77 
ee Rae .-. 1 oF 13 
aaa Fe eee 
(1) rae (11) re 4 (111) a 


AB\CD, BC\ AD 
B14 Bosak hb, 


@ (3. 2) 0 64) 
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Exercises 5.3 Page 79-80 


1 If 6 is the angle, then 


(i) tan é = M3 +2. 
1—2/3 
(ii) tan @=3 


cee @—7 
(111) P 


2 If 6 is the angle, then 


i) tan d= —, 
(1) 3 
(11) tan 0=3 

se 9 uy 
(111) tan 0= 3 


(iv) tan 6= ZS 


(v) tan 6= a6 


3 The tangents of the angles are 
"3. > a 
iy ies 

:. 1 

COR 5? 


(iii) a+2, — (a-+2), 2(¢42) 
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Exercises 5.4 Pages 83-84. 


1 (i)aty+i=0 (ii) y=3 (iii) y= 
r) eng ob (v) aoe Cane 6 


I 2 (i) 4a—y—42=0 (il) 37-+4y—26=0 

() Qr—3y+16=0 (iv) y=6 (Vv) v=. 

: 3 ai, C=). 

) 4 V3e—-y+2—V3=0. 

} 5 (i) e—y+1=0 (ii) c+y—3=0, (ili) y=2 


i) 66 (i) e+2y=15; y=2x; 5a—2y+1=0. 
1) e—8y+15=0; lla+2y—43=0, 13a—1l4y—15=0. 


(iii) «+2y+3=0, 2a—y—12=0, 24 —y =0. 


Exercises 5°5 Pages 90—91 


1 (i) y=5r2—2 (ii) y=—4a +10 (iil) y=—6 
(iv) y=—8z (v) y=10a—5 (vi) y=0. 

2 (i) 3a-+2y=6 (ii) e+y+1=0 (iii) 4e—y +8=0 
(iv) s+y=a (v) x cos a+y sin a=Pp 
(vi) y=me+l. 

3 (i) c+y=Vv2 (ii) V3a+y=—6 (ill) a—yt4=0 
(iv) a+v3y+12=0 (v) V3e—y—10=0 
(vi) V32+y+10=0. 

ay —7—s 

6 a+2y=3. (See Errata) 

7 2e—y+4=0. 

8 ax+5y=10 (See Errata) ie 

9 (i) 5a—4y=41 (il) n—4y=17 (iii) o+ry=s. 
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Exercises 5.6 Pages 94— 96 


1 (i) y=-Sat2; “5; 2,°%; 2y—15z—18 
(ii) y= —38a +2; —3; 2,2; 9y=3a—2. 
(ili) y=$a; $; 0,0; 3y+5r=0. 

(iv) y= —327+4; —3;4,4; 9y=3r—4. 
(v) y=127—6; 12; —6, 4; 24+24y=1. 


: ] 7 1 —7 ee 
(vi) y= — ee tee he ys —7; y=2r+14. 


2 The line (i) is parallel to the line (iii) and the lin 
(11) is parallel to the line (iv) ’ 


=. 6 1S DAS os 2 V3 1 
3 <a es — ll ~ 5 —,;,-> 
() 734° (a7? 7 () V; 5 3) 


(iii) 0, (0, 0) (iv) Vs : ({ =) 


(v) sess keg ah 
V145” \145’ 145 
Roet my ee | | 
v ies SS . 
(V1) 7 5 =) 


5 (i) 5 (ii) 6V3 (iii) 3. 

7 (i) ax+by+k=0 k is the parameter. 
(11) ba -ay+k=0 k is the parameter. 
(ill) @ cosu+ysinau=p ais the parameter. 
(iv) y=m(xz—2) mis the parameter. 
“(v) y=atana+b bis the parameter. 


(v1) : “+ — =1 kis the parameter. 


8 (1) e4+2y=9 (11) 4a—3y+8=0. 
9 4%—Ty=58; Iz+4y=4. 
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as 


> 


ie) 


Or 


Exercises 5.7 Pages 99-100 


(i) = (11) aa (il) 7 ie iv) 2v2 (v) 
ae 4 7 
Daa ia va 


The points lie on different sides of the line. 


18 25 
13 13; 


113 6 
g CUE Ys 


Exercises 5°8 Pages 103 


ee 
—,=)3 tan 6=s 
@ (555) 
(ii) (F ; =) ; tan == 
= /3+2 V73-+1 
il) [22a > tan 6 = —= 
fm, N 3-—1 /3—1 


(iv) (—1 ins tan 0=3 


8 
. VF = aay oes 


1 
m= — orm =—l 
7 


—22 9 


y=mar—5 where m satisfies 80 m?+216 m+143=0. 
(Two lines exist) 


—— 


/ 194 
4 
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Exercises 5.9 Page 106 


1 (i) 13a—5y—7=0 ; 13a—lly+21=0 
(ii) 32—3y—65=0 ; z+ y—5 =0 ql 
(iii) a—y—1=0 ; (I— V3) e+ (I—V 3) 9 +5 TV 3= 
(iv) c—y=0; 2+y+2=0. of 
(v) 4x—6y—5=0; 40 +4y+5=0. 

2 (i) w=y 
(11) +y=2 (See Errata) 4 

3 (i) 54+6y—9=0; 470% +24y— L790; 7x — 6y —2: 
(ii) y= —1; 2444+3y+16=0; 240— 22y—9=04 


Exercises 5.10 Page 108 
1 (i) (VBE2V9)0+ (VEF V2Y—TV5=0. | 
(ii) (5 V2+ V 89) 2+ (8SV2+ V89) YF 5V 89=08 
(ili) (V 242) e+ (—V6+2) y+ 2V2F1=0 | 
(iv) VB+ V8) c+ (+2V8—V5) YE3V3=0 
(v) (26543747) c+ (204407 41) y+25+5V 41= 
3 Ta—Ty—3=0; w+y—9=0. : 
4 2=6; y=2. Radii are (l1—¥/8) and (3). 
Exercises 5.12 Pages 112-113 


1 (i) 9 sq. units (ii) 12 sq. units (iii) 10 sq. unit 


2 (i) ae sq. units 


(11) = sq. units. 


---) 4 @ (m,—m,) (m,—mMs) (m;—mM,) 
(iii) 4 Sm mM) (m—m,) (m=) 
m2 me Me 
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Exercises 6:1 Page 120 


1 (i) @4 y—2ea—4y—4=0; (ul) v?+y°—2rc=0 
(ill) 2 +9?+ 27+ 16y+40=0 ; 
(iv) 207+ 2y?—6x-+ 10y—15=0. 

2 (i) (—4, —2), v19 (1) (0, 0), 5 

(iii) (—3, -3), VEE 

2x? + 2y2—62x—52y +117 =0. 

g—4y+7=0. 

q2+-y?—2¢—8y—8 =0 or 2 +y?—24 + 8y—8 = 0. 

a2 +y?— 82+ 1l4y+15=0. 


orn) 


Exercises 6.2 Pages 125-126 
(i) et-y—2=0. () 8e—y=0. (iii) 7e7-+y—6=0. 
(i) c= 44,y= +4. 
(ii) c—y—4=0; aty+1=0. 


(iii) c+2V72y—2=0 ; ¢—2v2y—2= 05 
g—1=0, x+2=0. 


w 


() 3a—4y—5=0 ; 3a—4y +5=0. 


(ii) 5a—y+2V13=9; 5a—y—2 V13=9. 
(iii) y=0; y=2. 
(iv, y=0; 4y=32. 

4 (ii) K= +4V37- Points of contact are 


P 5 5 a ¢ 24 4. 
) (-5° A) a) (va 7H) 


(=e =) 
137° V 37 


5 3a—2y+26=0; 32—2y—26=0. 
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6 (i) 24+2y%—47-8y +9=0 
(ii) 4a2-+-4y?—202—20y +25=0. 


iat _ 2 ENS 2 bya ie a Pe 
(iii) (w2—k)?+(y—k)? =k? where k Var (a+b—1) 


Exercises 6.3 Page 128 


1 Points are respectively inside, on and outside the 
given circle. 

3 V7 

4 (3, 4) and (—2,—-1) 

5 ety’?+2=0. 

Exercises 6.4 Page 130 

x +y?—4x—6y +26 =0 ; 22-+y2— 102 —12y +26=0. | 
a +-y? —2y—1=0 
4 32°+3y?4+ 4x4—28y=0 


Exercises 6.5 Pages 134-135 


Ge bO 


1 (i) e—2y+6-=0 (ii) 20y—9=0 7 
(111) (a—b) +(b—a)y =0. 7 
2 (i) (1,1), (ii) (—2,-1), (iii) (-2, -32) 4 
Exercises 7.1 (Pages ie | 
Ome OF OF OF. OF. Ze 
Tx ox OU se 3 oy a a 

(9) 6” (h) 3 (2) “6° (7) a (‘) oa”: (/) oa™ 


2 0.4506.  (b) 0.6542. —(c | 

(e) ice: (f) 3.430. es (c) 1.44. (d) 1.199.” 
3 (a) 135°. (b) 28°. 33°20". d) 37° ow 

(f) 77°8'34" — (9) 18°67’36", a) 986 ee 
3 
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4 5.236 ft., 52.36 sq.ft. 5 1.1416 radians, 65°24'10" 
6 49.12inches. 7 94.248 ft., 9 39.984 m.p.h. ee 


Exercises 7.2 (Pages 152—153) 


. 2 — 2 ee 
8 (i) ee a8 a ee (ii) a2+y? = a+b. 
ili) 2— y+? =0. 
Exercises 7.3 (Pages 155—157) 


618 : 32.8 32.8 
2 , (2) sin O6=— —— , tan = ——,; 
() T0083 @) 35 12 
-35 —35 12 
15 Se Cc = —, cot 6 = —-———— 3 —1.4 
Beet = aps) ill 8 


Exercises 7.4 (Pages 163—164) 


(@) Gi). Gil) Gy), () (vi) (vi) 
g=120 150 210 225 240 270 300 315 


V3 t i ane es | aN 3 ue 
tags 2 FAM a . 5 o ge 
a _1—v3 —V3 aoe =A 0 er 
Ei Fe 2 2 v2 2 2 V2 

—] 1 a = 

2 ee ee 

ee BMD FO Ts - 
—f = a _ 

cage oe (7 v3 


6=360 930 1380 4 3 go 5} re 
20 es |] go +l” Vas pee 
NS pol | Sea eee 
cos @= a 3 J2 0 2 /2 
1 = ~ —l 
= es 5 l V3 —— co —] 
tan @= 0 fs V3 V3 
12 — he 
@= wo -—-2 —= —W2 -—= -2 rove 
cosec 3 ‘/ WE 
| iat Fall = /2 
sec 9 = Ja —V/ V5 o — 
tan 6 V3 ee : vi. a 1 
= © ——— [a a _ 
an vs Va 
id ~~ — lage 5—V/6§ .. 
2 1) 4, (11) 2, (11) O, (1V) ————, (Vv) ———_, (VI 
@) (i) 4, (i) 2, Gil) 0, (iv) STS, (we) SIS (vi) 
(3) 7=6. 


Part Il 225 28 


(x) (xi) (xii) (xiii) (xiv) (xv) (xvi) xvii 
on Tr llr on 217 


Exercieses 75 (Page 166) 


1 (i) 0°8958, (ii) 0°7206, (iii) 0°6632, (iv) 0-6847 
2 0°9406. 
3 (i) 46° 21’, (ii) 46° 3’, (iii) 59° 41’, (iv) 50° 50’, 
(v) 33° 41’, (vi) 63° 35’. 
Exercises 8.1 (Page 168) 


(1) Triangle does not exist. 

(2) C=52° 57’. b=2.832. c=3.752. 

(3) C=55°. a=2.1. b=3.662. 

(4) A=45° 35’. B=44° 25’. b=2v 6. 
(5) A=24° 37’. C=65° 23’. c= ilo. 


Exercises 8.2 (Pages 169—170) 


(1) 20V3 ft., 20 ft. (2) 150 ft. (88 B yonad wos, 3200, 
BANA, SHO. WHO) BHA wes.) (4) 70.9 ft., 70.9 ft. 


(5) oe ft. (6) 53.58 f¢- (7) 1.36 mile or 6969.6 ft. 


— 


(8) 0.8665 mile. (9) 92.26 ft. (10) i a where a is the 


distance between the feet of the posts). The position of 
the observer divides the line joining the feet of the posts 
in the ratio 1 : 3. 


Exercises 8.3 (Pages 178—179) 
1 (a) —cosee 45°. (b) —sec 45°. (c) tan 60° 


(d) cot 60°. (e) sin 60°, (f)—tan 90°, (9) —cot 


(h) cosec me (2) sec = (j) cot a? (k) 1. 
(3) —4. (7)—4. 
Exercises 8.4 (Page 182) - 
Qr Qa T T a E 
2 (a) a, (b) cane (ce) (d) 5» fe ss (2) n 
3 45° 34’, 314° 26’. 
Exercises 10.1 (Pages 198—199) 


(1) See (2) nx, (3) ~~. (4) 


(6) > ie: (7) 


(10) 43°52° (11) 7 


T 

4 
Bees (8) 2 50°12" ~(0) — > 26 3# 
7 


. (12) 19°28’ (13) 3° nn. (14) 
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Exercises 10.2 (Pages 204—207) 
(5) A=60°. 


Exercises 10.3 (Pages 209) | 


(1) c=7.4, A=51°6’ B=81°54’. 
(2) c=2.12. A=41°50’ B=93°10’. 
(3) b=9.23. _B=87°14’ C=32°46’ 
(4) c=7.8 A=26°22’, B=33°38’ 
(5) A=48°12’ B=68°24’. C=73°24’ 
(6) 4=28°57' B=46°34’ C=104°29 
(7) A=57°54’ B=75°32’. C=46°34’ 
(8) A=109°28’ B=38°48’ C=31°44’ 
(9) C=75°. b=35.46. c=53.28 
(10) A=40°. a=30, b=45.96 
(11) C=73° 6=49.95 e=54.11 
(12) A=70. a=31.23 b=31.78 
(18) B=34°39' C=105°21 c=39 . 
(14) Ale does nct exist. 
(I5) (i) B=15°36’ C=151°24’ c=76.61 

(ii) B=164°24' C=2°36’ c=7.26 
(16) B=144°27' C=16°33’ b6=71.45. 


- a ee 


el ee ee. 
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Mik, & . 


al at i 


INDE X— 820203 


Abscissa Sects 
Algebraic sum 8,88 S22, 
Allied angles HowoHs Baeanrvo 
Ambiguous case 2007), 2O%,5 
Analytic geometry wwewde sooreds 
Angle 828 
—alternate BoseF O52 
—complementary *=:82csZe0e 
-—corresponding 7#m20 
—supplementary ABSEDeHAE 
—between lines dessin SBA8 
—generated by WAAD 
—right Sow 
measurement of 828528 
Angular bisectors BOCMOGr ened 
Appolonius’ circle esAgacnoww 3,3, 
Area of a triangle BRD FS PO 
Axioms 4,3%,59,08N%2 
Betweenness 0303 
Broken line 220m Sess 
Cartesian Coordinates satser A020" Ber send 
Change of origin 2° Words Wes 
Circle %%, 
—circumference of 20 
—area of 8&3) FO 
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. 114, 


—arc of 80” 

—section of 20% 
Coaxal circles 280% (Awx0Tg) 3,3,n% 
Collinearity QECCDA, D8 Sesoons 
Concurrence NENODDA,, HsvVoDonoDos 
Compound angles 7008228, Breanvo 
Cosine rule 804 a* Actos 
Degree &) 
Directed distance 20red2 aNcie) 
Distance formula 20d AS) 
Distance measurement 3200 es 


Distanee of a point from a line, Se Bos onood 


WomaNds Bos 

Equation, of a locus, Rom BRA ANoessed 
of a line, Sesdoso AAoesTL9 
—of point-slope form, Wo %t eX 
—of two-point form, ®0@ tec: oN 
parametric form, ®0208 (Dajywo) Cow 
—standard form, 0% 52s 
—slope-intercept form, B83-DU.S, GOD 


—intercept form, 23,5,52 Bes (Ses0Sd OH) ... 


—normal form, Cow 32s 
Equation of the circle, BSB Aaoeseo 
_-standard form, ®OMd0x 
—general form, (72325,) MOE) F GLH 
Equation of the tangent, 8 BFS (ASF Cesb0d) 
ANeBOLO 
Expression, 28, 
Function, 3,8, 
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General equation of the first degree, 28 BBneed 


MTS 8 ANMSSED tT 9] 
Graphs, Ny_?Nvs 4180p 982 
Heights and distances, ©3,5 S232, Bod - 168 
Identity, O93, ANd oY 151 
Inclination, ‘8 (sem) AS 69 
Intersection, Seana bed 100 
Length of the tangent, 43° Sexo eG, as 127 
Line, “s ] 
—segment, Sesooso, Se Mowyon oa 1 
Locus, ~0Go2@ ae 65 
Mean proportional, 22,5902 ees 3 ok eee 
Meridian, 32,8, Ses 148 
Negative direction, 3320903 see, 
Ordered pair SBRxonNe Basne> 49 
Ordinate 2% (y—AGer Ss) ay 47 
Orthogonal projection Cowags ae 128 
Orthogonal circles 908,83," Fs 128 
Parallel lines S8wWsd08S Seasrivo an 11 
Pendulum S208 wees 148 
Periodicity eAQNOSoWI ae 179 
Planes 2=:3on?> ae 5 
Point a> 1 
Polygon moyow 10 


Properties of triangles 2fec%o noconiv9 i 199 


Postulates 2°63 Pesan 3 

_ Proportion 8222 
—Continued 0289728 od 
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Quadrant 20a 
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Radical axis 0Oos 
Radical centre Sowcog sed) 
Ratio DW WILEY 


Radian deacon s. Jag, 


Ray 10%) 
Rectangular coordinates Cowacdresénvo 
Right angled triangle Cows.es 3 Boees 
Related angles %owoHs secdnvs 
Section formula 2BwAALS) 
Straight line Advsex 
Slope && 
Sexagesimal system SH,,05 HH. 8 
Sum and product fiat B3, SQ, MMO, 10 nes 
Simple equations 20% AnrcsoeI> 
Sine rule A,a*awwo 
Solution of triangles S,oKNe NAAM 
Space Std 
Triangles S,Aownvs, S soeeon?> 
—similar 250028 
Trigonometry %,t.ectao8 
Trigonometric ratios 2 swesavieno DB DRIINeo 
—Signs of 8a,n¢> 
—of some well-known angles $02 sows sacargo 
Tables Kewernivs (Scent BN¢2) 
Vertex 3,0n 
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57 Eng. ’ / 77 
and Kan. Co Nate Ye DE 
y' —Y,=EF y' —Y2=EF 
57 Eng. 12 pee aot. 2y 
La—X Log — Ly 
57 Eng. 13 pany a ae’ 
Yo—Y Yo—-Y1 
57 Eng. 14 ga Tat +e gi Fite, 
1-+-r I-+r 
73 Eng. Pbm. 2 (iii) (a, 0) (0, a) 
and Kan. 
91 Eng. Pbm. 6 is half its is twice its 
and Kan. 
91 Eng. Pbm. 8 (i, 1) (5, 1) 
and Kan. 
106 Eng. Pbm. 2 (ii) k 4 
and Kan. 
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